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1. Introduction

We have studied Noncolliding Diffusion Processes in state spaces S.
(In this talk we will consider only systems with finite numbers of particles N < oc.)

Examples

(1) Noncolliding Brownian motion (Dyson’s Brownian motion model with = 2):

S = R,
ds
Xi(t) = u +B : I1<j<N, t=0.
! ’ 1<§\ 0o X;(s) — Xui(s )’
k#j

(2) Noncolliding squared Bessel process (BESQ")) with v > —1;

S = Ryu{0}, Ry={zreR:z>0}

't —lX ds
X;(t) = w4 +/ 2./ X;(s)dB;(s) + 2(v + / 1<j<N, t>0,
j i AV j Z X ( (5)’

1<k<N, 70
k#j

where if —1 < v < 0 the reflection boundary condition is assumed at the origin.

(3) Noncolliding BM on a circle with a radius r > 0;
(trigonometric extension of Dyson’s Brownian motion model with 3 = 2);

We solve the SDEs

v - X
X0 =w+ B0+ 5 > /wt( i ”‘())ds, 1<j<N, >0

" 1<keN,
k#j

on R and then define the process on S = [0, 27r) by

X;(t) = Xj(t) mod 27, 1<j <N, t>0.



Weyl chamber

Wr(S)={z=(z1,....an) e SN i1 <2< - <an}.

Noncolliding Property

X0)=u=(up,....,uny) e Wy(S) = X(t)eWy(S) "t>0 with probability 1.

M(S) = {E Zé E(K)=t{x; :2; € K} < oo, ¥ compact subset K C S} :
J€l

Mo(S) = {£eM(S):E{x}) <1, "z e S}

unlabeled Conﬁguration

labeled configuration
X(1),t> 0 4==) =(t ZaX )t >0

=) 6u, €M(S) = E(t) €My(S) "t >0 with probability 1

j=1




Two Aspects of Noncolliding Diffusion Processes

e Although they are originally introduced as eigenvalue processes of matrix-valued diffusions,
they are realized as harmonic Doob transforms of absorbing particle systems in the Weyl

chambers.

BES(3) = harmonic Doob transform of BM in R

generallzatlon with an absorbing wall at 0

e They are exactly solvable (stochastic integrable models) in the sense that any spatio-
temporal correlation function can be explicitly expressed by a determinant specified by a single
continuous function called the correlation kernel. Such sustems are called determinantal
processes.

Recently we clarified the connection between these two aspects by introducing a notion of deter-
minantal martingale.

harmonic function martingale function correlation kernel

h(z) )  Mi(hr) ) Kesaity)

K. : Determinantal martingales and noncolliding diffusion processes. SPA 124, 3724-3768 (2014)
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2. Trigonometric & Elliptic Extensions of BES(3)
BES(3) (X(¢),t > 0,P,)

S:R-l—a

X(t)=u+ B(t) + tﬁ t=>0
- o X(s) o

u=X0)eR, = Xt)eR., "t>0 w.p.l.

& (W (t),t > 0,P,) : one-dim standard BM started at u > 0.

Ty = inf{t >0: W(t) =0}
P, (X (t) € dr) = P, (Tl >, W(t) e daz)%, t € [0,00).

Trigonometric extension of BES(3) (X (),t > 0,P,)

S = (0,27r),

' I X (s)

X(t)=u+ B(t)+ — | cot ds, t>0,
r 0 2;1

X(t)= X(t) mod 27r, te€0,00)

r — o0

& (W(t),t >0,P,) : one-dim standard BM started at u > 0.

) sin(x/2r) _
P, (X(t) edx) =P, (Tw >t.W(t) edr)———=, te|0.00), u,x e (0,271r),
(X (1) € do) = Pu(Tiy > £, W (1) € dn) S0, 1€ [0,00), u € (0,207)

Tw = nf{t > 0: W(t) € {0, 277} }. 5




Elliptic extension of BES(3)

Here

Assume 0 < t, < o0o. (X(t),t €[0,t.),Py)

S =(0,27r),

"

X(t)=u+ B(t) +

t
] A2 (1, — 5 X (s))ds, t € [0.ty).
0

AN (te — t, )

_ 1 [(—] log 91 (v; T)}

o | dv

19 (x/a; 2miN (t — t) /o)
a Oy (x/o; 2miN (te — t)/a?)

v=x/a,7=2miN (t«—t)/a?

where N € N and ¥ (v;7) = dv1(v;7)/dv. (I will explain Jacobi’s theta function v; shortly.)

& (W(t),t>0,P,) :

one-dim standard BM started at u > 0.

P, (X(t) € dx) = Py (Tw > t, W(t) € dx)

Vi (x/2nr;i(te — t)/2mr?)

V1 (u/2mr; ity /2mr?)

u,x € (0,27r),

Tw = inf{t > 0: W(t) € {0,27r}}.

Elliptic BES(3)

le — OO

1
& AT (t, —t,x)~— asx )0,

i
ATty — t,2) ~ —ﬁ as x 1 27r.
Trigonometric BES(3)| mm | BES(3)
r— 00
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Elliptic functions and their related functions

e 1=+ —1l,v,TeC

e The Jacobi theta function 1 is defined as

I (v;7) = 12 —(1/2))? ,2n—1

nez
oo

= —ig" 2 =) ][]0 — 22 (1= g7 72/2%).
k=1

e For &7 > 0, v (v; 7) is holomorphic for |v| < oo and satisfies the partial differential equation

o (v;T) 1 0?1 (v;T)
or CdAm




e For Ne N={1,2,...},a >0, and 0 < t, < o0,

N(te —t,x —
N( ¥ ' ) o dv

1 d
[ — log 1 (v; 7)
v=x/o,7=2miN (tsx—t) /x>
A2 _ 2
T t(m:) N AT o= e dmnN(t—t)/a [ 2mna
= —cot|— —Z S— _ sin ,
) v v 1 — e—4m?nN (t.—t)/a? v '

(t,2) € [0,t,) x R.

e t[0,t,) = Q7>0 = is holomorphic for |v| < occ.

e As a function of 2 € R, it is odd; YVt —t,—x) = A (te — t, ),
and periodic with period «; V(s —t.x +ma) = AN (t. —t,z), me L.

e It has only simple poles at x = ma, m € Z, and simple zeroes at x = (m + 1/2)a,m € Z.



Another Expression

mae

N(te —t,x) = | ((x]2w1, 2ws) — .
w1 wi=a/2,w3=miN (t.—t)/

e Let wy and ws be fundamental periods and set wo = —(wy + w3),
w3 o
T=—, S7>0, Qu.,=2mw +2nw3, m,n € 7.
w1 '

e The Weierstrass o function and zeta function ( are defined as the following meromorphic
functions

I ! !
o(2) = p(zl2w,2w3) = = + Z [(z — Qun)? Q 2] ’

ZZ : m.n
(m,n)€Z>\{(0,0)} )

1 L ! :
C(z) = C(ZlZwngwg) - E + Z [ * Q'm,.jr.i, " ‘)] -

- Z — ng;'n._n Q'm n-
(m.n)€Z2\{(0,0)} ' ’

The function @(z) is an elliptic function (a meromorphic and doubly periodic function)
with fundamental periods wi, w9 and ws:
ez +2w,) =p(z), v=1,2,3,

By definition, @(z2) = —{'(2).

Let 7, =((w,), v=1,2,3.

The function ( is quasi-periodic in the sense ((z + 2w, ) = ((2) +2n,, v =1,2,3.



e et

‘ Y .
Kﬂzﬂzzi;Aﬁﬁ*—t;ﬂ,

where

g=e 2N/ (g < g <), 2=t/

e Then

N ‘
- 1+q2r3.z
Kole) = Jm, 2. 1=

T

n=—1I

It is Villat’s kernel for an annulus, A, ={: e C:q < |z| < 1}.

e The radial Komatu-Loewner evolution in A, is given by (Zhan 2004, Bauer-Friedrich

2008)

d

E log g:(2) = ik, (g:(2) /&),

where & is a driving function on the unit circle (the outer circle of A,).
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e We note that

Fu(z) =ik,(2): conformal map A, — D(s)=H\ [—a(q) +1i,alq) + 1,

1 ¢ / . s ; n s n— — - n—
a(q) = §Q§(q§ —q3) with g = [J(1-¢*). H L+, g=]]a-¢"").
n=1 1=1 n—=1
X B = 00

D(s)
C D
F =iK R
qg "7 E=E'

>
A —
I e

Figure 1: Conformal map F, = ik, from A, to D(s) = H \ [—a(q) + 7,a(q) + 7]. Points
a,b,c,... are mapped to points A, B,C, ..., wherea = —1,b=1,¢c=iq,d = —ig,e = q, ¢
—q¢,and A=0,B =o00,C = —a(qg )—l—z,D =a(q)+1i, E = E =i 1



3. Elliptic Dyson Model and Generalized h-Transform

Elliptic extension of Dyson model

t
XAt =u;+ Bi(t) + 3 /A%" o~ 5, X(s) - f(s))d5+/ A2 (1, — s XM (8))ds,
1<k<N, 0
k#j
N
1 < j < N,tel0,t), where X, (t Z (1)

Initial conditions

XA0)=uce Agi\ l={x=(21,....28) eRN 1oy <29 < -+~ <y < 21 + 270},

which is called a scaled alcove of the affine Weyl group of type Ax_; (with scale 277).

N
Choose an index 6 € 7rZ, so that s =0 + Z u; € (0,27r).
j=1

We set Xjﬂ(f) = Xﬁ(f) mod 27r, ¢ € [0, ).

The unlabeled process is denoted by (E4(t),t € [U,t*)._IP;‘)., where Z(¢, ) = Z Ox ()
- J

e : . N - . . .
and the initial configuration is £ = > =1 Ouy- The expectation is denoted by E;

Let Foa(t) = 0(24(5).0 < s < t),t € [0,t,). 12




o Let W(t) = (Wy(t),...,Wy),t > 0 be N-dimensional Brownian motion on (S'(r))V started
at u € Afﬁ,“. Here S'(r) = {z € R: 2 + 27r = 2} (a circle with radius r > 0).
The expectation with respect to this process is denoted by Eq.

e Consider a stopping time Ty, = inf{t > 0: W(t) ¢ Aii;—l }.
Put Ws =6 + Zjil W;(t). Consider also Ty, =inf{t > 0: Ws € {0,2mr}}.

o [et
ha(te —t,x) = hav(ts —t @7 ty)
_ e NN 2)t 482 (=N () 12 ~(N=1) (N-2)/2
X 1) : v = . :
L (27??‘ L 2mr2 ) H L ( 2 2mr?

1<j<kLN

L€ [0,t0), 2 € A ogryy = ApX ' N {x € RN 12y > 0},

e

where 7(z) = 2!/ H(l —2") (Dedekind’s n-function).

n=1

Proposition 1

Suppose & = Zé\le 0u,; € Mo([0,277)). Let T € [0, ts). For any Fza(1')-measurable function F,

pi(t. — T.W(T))
h% (t*: u’)

N
EL[F(ENC)] = Eu | F | Y 0y | 1w ATy, > T)
j=1

13




4. Determinantal Structure

Proposition 1
Suppose § = Z;\;l Ou; € Mo([0,277)). Let T" € [0, 14). For any F=a(T')-measurable function

(ZOW ) (Tw A Ty, >’T)] (h (T e

N t*, )

Eg‘ [F(Z2()

e We consider the Brownian motion V' (-) started at u € A orryny with an index § € mrZ
chosen as us € (0, 2771).

e It is killed when it arrives at the boundary of A" 2N=1 and when V() € {0,2mr}.

o Let gi(t.ylx), ¢,y € Aj2xr)v, t € [0,24) be the transition probability density of V'(-),
which satisfies

1551% tyle)= > H(s”) {;}).

ceSy j=1

Problem Find ¢y (t — s, y|x).

14



This problem was solved only for the following special initial condition;

N

. 2mr . | :

n = Zdv;‘ with v; = T(] —1), 1<j<N, éd=—-mr(N-2).
j=1

It is the configuration with equidistant spacing on S'(r).
e We write the transition probability density of BM on R as

L (o)

peM (L, ylz) = Nors :

v,y e R, te]0,00).

e By wrapping it on S'(7), we define

ZPBM(E Y+ 2mrl|x), if NV is even,
r toylr) =4 LEL T,y €10,27r), t=0.
pAN—l( y| ) Z(—l)ngl\i(t: Y+ 27T7”€|5U), if V is Odd, y [ ) B
beZ

Proposition 2

For N € {2,3,...}. v is the N-particle configuration with equidistant spacing on S'(r). Then for
Yy < A[U,QTI’?")N? t >0,

/’1 _ T .
av(tylo) = | det ol (tyslon)].

15




Sketch of Proof

e By Jacobi’s imaginary transform, we have the expression

| y—ax it
5 U3 "‘2 : 53 if N is even,
r r wr 2 r
pAN—l (!’ yl“l’) = 1 y _‘ T t”c
D) - — if N is odd,
2mr 27r | 27r?

where 115 and 3 are some modified versions of 1.

Then we can use the determinantal equalities found in the textbook of Forrester (Proposition
5.6.3 in Forrester, Log-gases and Random Matrices (2010)).

We find

v\
v 1 =Nt/ —(N=1)(N=2)/2 Nt/8?>
an(tylv) = 1<(;hft<\ [p_’,.;‘\,_l(tgyjh.-‘g-)] = (—2??1‘) (e~ N/r")=(N=D(N=2)/2 Nt/&
 (Y—_zr(N—2) INt Yy —1vy; Nt
XV (} :;9 2, _ 2) H U1 (% 5 z) ;
T T2 ) | iehen v 1
Since

o0, (v;t) 1 0%, (viT)
ar Cdmi o

it is obvious that q\l solves the diffusion equation.

pu=0,1,2,3,

This expression guarantees the positivity and finiteness of 1431(}:2 N[p;‘\,_l (t.yjlve)] for y €
Ao 27y and Y_rp(n_9) € (0,277). -

It also shows that it vanishes when y; =y, for any j # k and when y__,. (n_y) € {0,27r}.
By the argument given by Liechty and Wang (arXiv:math.PR/1312.7390), wo can prove

that the moderated initial configuration lf1l1(1]11<c}l(&:t< \r[pJ.\ (tyglue)] = Z Hotam {y;i})-
oSy j=1

is satisfied.

Then the proof is completed. g

16



e Given N € N, let W"(t),t > 0 be a Markov process in [0, 277) such that its transition density
is given by

( ZPBM(@ y + 2mrl|z), if N is even,
N (tyle) = LEL
P (0 Z(_l)ngM(tay + 27mrl|x), it N is odd,
\ (€L

x,y €[0,27r), t > 0.

e Then we introduce an N independent copies of W7 (t),t > 0, denoted by W (t),t = 0,1 <
7 < N and let W"(t) = (W] (t),...,Wx(t)), t > 0.

e The probability space of the process is denoted by (Qyw -, Fiwwr, Py,), and the expectation is
written as Ej,, where the initial configuration is given by v with equidistant spacing on S!(r).

o A filtration {Fy~(t) : t > 0} is generated by W (t),t > 0, which satisfies the usual conditions.

17



Theorem 3

Suppose that N e N, 1) = Z;?V 1 0y, (the equidistant initial configuration). Let T € [0,t,). For any

F=a(T)-measurable observable F_,

N
By [F(E'0))] =By [F Y dwrey | DT, WD)
j=1

where
DA(t det A (¢, t e 0.1,
,(tx) = 1<J§<Aer,lfA( zi)], tel0,ty)

with

—w“/Z!

;r; U ( T+ ?:{5)

Mnua(ti) = /dw
— E[(I)”M(I:JrzT/V(,))],

where W denotes a BM on R started at 0, which is independent of W, and E does the expectation
for W. Here

d (2) = 2 €C.

7,

f}l((f15+z— ug)/2mr;iNt, /27r?) H U ((z — up)/2mr; iNt, /27r?)
V1 ((

V1 (Ts/2mr; iNt, /27r?) \EZN, ((up — ug)/2mr; iNt, /27r2)’

£k

18




Lemma 4

(i) M,f,;{vk (t,W"(t)),1 <k < N,tel0,t,) are continuous-time martingales;
E M, (6 W (0) | Five (s)] = My, (s, W (s))  aus,
for any two bounded stopping times with 0 < s <t < t,.
(ii) For any t € [0,t,), M, (t,x),1 <k < N, are linearly independent functions of 2 € [0, 27r),

1,V

(i) M, (0,v;) =05, 1< j k<N,

19




Theorem 3

Suppose that N e N, 1) = Z;?V 1 0y, (the equidistant initial configuration). Let T € [0,t,). For any

F=a(T)-measurable observable F_,

E;' [F(2'())] =Ey |F Zo‘l,m.) DN (T, W"(T))| .

Determinantal Martingale Representation

A _ A .
D, (t,x) = lggiité N[M,,h,u_k (t,x;)], te0,t)

where

with

. ,—w= /2t
~ € , o~
Mn u(tx) = /dw WD (I);iuk(it—i—?/w)

= Blog,, e+ ),

where W denotes a BM on R started at 0, which is independent of W, and E does the expectation
for W. Here

&1 () O ((Us + 2 — ug)/2mr; iNt, /270r?) H U ((z — up)/2mr; iNt, /27r?) cC
= 2 :
"tk V1 (Ts/2mr; iNt, /27r?) \EZN, V1 ((ug — ug)/27r; iNt, /27r2)’
£k

20




Lemma 4

i M;

noe LW(t)), 1 <k < N, t €0,t4) are continuous-time martingales;

ET[MA, (6, W ()| Fir (s)] = MY, (s, W7(s))  aus.

,VE vk
for any two bounded stopping times with 0 < s <t < t,.
(ii) For any t € [0,t,), M, (t,x),1 <k < N, are linearly independent functions of 2 € [0, 27r),

1,V
(i) M, (0,0)) = dj, 1< jk <N

Theorem 1.3 in [K:SPA(2014)]

Collorary 5

For n = Zj\:l d,; (the equidistant spacing initial configuration), the process (24(t).t € [0,t,), IP’;?‘)

is determinantal with the correlation kernel

27y
A g A
K?; (S? xit, y) - j; ?7((1“’) pih\f_l (81 m‘“)Mn:u(t? y) _ 1(8 > t)p?;‘tN_l (S — 1, T‘y),

(s,2),(t,y) € [0,t4) x [0,27r).

21




5. Future Problems

(1) Solve the Problem for general initial configuration.

(2) On additional terms in the elliptic Dyson model and its reduced process.

A0 —u+ B+ Y /Azﬂ — 5, X (s) X,:I(nm/Am( — s, X5 (1))ds,
1<k<N, /0
I k#j
| N
ty — OO 1<j<Nte0t,), where Xy (t) =6+ X(1).

o —X-‘? S 1 [t X

1<A<\ 0
. ﬁ?’—')
<j<N.,t>
r — 00 I1<j<N,t=0
. ‘ t 1
Xi(t) =u; + B;(t) + _ _ ds, 1<j<N, t=0.
J J J 1§§N 0 X]l(‘?) _ Xi_l(S)
ki

(3) Infinite-particle limits. 22



(4)  On the other root systems and determinantal processes.
[RS06] Rosengren, H., Schlosser, M.: Elliptic determinant evaluations and the Macdonald
identities for affine root systems. Compositio Math. 142, 937-961 (2006)
By using #; ‘multiplicative notation’ for theta functions.

WA-n.—l('r) — H xjg(xz/mj)’

1<i<g<n

Wg,(2)=[[0@) [[ o '0@a?).
1=1

1<i<y<n

WB;{ (iL’) — H :E L 7p H m@—l@(m%:t;l:)’

1<e<y<n

We, (@) =706 [ o0y,
1=1

1<i<y<n

n |
Wey () = | [ 0@ip) ] w7 '0(iay),
i=1

1<i<y<n

Wae, (x) = [ [ 0@)0a:p?) [[ 27 '0(ia]),

1<i<y<n

Wo, = T a0t

1<i<j<n 23



(5) Connection between the elliptic determinantal processes and probabilistic dis-
crete models with elliptic weights.

[Sch07] Schlosser, M.: Elliptic enumeration of nonintersecting lattice paths. J. Combin.
Theory Ser. A 114, 505-521 (2007)

[BGR10] Borodin, A., Gorin, V., Rains, E. M.: g¢-distributions on boxed plane partitions.
Sel. Math. (N. S.) 16, 731-789 (2010)

[Bet11] Betea, D.: Elliptically distributed lozenge tilings of a hexagon. arXiv:math-ph/1110.4176

\ T

s

Wy = (i)' 27126, (g%~ uyuy)
— gp(qj_:%’i/z_lul,qj_Bi/2M1,QJ+3i/2_1M2s qj—f-};z/zuz)a

Fig.1 Tilingof a3 x 3 x 3 hexagon

copied from [BGR10]
24
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