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1. Rn Theta Functions of Rosengren and Schlosser

e We write the complex plane which is punctured at the origin as
C* =C\{D}={{esC: 0« |¢]| «m}

e Let p € C be a fixed number so that 0 < [p| < 1. The theta function with
argument ( € C* and nome p is defined by

0(¢;p) = ﬁ (1 — ij) (1 - p'?:l).

J=0

e By this definition, we can readily see that 1111%}9(C;p) =, —i¢ 5
p—
(g 1 — g" |
This implies that lim lg";p) = S [n]y (g-analogue of n € N).
p—0 1 — ( 1— {q

If we consider 0(aq™;p) with a = e % and ¢ = e %%, o, ¢ € [0,27), i := v/—1,
lim Nagp)

| =~ = sin(a + n¢) (triginometric function).
p—0 2% aq?l- '
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(q, p)-analogues
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The fact 1111%}9(@})) = 1 — ( suggests that the theta function #((;p) is an
p—

elliptic analogue of a linear function of (.
What is the elliptic analogue of a polynomial of (7

It might be given by a product of ¢’s. But should notice the equalities

k—1 k—1
0(¢*:p") = [ 0cwiim),  0(Gp) =[]0 ip"), keN,
=0 =0

Here w;. denotes a primitive k-th root of unity.
The degree of product of #’s depends on a choice of nome.

In order to define a degree of products of #’s with respect to a specified
nome, Rosengren and Schlosser (2006) generalized the notion of the quasi-

- (&5 p)-

periodicity of the theta function, 0(p(;p) = :

1
We notice that we have also the inversion formula 6(1/(;p) = ——60((;p), and

the combination of these two proves the periodicity of the theta function,

0(p/¢;p) = 0(¢, p).
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Definition 1.1 (Rosengren and Schlosser (2006)) Assume that f(() is holo-
morphic in C*. Then if there is a parameter r € C* and f satisfies the
equality,

f(pQ) =

then f is said to be an A, | theta function of norm r. The space of all
A, 1 theta functions with nome p and norm r is denoted by Egﬁ;”_l.

[RS06] Rosengren, H., Schlosser, M.: Elliptic determinant evaluations
and the Macdonald identities for affine root systems. Compositio Math.
142, 937-961 (2006)

By this definition, we can say that 6((;p), satisfying the quasi-periodicity,

1
O(pC;p) = —EH(C;p), is an A theta function of norm r = 1.
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e The following is proved.

Lemma 1.2 (Tarasov and Varchenko (1997)) The space Eﬁ;?‘l is n dimen-
sional and {-z;f?f”'" (¢;p,7)}i_; defined below form a basis. For j=1,...,n,

03" (G ) = T (=1 e P

n—1

= LT 6(a? 2 Butic: p),

k=)

where o and 3 are complex numbers such that o" = p, 3" = (—1)""lr,
respectively, and w,, is a primitive n-th root of unity.

[TV97] Tarasov, V., Varchenko, A.: Geometry of ¢-hypergeometric func-
tions, quantum affine algebras and elliptic quantum groups. Astérisque
246, 135 pages (1997)
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By lim 6(¢:p) = 1 — (, we see that
p—0

1 - {1t §=1,

f A'n.—i . i A-n—] -
e 1€ 20 ¥) = Nmay; X A= _
V5" (C0,r) lim o5 (Gp7) {O‘% i—2..m

Hence S(f;’_l spanned by them is a space of polynomials of degree n in the

form )
ottt el with 2= (-1l
Co

It implies that dim S{f =

1<j,k<n

where W41(¢):= ][] G&-¢), ¢=(,....¢)eC”
1<j<k<n
(Vandermonde determinant =Weyl denominator of type 4,, ).

!
It is easy to verify that det [ubf”_" (Cics O,fr')] = (1 — r'HQ) T An—1 L )i
=1

If we set r =0 as well as p = 0, E(f(’)"_"' is the space of all polynomials of

degree n—1 without any restriction on coefficients. In this case, the above
is reduced to det [(f{_'] = H (Ck — ¢;) which is known as the Weyl

1<j.k<n - oo
1<j<k<n

denominator formula of type A4,,_;.
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e The elliptic extension of W47~ is defined as follows.

Definition 1.3 (Macdonald (1972)) For ¢ = ((1,....(,) € (C*)", the Mac-
donald denominator of type A, is defined as

MA (G = 1] Gb(G/Grip).

1<j<k<n

e It is easy to confirm that hm MA=1(¢;p) = WA-1(¢).
p—0
e The elliptic extension of the Weyl denominator formula of type A, | was
proved by Rosengre and Schlosser [RS06]. See also Proposition 5.6.3 on
page 216 of the textbook of Forrester [Forl0].

Proposition 1.4 (Rosengren and Schlosser (2006))

det[v" ! (Guip.m) :%e(rﬁ@-:p)f\f“‘n-l<c;p>.
£=1

1<j,k<n (Pt

[Mac72] Macdonald, I. G.: Affine root systems and Dedekind’s 7-function.
Invent. Math. 15, 91-143 (1972)

[For10] Forrester, P. J.: Log-Gases and Random Matrices. Princeton
University Press, Princeton, NJ, (2010) 9/56



e There are seven infinite families of irreducible reduced affine root systems,
which are denoted by A, B, BY, C, CV, BC and D [MacT72].

Type
A, = A 0—-0
BC,=B(] 0——0

a=4 1z < o
B, (I123) >:»—o—~o—o%=o
By (I1=3) >}—O——o—o=%o

C, (I1=z2) O=—0——0— ++ —O——0=—%=0
¢y (122) O—4%=0—-0— '+ —O0—O0—>0
BC,=B(C} (I1=22) O==0—0— +++ —O——0—r—0

D,=Di (24) >}—O—Ao—o<:

[Mac72] Macdonald, I. G.: Affine root systems and Dedekind’s 7-function.
Invent. Math. 15, 91-143 (1972)
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There are seven infinite families of irreducible reduced affine root systems,

which are denoted by A, B, BY, C, CV, BC and D [MacT72].

Associated with them, Rosengren and Schlosser [RS06] defined seven
types of theta functions. (The A,_; theta function was already explained.)

Definition 1.5 (Rosengren and Schlosser (2006)) Assume that f(() is holo-
morphic in C*. For R, = B,, B!, C,, C', BC,, D,, we call f an R, theta
function if the following are satisfied,

1 1 ;

f(pC) = _pn_lg%_l f(C):r f(l/C) — _Z.f(C)? if Rn — Dn,
F(pC) = —p,,?_i.gn 0, f(1/Q)=—F(), if R, =BY,
F00) =~z /O SO =0, it Ru= Gy,

1 1 ;
f(p¢) = WI(C), f(1/¢) = _Zf(C)a if B, =€),
F00) = —5—f(0),  F(1/Q)=—2(C), if Ry =BG,

PG C

1 .

J00) = —mrmma /(O 1(1/Q) = (), if Ry =D

The space of all R,, theta functions with nome p is denoted by Ef‘”.
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e In order to clarify the common structure, we introduce the notations,

(D — 1, R, =8,
2n., I,=8B.,C;,

N=NBE.={lopnt+2 R,=C,
2n+1, R, = BC,,

2n—2, R, = Dy,

R, . 1, Ry = By, CX» BC,,.

a = a — <
0, R, =B, Cy, Dy,
R, . _J' R?'l- — B‘na B}z/~

1, R, = Cn_.a C’X! BC,. D,.

Ry _11 R?l = B‘H.ﬁ BX! Cn.g C.::':‘ BCﬂ,g
- |1, D,

e Then the above equations are simply expressed as

_ f(<) N
f(p¢) = o1 SN0/ 2CN F(1/€) = Uzgf(é)-
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e In addition to the above, we put

. R } —n, R Bﬂa CN BCm Dn
(.J’.j = (_.)z,'j — . Y
F— i L, R,= B'n,: Cn:
ﬁj(p) - -'th (p) g p B+ a)/2 Ity = By, Bx Cr: C;{ BC,, D,,

T=1,...,R

Lemma 1.6 (Rosengren and Schlosser (2006)) For R, = B,, B, C,, C),
BC,, D,, the space SPR” is n dimensional and a basis is formed by

B (Cip) = €908 ()Y ) + 02~ D0B ()N pY), G=1,...,m.

e The explicit expressions are given below;

P (Gp) = TP = IR Y,
7 Gp) = T TP = O,

V7 (Gp) = T R P R) - (T g(—p (TR P,
07 (Gp) = T TR ) — (IO(—p T P ),
VP (Gp) = Cj"”'é?(—p?Cz”‘“'pz”‘“)—C”‘“‘j@’( L lp2”“)
P (Gp) = T T MR 4 (IR T ),
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e In addition to the Macdonald denominator of type A, | given by Defi-
nition 1.3, the following other six kinds of Macdonald denominators are
defined.

Definition 1.7 (Macdonald (1972)) For ¢ = ((1,...,(,) € (C*)", let

MB»(¢:p) H@ Cosp) H G 0(GiCrs P)O(Ci /G ),

1<j<k<n

MBr(¢;p) = (GOt T G0 »o(e/Gp),
E:] 1<j<k<n

M) =] 0En) T 60060/ p),
("=1 1<j<k<n

M (¢p) = [T0¢ep™) TI G 0¢GG: PO /G p),
/=1 1<j<k<n

MEC(¢; p) HH(Q PO’ 1] GGG OC/Gkip),
= 1<j<k<n

MPr (Cip) = H CJ_IQ(C;:Q:FP)Q(Q/C}%!p)-
1<j<k<n

They are called the Macdonald denominators of type R,, for R,, = B, B;\fﬁ
c,, C’, BC,, D,, respectively.

n?
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e The above are regarded as the elliptic extensions of the Weyl denomina-
tors of types B,, C, and D,,,

WB(¢) = det [Q{_” Akl 3} I_IC1 (1 — o) H Lk — G — Gilp)

1<7.k<n ]
1<i<kln
= hﬂ}) MP=(¢p) = 11111 M (C:p) = 11111 MBC (¢ p),
pP—r
.. Ay — ] ” il 5 | ]
W () = " . M - }] H G a-¢) II G- -G
= 1<j<k<n

= lim M B (¢;p) = 11111 M%(¢;p),
p—0 '

WP(¢) = det [T+ G| =2 H S | IR CEerey
1S .S 1§j<k§n
= 2 1im M~ (C;p)-
p—0

Notice the degeneracy in the limit p — 0.
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e Rosengren and Schlosser proved the following.

Proposition 1.8 (Rosengren and Schlosser (2006)) The following equali-
ties hold for ¢ = ((1....,() € (CF)™,

] -
ot [u )| = ML=y,
1521%91 :,.‘;,_-;,Jcn (Cs P ): - (p‘zn,g; igiiz)go M%(¢;p),
e
lgt.}its-n [U A (G p) B (])2’3£?zgg§o+])go AIBCH(C?p)a
15}?93 {z,{':? (CkEP)_ = (pznil(f }?z): 2y MY (¢ p).

[RS06] Rosengren, H., Schlosser, M.: Elliptic determinant evaluations
and the Macdonald identities for affine root systems. Compositio Math.
142, 937-961 (2006)
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2. Orthogonality of Rn Theta Functions

e Since the theta function #((;p) is holomorphic for ( € C*, it allows the
Laurent expansion,

0(¢:p) = 1 Z(—I)”‘p(;)C"a

(pip)o 5,

where

(P3P)oo := H(l = pj).

j=1
e From now on we will assume p € R and r € R. That is,

pe(0,1), reR\{o0k.

e In this case, 0((;p) = 60(C:p).
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2.1 Orthonormal An-1 Theta Function

e We write the unit circle on the complex plane as
T:={z2€C:|z| =1} = R/27Z (one-dimensional torus).

Each point in T is expressed by ¢,z € [0,27).

e For the space ng,'f‘_l of the A, | theta functions, we introduce the following

inner product,

I e |
(frgT = — f(Q)g(¢)e(dc)
27 Jig=1
1 27 ) - A
_ > r i ? n—1
=5 | H@aedr, fae gl

where ( denotes the arc length measure on T normalized as ((T) = 2.
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Proposition 2.1 Let p,p € (0,1) and r,7 € R\ {0}. Then

| An An o~ Apn_ F o
W (i) ¥ (5P ) = b (py B rT) s

for j,k=1,...,n, where

((Pp)": (PP)") o

e ™ 0B 0T) = 6(—(r7) (pp) L (pp)™).
7 b = T RS0 (B (o))

Proof. We apply the Laurent expansion of the theta function and obtain

ei(j—l)a;

Aﬂ = wil : ‘f.'
,@gj l(, '+, f) WZ(_l)fpn(Z)(_l)( —1)¢, fp(j f ?n}f;c
PP )eo Yoz
—— e—i(k—1)x |
L-_’;;ﬁn—l(ew?;p? r) = ( l)mfw( )(_1)( l)mﬂmﬁ(k )m.e—zn.m:z:.
([-) s 0™ ) oo

" MEZ

The inner product of them includes the integrals

A1 . _ eH=R)+n(t-m)}z 1,

jkm " %

g <U,}‘;4.;-z—l ( D, ?,,) vajf-n—l ( ﬁ ?)>'|]"
5 3 (et

{EZ mcZ

~ () 2’3“ 7)o
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Y (Gper) = T TN (=1) T )

It is easy to verify that

T iy |
IG5 = — / etU=Rrnl=mtrgy = 1((j — k) + n(¢ — m) = 0).

jk.fm ° 2
Since ¢, m € Z, while j,k € {1,...,n}, |[j—k| <n—1 < n and thus the nonzero
condition of [ 3 A”énl? is satisfied if and only if ) — £ =0 and ¢/ — m = 0. That

is, we have the equalities,
Iﬁ;’__”e; =00 for j ke {l,...,n}, {,mel.
Therefore, we obtain
;" (), ¥ (55, P

— 5J’A An(g) )( 1)
(%5 oo (PP o %Zz(pp) (r7)  (pp)V V"

Again we use the Laurent-series expression of the theta function and the
assertion is proved. j
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When p # p, r # 7, we have two distinct sets of functions {1;’)‘-4""“‘1(-;}9, )
and {qf);l”_l( D, ?‘) . In such a general case, the property
An An— e A-n— T i :
<lf£] l( p,r ) ?fhk l(o;p?{r‘)MT = h} l(pﬂp: T'?")(Sj]ﬁ jak: 11"'.'-{”’:
shall be called biorthononality.

As a special case with p =p and r =T, {-i,/’)f”‘]‘(-; D, 7')};-":1 makes an orthog-

. > ; " ; ; ;
onal basis of &, '. Here we consider this simplified situation.

But now we replace r € R by a complex argument z =z + 1y, x.y € R.

Lemma 2.2 Let pe (0,1) and r € R\ {0}. For j,k=1,...,n, the orthogonal
relations hold;

Y e S — ~ 4,
= ?‘g{;ln—l (el.(d,—l—iy);pj T')'Hi’f”_1 (efa.(zr:—i-zy);p? rYde = h’f”_] (y: p, ’I‘)(Sj;“
2N, 2N
. il 1 — ’ f) . f i ) I ) Aq__" 0,

(o™ )=,

Proof. Just note wf”‘l(ei(”'i‘y); r)=e —{F= l)ylj n— 1( pore ™). g
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e For the nome p € C, |p| < 1, we define the nome modular parameter 7 by

o e27r'.i’r

p= =: p(7).

Lemma 2.3 (Jacobi’s imaginary transformation) We define
pi=p(=1/7) = 2™/,

Then the following equality holds for ¢ € C,

/8(

N JRra N o ‘
9(6?'(:; p) _ 6777,./4;)]/8 (g: gz ,r—1/28—1C2/4?TT€'1C/2€—'LC/2T9(6—'Z-C/T; 1.5)
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e Since we have assumed p € (0,1), 7 is pure imaginary and written as
T = i|r|; that is, p=e 277l

e Moreover, we fix the norm r as

r = (_1)nel—n7r|’r| _ (-1)“])”'/2.

e Then we find the following;

}14_4:1—1 (y;p., ?”) — i (nlﬂ)(e—ﬁ/n[r[; 6—71'/?1|'r|)006‘271'|T|(j_1)2/.n,+.n'y2/27r|7'|

J
x 0(Cy(n|r|,(j — 1 +n/2)|r|)e” W/l e=m/mimly 5 =1, ... n,

where
CLt) = 1 e~ T/t Co(t, 5) 1= e~ (4is—1)m/2
' /jz(éf—th;e—znf)gsﬂ 2 : — .
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e There are three important points;

7 An—1 27T|T| B n zy/[Tl —=»,n| |
h; (1m, r)ocexp( m (7:—1)* +2ﬂ-‘7-| )6’((726 )

Lemma 2.4 Assume p = ¢ 2™l and r = (—1)'”’1)”/2. Then

27| 7| ‘ P .
/ e—n..y3/27r[r[h;_4n—1 (y, D, *r)dy =y (?E‘T|)€2W|T|(J_l)2/n.

27|T|

Proof. When C does not depend on y,

2m|7| ; 1 " 1 27|
6 Ce:l:z.y/l‘r[;p dy _ _q k'p(z)ch % eizyk:/|7‘|dy
), KO = 2D 717 Jy
1 k 1
(P D)oo kezz( ) O ip)e

Then the assertion is immediately obtained. j
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o With p =271l and (1) = <55, define

An.—.. A”_
U (=) =0 (=5 T))
—7|7|(j—-1)%/n - : '
. Ty (s, (<1)'), 2= iy €T
C1(n|7|)

e Consider a rectangular domain in C,

Dar 27)7|) = {2: =rx+iyeC:0<x<2n,0<y< Q?T\T}}.

e Introduce the inner product for holomorphic functions f.g on D ox/-))3

(f,9)D f(2)g(z)dz

(2 2mr)) " /
[D 2m,27|7|) l (2,27 |7])

2 27| 7| _
- dx / dy f(x +iy)g(xz + iy).
(2’”)2’7\ /U Jo

The above results are summarized as follows.

b . A'f‘b_. A'IL—. N o
Proposition 2.5 (¥ YT WDy = Ok ek =1y ey,
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2.2 Other Orthonormal Rn Theta Functions

o Let

(j—n—1/2, R, = B,,CY,BC,,
J(j) = JEn(j) := aj—a/2=¢j—n—1, R, =B, Cy,

\] —n, Rn = Dn:
where a = af'* and «o; = Q:JR”' are defined above, and
( : | Y
17 j = 1?"'1”: Rn: CnaCn,:'BCn:
;
2, =11,
R R / R, = B,, Br}ia
=™ =5 1, 1=2,...,01, |
Cj = Cj L1, : T
2, =T1.n
S R, = D,
\kl, J =By u ey F— A,
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Proposition 2.6 For R, = B,, B, C,, C, BC,, D,, define

—7|7|J(§)2 /N
OB (2) = OB (2 |7]) = =
\/QCjCL(NlTD

P—J\*’yg/47?[7[-{-(1..@;/2?};)?2” (P'zz p) 3

-

i =1,...,m; where g= gfn, N = N, ¢ = cf”), and .J(j) = JB(j) are given
above. Then

Rﬂ, R-n_ . ) 3 L
<lljj ’ qjk >D(2w,2w|r|) = (Sjk: 9y K = Lywati
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2.3 Doubly-Quasi-Periodicity

e The orthonormal functions {lD '}/_, have the following doubly-quasi-
periodicity and can be extended for z € C.

Lemma 2.7 Assume p = ¢ >"7l, The following hold,

R-” ~ — R'rr -
\IJj (z427) = \IJJ- (=),

T (2 + 2milr|) = T OO (2), O (2 + 2milT]) = oo VTR (),

j=1,...,n, where N = N'B» and ¢, = JiR” as above.

Proof. The periodicity with period 27 is obvious, since {\IJ?(:) '!_, are

functions of ¢’*. For L-irjl”“' (e'%; p, (—=1)"p"/2) € 5 " [y /2) 't;*f (e%; p) € Ef'”,

'A??— ) 2 zﬁ 1 .’An.— '.Z
P2 l(e.’,( + |T|E):p ( )npn/.?) — ?:'-'"’j l(pe.a LD, ( l)npra/Q)

J
—1)n . .
( 1)'r(pph/22(€'iz)?;. "‘-5"’_;'4”_1 (6"”;1} (—1 )”PW)) - ﬁnﬂj |€'”y€ = l’ J " (€™:p,7),
'U-."I}‘R? (Pb(3+27|’r['~£); IJ) — .U'j;fﬂ (ppl'-: : p)
1 , : Ny —iNp »
— oy u.}fn (EIZ. p) — 04 C( N— a)w|T | J\- Jf.)- tN .I.u}.ftﬂ (e-’n—-:‘p)?

pN=a)/2(¢iz)N

for others. Irrelevant factors are cancelled by
{_f—'??-(y-l-‘z?f|T|)?X4W|T| _ (_)_—n:fr|fr|(i—-ri.y(f—a'z-y2/4ﬁ|'r| and
e~ N(y+2r|7])?/dx|r|+a(y+27|7])/2 = o—(N=a)x|7] =Ny —Ny?/dm|r|+ay/2 |
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3. Determinantal Point Processes (DPPs) on a 2-Dim Torus
and their Infinite Particle Limits

3.1 A Brief Review of DPPs

e Let a space S be a subset of R? with d € N equipped with a reference
measure A\.

e A random point process with n points, n € N, on a space S is a statistical
ensemble of nonnegative integer-valued Radon measures

T
- Z 5XJ ()
=21

e Here j,(-).y € S denotes the delta measure such that §,({z}) =1if x =y
and §,({r}) = 0 otherwise.

e In general, the configuration space of point process is given by

Conf(5) {f Zr)Ie z; €S, &( )<:>cf0rallboundedsetACS}.
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The distribution of points {X; };?:1 on S is governed by a probability mea-
sure P. We assume P has probability density p with respect to \(dx).

That is, for the set of points X := (X,....X,),
P(X € dx) = p(x)A(dx), dxcC S".
Since the labeling order of n points {z;}_; is irrelevant for point config-
uration £ = Z;":l 0z, the probability density should be normalized as
i
— p(x)A\(dx) = 1.

n ' Sn

The point process is denoted by a triplet (=, p. A(dx)).

For (Z,p, A(dz)), the m-point correlation function, 1 < m < n, is defined by

1 + n
pm(ifl.w RS :ETT?.-) . T — a1 / p(ljl: cees D L - - :'Q:TL) H )\(dajj)*
(’n; == '771-) . S-n—'m. .
J=m+1
(1,...,2m) € S™. By definition, for any m € {1,...,n}, the correlation

function p,, is a symmetric function on 5"
p”'7?-($ﬁ(l)? g 17(7(71),)) — p?’n.(a:l g s ey iﬁ-m.) for all o € Gm-
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e Let B.(S) be the set of all bounded measurable complex functions on S of
compact support. For £ € Conf(S) and ¢ € B.(S) we set

(6.0) = [ ola)e(dn) = 3 ofay).
J 2.

e Then the expectation of the random variable (=, ¢) with respect to P is
given by

El(=.9)] = [ o@ln(@Ado)

In other words, the first correlation function p;(z) gives the density of
point at x € S with respect to the reference measure \(dz).

e For 2 <m <n, from { € Conf(S5) we define {, := >, ;i i isp 0y oo 00y -
Then for all ¢ € B.(S™), |

m

EKEma @H = Qﬁ({L‘l, cee amm)pm(:ﬂla e § ) H A(d'r_j)

p Sr‘r?

j=1
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e With ¢ € B.(S), k € R, the characteristic function of (Z, p, A(dz)) is defined
by
=y 1 )
Up; k| == E [e""<“@>] = F/ e"&2 p(x) \(dx),
T4, S

which can be regarded as the Laplace transform of the probability density

function p.

e Put

Ko(x)

¥(2) = %@ R) =1—e
Then we can show that
n 1 m
Ulp: k]l =1+ —1)"— e N 5 x5 5 Do { ri)A(dr }
o =1 0 [t DIRRERATS

This expression means that the characteristic function is regarded as the
generating function of correlation functions.
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If every correlation function is expressed by a determinant in the form

p'm,(:fT g v ey :Em) - lg(}Egm[K(ﬁj :If,l;)], m = 1, PP A

with a two-point continuous function K(z,y), z,y € S, then the point
process is said to be a determinantal point process (DPP) and K is called
the correlation kernel.

In particular, the density of point with respect to A\ on S is given by
gile) = Klz.m), BES

The characteristic function is given by

T 1 T
Ulp: k] =1 —1)"— t | K (25,28 ) ( 2k BT
il =1 -1 [ det | ey mnten] [ [

= s A])Det. . {(5(:}: —y) — K(z, y))((y)] (Fredholm determinant).
5 '~ 53-".?)’6‘ '

We denote the DPP by a triplet (£, K, A\(dz)).
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Poisson point process

(Computer simulation by T. Matsui (Chuo U.))
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another example of DPP
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Figure: Spherical ensemble (left) and Poisson (right) (N = 500)

(Computer simulation by T. Shirai (Kyushu U.))
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The following fact of DPPs is proved using a basic property of determi-
nant.

Lemma 3.1 Consider a non-vanishing function f : S — C. Even if the
correlation kernel K(z,y) is transformed as

. . . 1
K(z,y) = Ky(z,y) := f(w)ﬁ(ma:y)m? s §'E 8,

all correlation functions are the same and hence

(2, K, Mdz)) "2 (=2, K, Mdz)).

The above transformation is called the Gauge transformation and the
above property of DPP is referred to Gauge invariance.
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Theorem 3.2 Fix n € N and assume that a set of functions {fj}";?’:] on S
with a reference measure \(dx) satisfies the orthogonality relation,

/ fi(@) fe(@)\(de) = hsde 3, BEAL::wsm ]
Then we can define a point process with n particles on S such that the
probability density function with respect to A\(dz) is given by
2
det |fi(zk
lgjig-rz[f] (7))
where 1/7 is a normalization factor so that (1/n!) [, p(x)A(dx) = 1. Then
this is a DPP (Z, K, A(dx)) such that the correlation kernel is given by

x e S",

p(x) = %

n
1
K(x,y)=) @) fely),  wyes

e This theorem is well known in random matrix theory. For example, see
Appendix C in [K19].

[K19] Katori, M.: Macdonald denominators for affine root systems, or-
thogonal theta functions, and elliptic determinantal point processes. J.

Math. Phys. 60, 013301/1-27 (2019)
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Theorem 3.2 Fix n € N and assume that a set of functions {f; ";’:] on S
with a reference measure \(dx) satisfies the orthogonality relation,

/ filz o) fr(2)\(dz) =hid: G BEALi::sm)
Then we can define a point process with n particles on S such that the
probability density function with respect to A\(dz) is given by
2

det [fi(zk e S",
lgjig-rz[j] (7)) * )
where 1/7 is a normalization factor so that (1/n!) [, p(x)A(dx) = 1. Then
this is a DPP (Z, K, A(dx)) such that the correlation kernel is given by

p(x) = %

e A general framework to construct DPPs based on the notion of partial
isometry is given in [K-Shirai21] not only for DPPs with finite number of
particles n € N, but also for DPPs with an infinite number of particles.

[K-Shirai21] Katori, M., Shirai, T.: Partial isometries, duality, and deter-
minantal point processes. Random Matrices: Theory and Applications.
2250025, 70 pages (2021)
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So far we have fixed n € N for each system. We can consider a series of
systems with increasing n; increasing the number of particles for DPPs.

According to the change of n, we change the scale of coordinates, which
is called dilatation of DPPs.

Definition 3.3 For a DPP (=, K, A\(dw)) with == ).y, on a space 5, given
a factor ¢ > 0,

5, p= ZO( Kis
¢oK(a,y) =K (—, i) , x,y€eS:=Hcx:x €S},
co A(dz) := Ndx/c).

Then the dilatation by factor ¢ of the DPP is defined by
ge |8; K, Aldz)) = lcod,; ce K,eoXdzs)):

Notice the following equivalence. For g € B.(S) such that ¢g: S — (0,00),

(B K(zoh), g(@)X(de)) lgv (=, vVyg(@)K(x,y)\/9(y), A(dz))
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I will give limit theorems for DPPs at the end of this talk.

Consider a DPP which depends on a continuous parameter, or a series of
DPPs labeled by a discrete parameter (e.g., the number of points n € N),
and describe the system by (=, K, \,(dz)) with the continuous or discrete
parameter p.

If (2, Kp, \p(dx)) converges to a DPP, (Z, K, A\(dz)), as p — oo, weakly in the
vague topology, we write this limit theorem as

(2, Kp, Mp(dz)) == (2, K, A(dx)).

The weak convergence of DPPs is verified by the uniform convergence of
the kernel K, - K on each compact set C' C S x S [ST03].

[ST03] T. Shirai and Y. Takahashi, Random point fields associated with

certain Fredholm determinants I: fermion, Poisson and boson point pro-
cess, J. Funct. Anal. 205 (2003) 414-463 (2003)
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3.2 DPPson a 2-dim Torus [|¥/(z+ 27ilr]) = o1e "0l (2)

e For R, = A, 1, B,, B}ia Ch, C) BC,, D,, we put

n

k% (2, 2') ~ZWR~ (2)UE(2), 2,2 € Diggamjr)-

By Lemma 2.7, the following double periodicity is proved (./\fA‘"'—1 =)

kB (2 + 27, 2" + 21) = kB (2, 2),
—iNz

kB (2 4 2|7|i, 2’ + 2m|7]i) = i = kB (2, 2"

~ kBn(2,2") (by Gauge invariance), 2,2 € C.

e Now we apply Theorem 3.2 to our seven types of orthonormal theta
functions. Then we obtain seven types of DPPs on C such that their cor-
relation kernels are given by kf" satisfying the above double periodicity.

e In other words, if we define the two-dimensional torus denoted as
T? :={2 € C: 2421 = 2,2+ 27|7|i = 2} ~ (R/27Z) x (R/2x|T|Z),

then we have the seven types of DPPs on T>.
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two-dimensional torus

14

T? = M ={ze€C:z24+2n=2,2+427|7|i = z}
~ (R/27nZ) x (R/2x|T|Z),
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Theorem 3.4 The seven types of point processes

for R, = A,_1, B,, B!, C,, C, BC,, D, are well defined on T? so that
they have probability densities p%’"(z)

2

1 . 2\
pr(z) = =5 | det [EF(z)]| . z=(z1,...20) € (T)",

Z R 1<j.k<n J

with respect to the Lebesgue measure dz = H;-l:] dRz;dSz; on (T?)". Here
1/Z%» are the normalization factors such that (1/n!) f(qr-z)n p%n (z)dz = 1.

They are DPPs with the correlation kernels

. 1 = .
K%”’(z. g = Z lIJjR”(z)lIJ?”(z’), g 2T
27T 2 ~

with respect to the Lebesgue measure dz = dRzdS3z.
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We define the reflection and shift of DPP on T? as follows.

Definition 3.5 Consider a DPP (Z, K, A\(dz)) on T?, where we write
=() = X, 02, ().

(i) The inversion operator R is defined by

Zi=) 6.z, RK(z7):=K(-z,-2), RMdz):=A(—d2).

We write (R=, RK, RA(dz)) simply as R(Z, K, A(dz)).
(ii) For u € C, the shift operator S, is defined by

ZOZJ w SuK(z,72) = K(z+u,z +u), SuAdz):=Nu+dz).

We write (§,=,5,K,S5,\(dz)) simply as S(=, K, \(dz)).
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We can prove the following symmetry which characterizes the seven types

of DPPs on TZ.

Proposition 3.6 (i) For R, = B,, B/, C,, C', BC,, D,, the reflection
invariance is established: R(Z, K, A\(dz)) "2 (2, K, M(d2)).

(ii) The following shift invariance are satisfied:

S:zﬂ-/n( n 1 n 1 dZ)

dz) "2 (=,

‘S‘er|'r|z'/-n( K o dZ) (d: ( A“ 1 (]Z)
dz) 2
dz) ‘2

’“Rn

1]

STF( ( ar ) d@) R-n. — B-Xa C'n,a Dn:

Sw[frh( ) ( KR“ dz), Rp= Cp, C,X.,BCH,Dn.

KR”

[l]

iii) The densities of points pf'(z) = K& (2, 2 .z € T? with respect to the
(iii) P P2 T2 p
Lebesgue measure dz have the following zeros:

pff?'z” (0) =

prﬂe (0)=/T§ (m) =0,

o5 (0) = pfr(mlr|i) =0, R, = C),BCy,
ez (0) = pez (7)) = pegUnlrli) = 0.
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3.3 Infinite Particle Limits

e We note that the periods 27 /n € (0,00) and 27|7|i/n € (0, c0) of (Z, Kéé”" ,8%)
shown by Proposition 3.6 (ii) become zeros as n — co. Hence, as the n — o
limit of (=, K?Q”"' ,dz), it is expected to obtain a translation-invariant sys-
tem of infinite number of points on C.

e Here we introduce three kinds of infinite DPPs on C.

e Let the reference measure be the complex normal distribution,

L e
An(dz) = ;G_M dz.
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Put

z2'

A
}CGinibrc(za Z,) — €,
. — 1, = =
}Cginibre(za Z) = sinh(zz') = 5(6%’ — € zz’)’

Ginibre

— 1, = Jower
K& (z,2') =cosh(zz) = 5(8”” +e *), 2,7 eC.
Then the Ginibre DPPs of type R are defined by (Z,K&, . ..Ax(dz)) for
R=A,C, and D, respectively.

The Ginibre DPP of type A describes the eigenvalue distribution of the
Gaussian random complex matrix in the bulk scaling limit [Gin65]. The
density of points is uniform with the Lebesgue measure dz on C and
translation-invariant as

_ : 1
péinibre(m)dz — ’Céinibre(z? Z)AN (d’z) — ;dz* z € G,

[Gin65] Ginibre, J.: Statistical ensembles of complex, quaternion, and
real matrices, J. Math. Phys. 6 440449 (1965)
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e Put

z2'

A
}CGinibrc(za Z’) =€,

}Cginibre(z, z’) — sinh(z?) = §(ezz’ _ e_zz;)’

popeTs

— [ o
}CGnuine(zﬁ Z,) — COSh(ZZ!) - 5(844 +B )a 2y 4 e C.
e Then the Ginibre DPPs of type R are defined by (=, KL, . .. An(dz)) for
R=A,C, and D, respectively.

e The Ginibre DPP of type A describes the eigenvalue distribution of the
Gaussian random complex matrix in the bulk scaling limit [Gin65]. The
density of points is uniform with the Lebesgue measure dz on C and
translation-invariant as

péinibre(m)dz Cﬂmble(z Z)AN(dz) —dZ? z € C.

[Gin65] Ginibre, J.: Statistical ensembles of complex, quaternion, and
real matrices, J. Math. Phys. 6 440449 (1965)
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Finite approximation of Ginibre DPP of type A:
eigenvalues of Gaussian random complex matrix

(Computer simulation by T. Matsui (Chuo U.))
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On the other hands, the Ginibre DPPs of types ' and D with the corre-
lation kernels,

C . —
K Ginitie 2 Zl) = sinh(z2’) =

}Cginibre(zﬂ z,) — COSh(Z?) — (ezz’ 23 6_2;)1 2y Zf € (Ca

are rotationally symmetric around the origin, but non-uniform on C and
the translation-symmetry is broken. The density of points with the
Lebesgue measure dz on C are given by

, i
C C _ —2|z
pGinihre(m)dx - ]CGinibre(wﬂ :C))\N(daj) - %(1 — € 7

1 92
pg_inibre(z)dz — }Cginibrc(zz Z))‘N(d'z) — %(1 + € 24 )dz, ze€C,

| 2

ydz, =z ¢€C,

They were first obtained by the following limit theorems.
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e These three types of Ginibre DPPs on C are obtained by the infinite

particle limits of our seven types of DPPs on TZ.

1 fn — A y -—>\ d —
— o (:.,K 2”'_l?dz) = (:
2\ m|7|

T?’ — » n—0C —_—
o (:,,KR” dz) == (:

27| 7| T=
n — D. N—0o0 [ —
E. K ”.d":) — (:
2|7 7 ( i Rl

Proposition 3.7 The following weak convergence is established,

’ }Céinibre? AN (dZ)) )

3 }Cgi]]ibres )\N (dZ)) ’ R'T?, — BTL_‘! BX‘ CT}..:

3 }Cginibrea )\N(d'z)) :

CV:BCH,:

n

e Remark that we have the degeneracy from the seven finite DPPs to three

infinite DPPs.

e Here we show a sketch of proof for the first limit theorem by showing the
convergence of the correlation kernels of type A, ;. Similar calculation
proves the other two limit theorems.
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A Sketch of Proof.

e By definition of \Ilf”_1 (2) with the fact lim 6((;p") =1—¢ for p = e 2717,

n—oo
we can evaluate

l_-[,;_‘ln.—'l (21 /?T_T]Z) ~ 6—717T|T|/4(2|TD1/4n1/4e_y2
n

j—1—am 2% * . i—1—mn/2
X exp [—?TT (J - / ) & Gl = /]

PR oy f—1—n/2 i Sl — 1 —% /2
% {61 ”"'lﬂ“exp (WT[\/HJ ﬁ / >+€? nmw|T QGXP( ?T‘T|\/_ \/HI/ )}

as N — Q.
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e Hence we have

2
[ T0\T T [T T
}'\/r[lf?;n-—'l (2 ! ‘ ‘ z.! 2 / ‘ ! Z!> (2 ‘ )
n n T

L
(27)?| 7]

- : j—1-mi2\* . j—1—n/2 _
X —75 2 €XP [—2?r|fr| ( 7 ) + 2i+/7|7| NG (2 —2')
3=0 s

ST j — j—1—n/2
x |e™? 'n,:"r|7‘[zexp W‘T‘\/ﬁj ??/ nw|T|z exp —ﬂ'|’r‘\/ﬁ] ﬂ/
.\/a z

% |etV/nmiT|Z! exp (7‘|T‘\/_ ”/ ) + e—z.‘/mr|'r|4 exp (—?TT\/EJ H/ )]
?'L

~ e T2 (9] ) /2= WY ) g |

T
2|r|)1/2 7 ' ’
et |/2(|T7|){f \/m I+ + 2 cos( 'fl'ﬂ‘r‘(z+zf))10+fza\/}m _/)I_}:

™

as n — o0.
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e Here
vn/2 —
i 2 195 — S ’
Lo = / - 27| T|uc+2i/7|T|(2—2 )u.:t:27r|'r|\/ﬁu,du
—vn/2

by —i(z—2' \V/ TT
_e?lﬂ[T[/2e:|:i1/71?TTl(z—?)e—(z—?)g/fz/ S le_ZWlTIUQd’(,?
a+—i(z—2")/2+/7|T|

with a,. = —b_ = —\/n, by =a_ =0, and

Foie f\/ﬁ/2 o= 2Tl 2 /AT =TV g, = (a=)2)2 /\/E/Q—i(z—z’)/%/ﬂ'h T
—Vn/2 —Vn/2—i(z—2") 2/ 77|

We see
_ 1 L ; =7 72
Tie ps 6-r17r|’r\/2_ e:l:u/-rmh\(z—z )e—(z—z) /2’
: 2 2I7])'2

R e, O
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e Therefore, we have

2
Any ( /W\T /7T|T ,) ( [T ) . ie_(y2+yf‘2)_(z_?)2/2-
n T

e Since
—1ixy
Lo+ -2 - & L (P2
71' _—?:r e
e~y ,-
—F’ 2| % %2 - —|z")2
{9 LLL y
with Y
A / T gt 9
]CGinibre(Z*- < ) = e* ) )\I\(dz) = ;f’ 2] dz,

the Gauge invariance of DPP (Lemma 3.1) and the equivalence

N ) Gaw) .
(E.K(z.y),9(x)\dz)) =" (E,Vg9(2)K (2, 9)v/9(y), \(dz))

imply the assertion. g

55/56



Thank you very much
for your attention.
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