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The 2006 Fields Medals

Wendelin Werner

Laboratoire de
Mathématiques
Université Paris-Sud

for his contributions to the development of
stochastic Loewner evolution, the
geometry of two-dimensional Brownian
motion, and conformal field theory

http://www.emis.math.ca/EMIS/mirror/IMU/medals/2006/ &KYERE



The 2010 Fields medals 4
Stanislav Smirnov

s - i ] =
. "I = .:I- _.I'l.'-_ —'.-.‘“ Lk, L. q
| | . i "
i “ i g .

Section de
Mathématiques,
Université de Geneve

for the proof of conformal invariance of
percolation and the planar Ising model
In statistical physics.

http://www.icm2010.org.in/prize-winners-2010/fields-medal &Y ¥z 5


http://www.icm2010.org.in/wp-content/icmfiles/medalists/stan.jpg
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1. #iat WA ER SEG B 22 R £ DRI
1.1 FH L OHET W FEE O ERHER
[BFLOBBER] —EGHEEREIT{EHRREZER)ZMLDAE]
IW—TBRESVFLIF—D LERW
(loop-erased RW : LERW) —
BEREY+—2
(self-avoiding walk : SAW) —

,u

T Beiy L ki) —_—
(critical percolation model) /u

ER SR Ising FR 4! —
(critical Ising model) H

ﬁ/;r ~Z 1% L fEIE Markov T
iz R M EH R AL M4 (conformal cov./inv.)
LD4DI2HE

Ising

f815 Markov T4 (domain Markov property)

1.3 #llfR 1% & BATTE e .
il BR 4 (restriction property) NG, " :0K
B P4 (locality property) lulsmg ‘NG, 4™ : OK



2. Schramm-Loewner Evolution (SLE)

2.1 Riemann N E {2 FIE
2.2 Loewner A 2=k
2.3SLEK

HBARLE M+ 481 Markov E > 1", kK €(0,0)

2.4 BFrEEFIRTE

BiftE < u’ (SLE,) < u™

HIR™Y < 4*°(SLE,,) < W
8/3
(3x-8)(6—«)

3.3 i B £ C=

SLE «
X 15 BE 2K (B R ) ZE 8] £ oD I

2K

S
o

IRR RGN
VirasorofX # DR 1L R IR (07T ¢

LERW, SAW
LD FERE HFRE

EELEDTIFVLVEEOHHME (SLE_:0< x < 4)

iREIE R (percolation), BETEARDIEE (Ising model)
d 3‘/9*1&’;’\07/H£ﬁ&3|52|2ﬁiﬁ§+*§§2 ( E E%ﬂﬁ1bﬁﬁﬁﬁ§) (SLE . _ 8)
= FH42 2! (Abelian sandpile model), FF# N KRR K=

(SLE, :4<x <8)




1. et N FER L E R A ZE ] L DRI E
1.1 FE LEO#HE N FEE O EGEER

Im Z

A C

#HHEm C= {z =x+vV-1ly : z,y € R}

-@?(; Z




1. et N R S E G R A ZE R L DRI E
1.1 FE LEO#HE N FEE O EGEER

A S

WELH C= {z =zr++v-1ly: z,y € R}

C LOEHKT S= {z — 4Tk G k€ Z}




1. st hFRBE EHGREARZER EDORE 2

1.13

L D#EET AR E 0 E B R

BHRFm C= {z =z++v/-1ly : z,y € R}
C FOEHHET S:{z:j+%3kq$ez}

S FOBTHEY 4 — 2 D w= (w(O),w(l):...,w(n))
HRER w0)=2€8
w(i)€S, 1<i<n
w@i) —wi—1) =1, 1<i<n
n=1EDOEX

ERITHIEAE 2 =0 (B & LIEa.



1. st hFRBE EHGREARZER EDORE 10

1.1 FE LD HFEE DERER
A
S
#HHEm C= {z —z++/-1ly:z,y€ R}
C LOEHKT S= {,-z — 4Tk G k€ z}
S LRI +— 7 DiE w= (w(O),w(l): s § ,w('n.))
HRER w0)=2€8
; = w(ii)esS, 1<i<n
lw(@) —w(E—1)|=1, 1<i<n
n=EDRI
ERITHERZ 2=0 (FR) & L712GE.




1. st hFRBE EHGREARZER EDORE 1

1.1 FE LD HFEE DERER
A
S
#HHEm C= {z —z++/-1ly:z,y€ ]R}
C LOEHKT S= {,-z — 4Tk G k€ z}
S LRI +— 7 DiE w= (w(O),w(l), o & .,w(n))
HRER w0)=2€8
: > w()esS, 1<i<n
lw(@) —w(i—1)|=1, 1<i<n
il n=EDRI
ERITHERZ 2=0 (FR) & L712GE.
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ijiﬁ 2ES N pekoss 12
g Esnn

= {u) = (w(0), . .;w(n)) : w(0) = z,
maeS¢dn—w@—1ﬂ:L1gign}

A

Y

BARAT v FIELTEAD 4@ HBHDT, |WE| =4

(¥R 2, BS n D) T F L2+ —% (random walk : RW)

= W3 OO K (EOFFHER)

ERLY, K42 DHE we W ORIE

I | \ )
= =4 REL, |u|= v ORE.

=




ND,

NP=2N/-1
P=2-1
2 Do

13

o 1EJ7IE D BA MK
D= {.‘.I-“f‘ V-1ly:-1l<z<1,0<y< 2}
O =0 (i) € 0D,
P =2v/-1€ 08D,

e NeN={1,2,...}
Nf#E+5: Dy — NDy
NO =0
NP =2N+/-1



NP

14

1E 51 @ Bil ik
D= {.‘.I-“f— V-1ly:-1l<z<1,0<y< 2}
O =0 (JfsR) € dDg
P =2v/-1€ 08D,

NeN={1,2,...}
N {%—dmé . D(') — ;'?VDU
NO =0

NP =2Nv/-1
Qﬂﬂmlmz{M¥JW%wNRﬁcNa}

BB (=21 & RW OJEEDOEFN)
Z‘.-\-'(DUZ_O.’ P) = Z 4_|¢‘-’|

weQN(Dy;0.P)



NP
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1E 51 @ Bil ik
D= {;I-“f— V-ly: —l<a< 1.,0<y<2}
O =0 (JfsR) € dDg
P =2v/-1€ 08D,

N {%—dmé . D(') — ;'?VDU
NO =0
NP =2N+/-1

Qn(Dy; O, P) = {Rw . NO~» NP,3&i C ND[,}

BB (=21 & RW OJEEDOEFN)
Z‘.-\-'(DUZ_ O, P) = Z 4_|¢‘-’|

weQN(Dy;0.P)
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1E 51 @ Bil ik
DU: {;If—f— \/—ly =1 x< 10<y<2}
O = 0 (Jﬁz'?‘i) € aD(]

P = 2\;’—1 E BD(,
NeN=/{1,2,...}
N ﬁ_‘? o D(') — iVD[}
NO =0

NP =2Ny-1
Qn(Dy; O, P) = {Rw . NO~» NP,3&i C ND[,}

BRI (=P = RW OBIEORF)
Z‘.-\-'(D[)'._ O, P) = Z 4_|¢‘-"|

weNQN (Do:0.P)
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1E 5 0 B fe sk
D()Z{J?—l—\/—_ly ; —1<:1?<1.,O<y<2}
O = 0(JER) € 9D
P =2v/-1€ 08D,

NeN={1,2,...}
NfE4%5: Dy — NDy
NO =0
NP =2N+/-1

Qn(Dy; O, P) = {Rw . NO~» NP,3& C NDU}

SERBEM (=4 X RW OB ORI
Z;\-‘(D()I_ 0, P) ES Z 4_|¢“‘|

weNQN (Do:0.P)



ZN(DU;O,P) e C(DUO,P)N_Z

NP N — oo
il &
i
Gﬁ'n(;' UEJ
> Hp,(z,w)
|10
Hp,(z,w
el e
f(N) ~g(N), N-—oo
(i
(N
f(;r_)ﬁlq N = LLEES,

W/- p,r)“(f,u‘,z)(ff

0
the Green’s function for the complex BM

stopped at 9D
the Green’s function for the Laplacian
with Dirichlet boundary condition on Dy

for z,w € D,,

lim
e—0+ 27e

Poisson kernel, for z € Dy, w € 9D,.

Gp,(z,w + €n)

;A
:“]—-11{11%{— EHDU(: = en;, :“J)

1
lim -
e—0+ 2me

Gp,(z +en,,w + eny,)

2

boundary Poisson kernel, for z,w € 9D,

C(Do; O, P) = Hp, (0, P).

FELEORW C= EgiaRE = = #EHERI 5 iEE(complex BM)

18



IL—TBESTR L™9F+—(loop-erased RW: LERW) 19

NP o i D RW DA Qn(Dy; O, P) DIt w 1E
— IV —TER> (BERET ).
1 1 o KOBMEZ L > TA—TZMETS: w—
— + to=0,000) =w(ty) =0 LT, m>1&xLT
U 1 t,, = max {(.’ > tp-1 : W) = w(tm-1 + 1)}
1 B(m) = w(tn) = w(tm_1 + 1).
. 4 L . 4
L 4 H L 4
4 o > . 4
L 2 L7 {3 L 2 . 4




JL—7

R ESA LI+ —2(loop-erased RW: LERW) 20

o Wi D RW DS Qn(Do; O, P) DIt w I3

—RRITIEN— TR (AERETB).

o ROEMEIZ Lo TN —T%2EHETH: w—o O

to=0,0(0) =w(t) =0 &L T, m>1IZXHLT

t,, = max {(’ > tp-1 : W) = w(tm-1 + 1)}

S(T”') = w(tm.) = E"-"(tm—l . 1)




IL—TBESTR L™9F+—(loop-erased RW: LERW) 21

o Vi LD RW DR Qn(Dy: O, P) Dt w I
—fRIZIIN—F 2R (BORET D).

o ROWIEIC k> TA—T 2 WHETH: w—0
to = 0,3(0) =w(te) =0 £ LT, m>1IZHLT

t,, = max {(’ Bl sl =t 1)}

S(HIL) = w(t;::) = L""(?-tm—l . 1)

2 EMAREE




IL—TBESTR L™9F+—(loop-erased RW: LERW) 22

o Vi LD RW DR Qn(Dy: O, P) Dt w I
TR — TR (HERET D).

o RMOBMEIZ Lo TN—T%HETS: w—o0

to=0,0(0) =w(t) =0 &L T, m>1IZXHLT

t,, = max {(" > tp-1 : W) = w(tm-1 + 1)}

W(m) = w(ty) = w(tm-1+1).




JL—7

R ESA LI+ —2(loop-erased RW: LERW) 23

NP o Fiii LD RW DES Qn(Dy: O, P) DT w I

TR — TR (HERET D).

1 o KOBMFIZ L > TV—T%WET S w0
. to=0,0(0) =w(ty) =0 & LT, m>1IZKLT
| bt = max {(" B bpd sl = w1+ 1)}
1T 1 T 7 W(m) = w(ty) = w(tm-1+1).
+—9
.
»
.
+
S
.




IW—TBRETVF L)A—(loop-erased RW: LERW) 24

NP

o Q% (Dy;O,P)=NDy WD O~» NP D

JL— 7L DIEARR

o w— w: &%t 1 Kths

N—TRERIO RW OEALOF Y 47

Y

W—TREZRD 1 DODE O OEA

o FOLHITEREINT-EDOHHER %

> IL—TBREZFZLI+—% (LERW) &5,



)b—ﬁﬂﬁiﬁ‘/ﬂ“ L9 A—2% (LERW) D E #5545 B 25

NP

0

=) V2
W ( i ) = iw(z’) 0<i<|w|
N1/v - N ? —
— RO B, oL 27 »7ic =2y T i,

Dy NO (2% % 1/N D) — 7L D38
I N— o
’“{ . (O,t;}.-) —F D[] i@?ﬁ%

limvy(t) =0, lim~(t)=P, t,€ (0,00).

an i



IV—TBREFUH L) +— (LERW)DE 5 R 26

. 1
o ik ~ D7 T 7 X )WVIKIC digrw = 5

v : (0,t,) — Do E#HL,
lim~(t) =0, limy(t)=P, ¢, € (0,00) o v ITHEMHEIR . (1) #A(t), 0 <Vt <ty < t..
t10 1ty
K:LER\-\-"(DU;Oe P) = LERW mlﬁﬁ}-ﬂﬁjﬁﬁ ({ﬁé‘k v DRTr—) pg“*ﬁﬂﬁ)
& L TR o5k BIE v 2.
A TeERV,() = BA%KZER Kiprw (Do; O, P) (=% 2 B
P
L DO
é o AL (N—TBRERTD RW DR & [F T <)
C(Dy; O, P) 72DT,
—LERW
L Apy:0,7) ()
(Do;0,P) C(DU; O, P)
= }CLER\V(DQ; O, P) G:'ff]‘%' %Oﬁﬁﬁ%ﬂ&dﬁ
>




H 2 [BlEE 4+ —2 (self-avoiding walk : SAW)

-

o W? = {RW: HFE M = 2, B & =n}
DA (V—T LD RW)

27

Wio={we Wi, wli) #w(j),0< Vi< j<n}.

e 33>0st. (B =2.638)
(Wiol =™, n— oo
=L, f(n)~gn),n— oo

< log f(n) ~logg(n),n — oo

BoEE Y +—7 (self-avoiding walk: SAW)
= HERZELRZWW—TEL) VA —7 w IZXHLT
FREN e Pl DRI % 5 2 7o HeFHER.

ZE(al)l& n=200 RT7v7, (a2) [& n=800 RTv7




N ¢ ==
B 2B+ —7 (SAW) DEfiB R ’8
SAW D7 ECREEL
A -
p Z;S\fm ( Dy: O. P) _ Z e—Blwl
) we, (Dy;0,P)
b DO
g [ ] HbSA\.\;‘ > 0, 8.5
Zy™V(Do; O, P) ~ C**W(Dg; 0, PYN~#s4% . N — 00.
o dv = 1/dSAW': s.t.
wlH I iu,r(’a) = v(t), N — o
N]/v o N / 1 »
d ,
(0]
LE#R
e RW ¢ LERW TiX
SAW OEREABIRIZ 39 %8I Zn(Do; O, P) ~ C(Dy; O, P)N72, N — oo.

Tiipgo,p) () = C**W(Do; O, P)uinyo.p)(+)

2%Y, bpw = bgrw = 1.

b dLEJRW # dSAW




e B8 33, F o ZTTIRC =AM TREL
T =exp(2mry/—1/3) £ LT

(critical percolation model)
T = {z[, +(i+§7)V3a:4,5€ Z}.

. 2
- NP e jelely o= 3 ELT xp=av-1L795%.
VAV VAVAVAVAWVAN ' S o ERER n(2) € {0,1}, 2€T
e o e o o o o
VAN o VaVaVaVaVi) ] noulli JEE v, T4 :
A IS I G SR WS BTN SIS Bernoulli I v, TI3ii
/ A .: NS - N/ \ o I 1
0 e-e-O-0O 0 e e O @ X
\/ MY/ NN/ \/\/] AVANY vniz)=1)=p
KR e 00010 0 OO @18 X
= NN 1 N/ Y —
L e e e e e e e ST T = kiR
__]LQ_:O_._._Q_Q__Q—.—.—O—Oi—ﬂJ,—— n(z)=1 <<= HNIEMI
' fie e e ¢ 0 0 - e o i nz) =0 <= B
EO S WAA C R AR M A IBIRRDOIRE
A e O e O e OO '-/"'] e
- l:-‘H_Qi __'__é_ —5 ___Q__,:} 0.:._ :__;.:W ® 4'.___:._.._,'/'_! v o ;R151H%5#% (percolation transition)

p< s BUSEGTIBEMIEHE | THR

. Prob(FEGH) > 0

p >

B | — o]

) A
P=Dc= 5 . ﬁﬁ:ﬁﬁ
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N— |

1
MF p=p=7

AN AN N N AN NP < _ —
/ f’_—. = i kv ko Wi ke WY Sk K N\ /
AN : "‘;——_—"_._ ___________ @0 0 O o —‘—:—‘—
e e o o o O o I\
/ N} ' 0. AV WAV
Kago—e—o—e—elo—c)e o —e-le—
y ¥ i \ _ ) AR 'SR
0000 ofe e O e i~
\ 1 1 v i
/N h ' / 1 I !
:..} ! \ — 2 'I (R
Lh A &0 “]le o e i .
OANNA N/ \/ \ 7/ SN N A
SRR 2 S(H b (A
/N ) AN .' D i
AP e O e O o o o o
o800 fe—e——o——o e
\VAY. R VAVAVAS. 7\ AV VAV
e e e - O e jo i
OO0 0 O e e e e e 7

B A Y T

-

2B IEFRI1BTE (percolation exploration process)

&9 5.

e NeNTNNDy= Ay
(KR N =6 DBA)

e Dobrushin Ei55&F

n(z) =1, Vze dAf
n(z) =0, Vze Ay

o TNLISIORK Ay PIBORLE :
vp IHE> TT V& LT
o RIBRZBIZ

(percolation exploration process)

w:  EOMETTAG SEMIE 0 (HAL)
EOREFTITIArg <A 1 (AL

30



BRERFRBEOERBR

[RIBETREEFE W

N—oco || AT7Fr—YUV7WREFEEv=1/d)
v ¢ s HHAR
INISERBIRTIEE L.

e Bernoulli XD T
TEE DRI (7 BlBIEY) Z5" (Doy; O, P) =1
ST N == =% buy=0

o BRIBIEOMIGEHER
Y B R 2
Hipy:0.p) (") EFCT

ZEE(b1) ¥ 35%35 =FHEF L,
(b2) [% 100 X100 =AKFL




o Ay = Ay UOAL UOAy

EER Ising 53

(critical Ising model)

ERE (REY)
o(z) € {-1,1}, ze€ Ay

Dobrushin i 5&(t

ANP — "~~~ o(z) =1, Vze€ dA}

P T Yy VR [t Ny A AP QA AP Yy

A 00— e— 88— — 8 G— o(z)=—-1, VzedAy

-

1
{

TEINER A DAE IE
%% 3 >0 @ Gibbs {IIETT VX LICHIE :
e—BE(0)

Z N8 .

:
3 f;;

(o) =

i
:

o552

5 X o)

2,2'€Ap:|z—2'|=v3a

Z e—.-'ﬁ:'(ff)

AD,
ce{—1,1}"N

X
@

O
@

@

O

O ~y

@)

O
——— @ ———
- :1.i
o ‘&
eS|
— _._"“’

. .

S

)

Il Il

o HSHHERFE (magnetic phase transition)

B=J/kT < B. (T>T.): WHEH
1 0= J{ET 3&' T T; : _'::r"_'
= _log3=0.27465.... | 77T (T<T) MR
4 B=J/kT =83. (T=T,):k5 5 (Curie #itfE)

Be




Ising 5% [ (Ising Interface)

____________________ NP IS
L s Emsms e | S o y |
=§ofo 5—e—3 e o o o}qg-
p B e S s IR o o
{ioio 55— feo o o o
e 0 0 e Jee e e |e
LN g o o o o o |/ .
A, [ Pa B WL
_;%—rﬁ}%%ﬁ ;'; _
fjoj&%}%F©~5 _ N iV
}oio 3022 oiui{_
p A S ﬁ'-
Fﬂ%&iﬁ?:ﬁ,“fiﬁitﬂ5H44;
0 T e e e e e

T i

HF B=45

e w :Ising 5M (Ising interface)

{T=Tj Bd%,

33

N—oo | ART7r—VUVJHWRE v =1/dyging)

-~
! -

UL I

IS EfERAR.

o Ising St D kR w
W9 S llEZ

—lIsing
H(Dy:0.P)

() £t
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1.2 7 ~ﬂ3$%1‘$tﬁﬁﬁ Markov 'I‘E
f(P)
f: DycC ETIERI f/(2) #0,Vz€ Dy D& E

P
f:Dy — f(Dy): HEZHE: (FAEHR) —f)>
fetEl, 6D = f(0D;),0— f(O), P— f(P) £F 5.

/(0)

Qe

()

1.1 8 TR hik& - OF G 12A R o i MR 1 5
Pl TS N2 G BEEL ~ 1SR 2
H(py0.p)( ) = C(Do; O, P)pypyg:0.p)( *) —)f
DL FIC K BT EEZB.
0]

/(0)




ROD2DDERMHEFEFHEDZENEAFINS.

O

AT ERABT TS

TREX D

fEEDIIEZHUTH LT,

f o Tiweo.p() = LFO)WIf (P hspoys0).5) ()

= 1.1 HiOMT LD BIED 4
T A X N — oo ICfE S WL 8 TIREK 51

= (LOXDIENS) IBRRT—1) >V T8
(oundary sealing exponent) BEREES 0

AN

HEMNL

\

EFUEIREOFRERT (57 B BEEY) DR
HERMEDOHEARE S ZEKT 5 -

wpy0.P) (") = HF(Do)f©). 5P ()

C(Do; 0, P) = |f(O)'If (P)'C(f(Do); f(O), f(P)),

f(P)

/(0)

35



(2 %Bisk Markov T

H(Dy:0,P) QFT; Eﬁﬂﬁ Y @*ﬂ}@@dgﬁﬁ

7(0,t],t € (0,t,) ZBIHIT 5.

C DD N TOHFRDIR D DI D341l

Dy 15 (0, t] ZFR V72T,

v(t) ZHFERE LT y(t,) = P 2R &7 % Hh#R
DIFHITFELL

#(Du;oﬁm( ' "Y(Uat]) = I(Do\+(0.8:4(t).P) (" )-

C OMWE =8l Markov &5 5.

P

36



EHEROERMFITONT

v : (0,t,) — D, i,

limvy(t) =0, limy(t)=P, t,e€(0,00)

t10 t1t,

MRy 2Rt € (0,4 (BERI L R d) ODjlipiRgL.
HEBRICE>T, BRIEEDELSICTH (BHEE)
ThBNED.

o UA—J w DART—=Y VT

uNNG%ﬁ):%w@=OSiSW\
U
RAER foy LD

X [ j‘(q«[tl,tg])gf‘o <t <ty <t,, OBHER
= [Cira)rs,
1
(d IZHER v DT 5 7 Z)VRIT.)
o HHERDBREAT T D (KFZZ B DEY) %2
MHLTEZSEEHS.

v(E) = ~(0(¢)) :
v IEMEMES : 6 : [0,t,] — [0,t,]

37



1.3 IR & BATTE
HIFBTE (restriction property)

P

D, : BEEEE, D, c D,. 7z72L, O, P € dD;.

Do o W iEIK D, T LERW Z#Z 5.
J
dp-LER.VV
—d_(L%}ﬁ;P) <1, DyCDy, D;# Dy
H(Dy:0,P)




1.3 IR & BATTE
HIFBTE (restriction property)

P

D, : BEEEE, D, c D,. 7z72L, O, P € dD;.

Do o W iEIK D, T LERW Z#Z 5.
U
dELER,W
—d_(L%}ﬁ;P) <1, DyCDy, D;# Dy

H(Dy:0,P)




1.3 HRELBRTE

@ HlIBRTE (restriction property)

P

D,

D, : BEEEE, D, c D,. 7z72L, O, P € dD;.

o W iEIK D, T LERW Z#Z 5.
U

—LERW

du(Dl ;O,P)
—LERW

dﬂ(Do;o.m

<1, Dyc Dy, Dys Dy

o LML, SAW DR OMIEEIC BN TIX
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@ BArtE(locality property)
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@ BArtE(locality property)
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@ BArtE(locality property)
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