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15t day: Bessel process and the Dyson model 2

1.1 Vector-valued and matrix-valued Brownian motions
and their “radial parts”

e B(t) € R : one-dimensional standard Brownian motion (BM) starting from 0.

B(0) =0, dB(t)>=dt, t>0.

e =234 .5
D dimensional BM = D-component vector-valued BM

independent one-dim. standard BMs

\ ('{B\;(f)(fB;,.(f) = (i‘j;k.([f. l < 3.k6< &

e Consider the radial part of B(t).

X(t) = |B()

That is, consider a function of D variables, z1,z3,...,Zp,

BlL1: T8, o5 BD) = \/If == I:; ik - .I’.‘fr).

then put random variables B;(t) to x;,1 < j < D,

X(t) = V/Bi(t)? + By(t)2 + -+ Bp(t)2.
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e Taylor-Maclaurin expansion

dF = ) i—d — d
1 2% 158 Oik Tl
2 \/.CL% + 42 - F F S

D Bt | D D S Bi(t)Bult
dX(t) = Z X((t; dB;(t) + 9 Z Z (X(t) - E()(f)g( >)dBJ (f)dBk(t)+ =Gk

J:l j:l k‘:l ________________ @ ................
fluctuation \ / 0t
martingale term second term of Taylor-MacLaurin expansion

but first order term of dt

— others are higher orders in dt
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D ; .
(2nd term) = % Z { Xl(t) - %((:))j } dt X (t)Q

(st term)? = Z mdBj(t) X Z X(0) dB;f(t)

.............

(1st term) 4 dB(t)

B(t) is another BM different from any B;(t),1 < j < D.
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Stochastic Differential Equation (SDE) of X ()

dX (1) = dB(t) + dt

X(t)=0 singular
Let X (0) = 2 > 0 (initial point)

D-dimensional Bessel process BESW)




e N=2234.... Consider N x N hermitian matrix

M = (M) = (s +ia;n) .
1<jk<N : 1<jk<N

i =v—1
Sik = Skj symmetric € R and set
ajr = —ar; (a;; =0) anti-symmetric € R.

N

tr(MM) = E:Qﬁﬂ)

" Ji
J=

Then we have defined

@(f) : N x N hermitian-matrix-valued BM, s.t.

tl(@(f)Tg(f)) — Z Bjj(f)z + Z (Bﬂc(t)z F E}L(T)z

=1 1<j<k<N

)

B.f-.j( f)
Bj(t)
Bjr(t)

V2

0
=1 1;

V2

1
1
1
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e Here prepare the following independent BMs

<
<
&

jE<N

j<kz=N
j<k<N

[A

[

VAN

A IA

I

17\

6
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e H(N) = the space of N x N hermitian matrices 7

H(N) ~ RN

A

B(t) ~ BM in RY" (N?-dim. Euclidean space)

“radial part” / \

radial part = tl‘(

. @(t)'@(t)) =N?-dim. Bessel process
eigenvalue process

e Vt >0, FU(t) N x N unitary matrix, s.t.

NORC 0
vyBeun =an=| ° 0 .
0 0 An(t)

M () < aolt) < -+ < An(0).

e Note that
A;(t) = functionals of {Bjj(t)., Bjr(t), Br(t)}.

N, (1) =777

[to’s formula —— | generalized Bru’s theorem
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Results (Dyson 1962)

1<j <N,

d\(t) =dB;(t)+ )

1<k<N:k#j )\}(t) - /\h(ﬂ -I

t € [0,00).

e Remark.
Dyson’s BM model = one-parameter family with parameter 3 > 0

5}

dA;(t) = dB;(t) +

...... j -~ 2 GLTE .
34 GSE

Here we simply call the 3 = 2 case the Dyson model.

¢ Remark.
Compare with BES(?)

i |
Z _ : ; 19 < Ny ‘1€ |0;00)

8
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1.2 Modified Bessel function for BES and J
Karlin-McGregor-LGV determinant for the Dyson model

SDE for diffusion process
Kolmogorov equation for transition probability density (t.p.d.)

e BES) Blei i
dX (1) = dB(t _ dt
() (t) + X0

¢ P (t,ylr) = t.p.d. of BES”) from z > 0 to y > 0
during time period t > 0

0 1 o D—110

—q P (t,y|z) = ===qP) (¢, y|z) + — D¢, y|a
i’ (t, y|) oL (t,y|z) SR (t, y|z)
N —
diffusion term drift term

partial differential equation (PDE) as a function of ¢ andfz,

. ~— starting point
Kolmogorov backward equation > P




e Problem 1
Solve the PDE
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d 1 9% D—-11 0
—flt.x)==—=ft.x)+ ————f(t.x), 20, x>0,
ot (¢, 2) 2';1‘3'}(( ) 2 xox {£:42) - -
under the initial condition
f0,z)=6(z—y), y=0.
e An easy answer may be ...
Assume the form
.‘V+| 1 1 ,
FlE, B)= —exp —E{e'—l—u‘] q(z)
with .
D-2 Ty
V= ; o = —
2 t
Then the above equation becomes
1 2
9"(z) +=4'(2) — (l + i) 9(z) =0
modified Bessel diff.eq.
The modified Bessel function with index v
o 1 ~ N 2n4u
Iu 2) = (:)
(2) ; nl'(n+v+1) \2
solves this equation.
TZ)= / e v 'du, Rz>0 (Gamma function)
0
(D) YL ey (Y
g (t,y ' I, |—), z,y=>0, t>0

r) =——-¢
) t

< 8
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2 e —e ~
li/5(z) =41/—sinhz =
A2 =\ o Nors
e Remark.

In particular, it D = 3,

\4

0¥ (t.yle) = L{p(t.yla) — p(t.—yl) }.

where
(t ’ ) 1
p(t,ylx
d \/ 27t

= t.p.d. of one-dim. standard BM

e~(W=2)*/2t  heat kernel
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e the Dyson model

dt
1<k<N:k#£j )\?(t) o )\L(t)

pn(t.ylxe) = t.p.d. of the Dyson model
from @ = (x1,29,...,28), 21 <23 < -+ - < TN

toy =Wy . yn). 1 <y < - < yn
during time period ¢t > 0

: N
5 1 0?2 1 9,
o (t.ylz) = EZ pr(tyle)+ > Y 2 oz, P )

= 1<j<N 1<k< fw\;éj

e Problem 2
Solve the above (N + 1)-variate PDE under the initial condition

N

pn(0,ylz) = o(x — y) = [ [ 6(x; — yy).

j=1
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Karlin-McGregor-LGV determinant

Solution

Wlth / ............................................................................

product of differences = Vandermonde determinant



e Correspondence caten (partllé)l

BES® <= the Dyson model (3 = 3 Dyson’s BM model)

y
Mt yle) = :{p(f--. yla) = p(t, —ylcrr)}

N
h'\ y
pN(t ylx) = E : sgn(o) [ [ ot yoi l2))
j=1

:]3

e hx)==x

harmonic

da? e} =0

h(0) =

The origin 0 is the boundary of the semi-infinite interval (0, co).

° ]J.N(;lr) = H (2 — ;'I,‘j)

1<j<k<N

harmonic

boundary of the Weyl chamber of type Ay_;

W{ = {m = (21, %9,...,ZN) € RV:pi<py<ii< ;I:N}.
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