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2"d day: Generalized Bru’s Theorem, BM on 2

Lie Algebras and their Eigenvalue Processes
2.1 Generalized Bru’s Theorem

o {ii(t),1 <j, k< N: complex-valued continuous semi-martingales
(martingale part + bounded variation part), s.t.

Epsll)” =&glt), 1<j<k<N.
( ) N x N hermitian-matrix-valued diffusion process
1<j,k<N
2

e For each t > 0, let A(f) = (A1 (¢), A2(2), ..., An(t)) be the vector,
s.t. {\;(t)} are eigenvalues of =(¢) satisfying

A1) < Aao(f) < -+ < An(D).

)\1_(7‘.) 0 0
vEUn =Ag = | O D 0
0 () vis AN (f)

U(t) : unitary-matrix-valued process.
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o d=(t) = (dfjk(t))

1<j,k<N

Divom(t)dt = (U(z)‘*‘dg(t)U(t)) (U(t)'i'dE(t)U(t))

dY;(t) = the bounded variation part of (U t)Td=(t)U (1‘))

1k ‘m

37

Theorem 2.1 [generalized Bru’s theorem|
The eigenvalue process satisfies the following SDEs;

d)\i(t) =dM;(t) +dJ;(t), 1<j<N, t=>0,
where

M (t) = (M(t), Ms(t),...,My(t))
111&1‘ti110‘ales With
dM;(t)dM(t) = {(U®)TdZ@)U (1)) ;; — dX;() (U OVAZ@)U () — dTr(t)}
J(t) = (A(1), JQ(.-), N fffN(f))

processes with bounded variation given by

1 | |
1<k<N:k+#j
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2.2 Two simple examples )

(A) GUE(Gaussian unitary ensemble)-process
indep. one-dim. standard BMs

cfjg,(t) = Sjk (f) T .?(F,,;l( 1=V —1

f %B_;k(f) j <k
sie(t) = 9 ij(t) J=k

\ EBMW >R

( %E.H\‘(T) I &
aix(t) = ¢ 0 . g =uk

\ —\—@Bkj(f) j>k

d€;i(t) = dsjr(t) + ida;k(t)
martingale

no bounded variation parts
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d€;r(t)dE;(t) = d€;u(t)dEn(t)”

i (%rfﬁ;g-(f} + %di},—g(f}) (%H’BH“) - %f'f.é_;;-(f))
= é(fer}k(-“))g + é(rfgj,g.( ))I} = —rf! + = (H = dt.

e 1<j<N | i
(dg_,-_;(r})z = (ffB_f-_,-(f))' = dt.

e otherwise

€1 (t)dEpm(t) = 0
d&i(t)dEem(t) = djmbpedt, 1< G, k., l,m < N.
Dieig(dt = (U0 E@0)U (1)) (U0 AE@OU (1))
= Z Z U(t)T ;fd&'m(t)(U(t))mk- X ZZ(U(t)T)kpdgpri(t)(U(t))f;j

m p q .....................................................

= T > 7 7 )t (Ui (U () . A () ))

o

- ZZ O e (U () (U () i (U )yt l

.- m | 5€ 5 dt
= 2 WU “))wZ(Utmm(U(tnmm qOmp

¢ m

= (S‘jjékkdt = @t

U#)'Ut) = Iy (N x N unit matrix)




In this case

and

Then
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(]ﬂjj(f)({:\.[;l(f) — ].—‘J"-}'_,{.-_,Ic(f)dt

= (Z(U(f)T).ff(U(f)M) dt = Ojpdt

4

dM;(t) £ dB;(t), 1<j<N.

dX;(t) =

AM(t) + dJj(t) J— \

AB(t)+ ) (1) # A s (AT, (1))

1<k <Nk Aj(t) = Ax(?)

dB;(t) + dt, 1<j<N.
1<L;A7&J‘ Aj(t) = Ae(2) dt

6
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(B) GOE(Gaussian orthogonal ensemble)-process 7

= U(t) is a real orthogonal matrix

& () = sjr(t)
If 3 £ &, 5~ m
d€r(t)dém(t) = dsjr(t)dsem(t)
1

1 :
— %dBjk(ﬂﬁdB“”(”

o o .
= 5(()}(-();,‘_”1 -+ ()jm(),(.(-)dt.

1
5(5@5% + 5€q6mp)

rjk._kj(t)dt =4 y‘y‘y‘y‘ m!\(U(t)T)kp(U(t))qj Xd&m( )(]‘qu( )

B {ZZ E e O D O iz (TU(t))jm

(U ®) =

+ZZ t m,‘.(U(-' J)km(U(f))(fj} dt

m

1 1
= 2((5};‘(),,;‘ -}—(5”(5;\;‘)(H— 2( ik +1)df
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In this case

and
dM;(t)dMy(t) = djpdt —>
d)\j (f) — dﬂ[j (l‘) ('-Jj (ZL) D

L(A;(8) # Ae(8))T jr i (t)dt +dT"(IL)

< Aj(t) — Ae(t)
1<k<N:k#£j " _ .
1 1 /

= B+ —(0;x + 1)dt
1<k<N:k#£j Xi(t) — Aplt) 2
L 1 |

= dB;(t) + 3 WORESW dt 1<j <A
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2.3 Proof of the theorem 0

By [to’s formula

dA(t) = d(( (&) 2@)U(t))
= U@®)d=E()U 1)
+H{U®E@WdU () + AU U () |
{U i ) +dU() =T () )

d=(t)d
+dU )'E( )dU (t )
d=(t)U )
V2O UG U @)U @) + dU 0T @)U t)TE(t)U(t)}
)

(t)U(
wz(r)dU( +dU () d=(t }

Ut
{ (t
+{u
+dU (t )T t)dU(t)

L vieton a /
[3] AU DTAU () + dU @)U (1) A(t)

\{*( D2 AU () + dU (t)1e }

+dU (t)T2(t)dU (¢) \[O]
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On the other hand, from U (¢)'U(t) = Iy for any t > 0,

0

dA(t)T = —

Ut)'dU(t) + dU(t)'dU (t)
%dU(t)TdU(t)
+dU)'U(t) + %dU (t)TdU (¢)

(U(t)TdU(t) - %dU(t)T dU(t))

T (U(t)TdU(t) | %dU(mdU(wY

dA(t) + dA(t)T,

dA(t) anti-hermitian
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—dA(t)dA(t) = dA(t)'dA(t) 11
= dU)'U)U(t)'dU(t) + higher infinitesimals
= dU(t)'dU(t)

Ut)dA(t) = U(f){U(t)mU(f)+%{_1U(t)mU(t)}
= UU®dU(t) + %U(f)dU(t)TdU(f)

= dU(t) - %U(t)dA(t)dA(t).

dU(t) = U(t) (dA(f) i %dA(f)dA(f)) .

1] = A(t)dA(t)+%A(t)dA(t)dA(t)

= [1]' = dA®)TA®t) + %dA(t)dA(t)A(t)
= U)'dZ(t)U(t)dA(t)

El

= —dAR)A@)dA(t)

IO
|



Let

dyr(t)

doji (1)

C l’L‘ jk ( t )
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t) + A()dAR) + (A)dAR))]
dA(t) + %(A(t)dA(t)dA(t))T

+U )2 U ()dAR) + (U dZ()U (1) dA®))T
—dA®)A(H)dA() Eq.(A.1)

I

1
(5(114( t)dA(t ) Zda}{ Ydovg, (t

dy (1)
(U@®)TdZ()U(t)dA(t)) jx
Z “?_j (t)d{(’m(ﬂ“mn (ﬂda'nk(ﬂ

-1l

((:’A( )TA(t)dA(t)) i
Zd%( JAe(t)dovg (1)

_Zd“ﬂ (t)dove (1) \

|l

bounded variation parts
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The diagonal elements of Eq.(A.1): (j,j)-elements
(D\ Z UM dfg( ?!,cj.( )
+{2)\j(t)d’“ﬁj( ) + doj;(t) + Ao, ( ) + diy;(t )} Eq.(A.2)

The off-diagonal elements of Eq.(A.1); (j, m)-elements, j # m

k.t

‘|‘A ( )d(yjm( )+ Am( )dam}( )
‘|‘)\ ( )d /;m( )+ )\H?( )dﬁfm;( )
+djm(t) + do},; (t) + dipjm(2)

- Z Uké:' ' d‘ékf‘. : 'U'Em.( )
k.0

‘|—)\ ( )d(]’jm(f) = )\'m( )d(_lf.jm(t)
+A ( )(i’\f‘}ﬂ}( )"‘ )\m( )dﬁf'}m(f)
+d@jm (t) + doy,; (t) + dibjm(t) Eq.(A.3)
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[The first term of Eq.(A.2) —d7Y;(t)] is martingale, dM,(t).

(Eq A 3 Z Uﬂ,{{ “Fm dffn‘"( )

+(Aj(t) — Aml(t ))d“'j’m(t)
+(A;(E) + Am(t))dVjm (t)
+ddjm(t) + doy,;(t) + djm(t) =0 (j # m).

Then
Z U () e (€) dE ke ()
.

= (nlt) = Ay () ()
—(Aj(t) + A (1)) dVjm(t) — djm(t) — do:rnj( ) — dm () Eq.(A.4)

L(Am(t) # A;(t))

dojy, (t) = Am(t) — A;(t)

Uy, () tem (t)d€pe(t) + higher infinitesimals

Eq.(A.5)
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Using Eq.(A.4), dojx(t) is rewritten as

do(t) = Z -u..}_?j(t)-u-m_n(t)d,&.m(t)daf,,_;,-(t)

fonn

= Z {()\.n_(z‘) — Aj(t))dagn(t) — (Aj(t) + An(t))dvn(t)

n

—dgjn(t) — doy,;(t) — dijn(t )}dan;\( )
= Z(/\n(t) — Aj(t))dan (t)doni(t) + higher infinitesimals

T

Therefore

dB;(t) = the second term of Eq.(A.2)
2X(t)dy;;(t) + dey;(t) + do3;(t) + dipy;(t)

— o )%Zdaﬂ( o, (1)
3 00) = 0o 01 0
+Z (8) = Ay()dats (1)da (1)
_ Z dove (t) \eday; (1)

S0 X(O)asn(Bans)

T
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By Eq.(A.5),

dB;(t) = ) (Aalt) = A()1(Aa(t) # As(1))

= 3, 1()\)\_,&5?_%;%)) D D Uiy () ket uen (1145, (6)0Epq (£)1g5 (1

k.t pg

=y I&A-TES)—%A?ES)) (U)TAZ6)U () (U () dZ(0)U (1))

We set
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2.4 BM on Lie Algebras and their Eigenvalue Processes 17

1

An_1 type (unitary group)

Lie group

U(N) = {f; € GL(N,C) : g'g = 1‘.\-}
Lie algebra
u(N) = {\ €gl(N,C): X1+ X = ()}
Remark. —1u(N)=H(N)={N x N Hermitian matrix}

maximally Abelian subspace of u(N)

to = {Y (01, ,0n) = diag(v/—161,--- ,vV/—10x) : 61,--- .0y € R}

root system

A = A(u(N),to)

— {3,1 —Er:jF ‘I"}

dimensions

dimu(N) =dimtyg +dimA=N+N(N —-1)=N

root decomposition
wiN) = to+ Z CEjx

i#k

to+ Y (CEj —CEy).

1<j<k<N

where

N x N matrix s.t.

1 ‘;_ ik

(j. k)-element=1, other element =0.

2
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e u(N)-valued BM
N ) L
MM = VEIY ERBi()+ Y. | Bi®Ew — Bu(t)Ex),
Jj=1 1<j<k<N
where
Bj(t),1 < j < N :one-dim. standard. BM
1

Eﬂ_(f_) — _(B‘?k(t) i \/—IBi}‘_(f))_I < j < k < N : complex BM.

V2
e diagonalization: ~ For each t > 0, 2U(t) € SU(N), s.t.

UR)TMAQU@R) = Y(01(),..., On(t))
= diag(V=161(t), - ,V=16x(t)).

e Application of the generalized Bru's theorem
[ijje(t) = 0iedi;.
Fg-;‘jj(f) = (S;_j
Lijgit) = 1
dM;(t)dM;(t) = d;;dt

do;(t) = dB;(t) + Z H;dt, 1 L3N

e noncolliding BM (7" = o0)

= the Dyson model (3 = 2)



2
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By type (n = 2N + 1 orthogonal group)

Lie group
SO@2N +1) = {g € SL(2N +1,R) :tgg = JQNH}

Lie algebra
so(2N + 1)

{X € sl(2N +1,R) *X + X = o}
complexification of so(2N + 1)

gc = 50(2N +1,C) = {X € gl(2N +1,C) :* X = — X}

Let
1 ‘ 1
c= E(IQI\HJ —vV-1Ly.y), ¢ l=cl=¢t= —2 (Ian+1+ V—-1I3n_4)

where

1 0 1

-[211\"{—]_ — i Ié}\r_{_l —
1 1 0
adjoint action
gr = Ad(c Dge={Y =c'Xec: X €gc}

= {Xegl2N+1,C): Iy, X, =—X}



e 100t system
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A={e;—er:j+k<2N+1,5#k}

Since eany2 = 0,62n42-; = —¢€4,1 < J < N,

e dimensions

e root decomposition

A = {*(g5—cr):1<j<k<N}

Al = N(N-1)4+2N+N(N -1)
= 2N?,
dimt’! = N,
dimg’ = N+2N?=N(2N +1).
oc= D ClEjr— Eavioraviay)

JHES2IN+1
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e g- Nu(2N + 1)-valued BM

Ad(cHso(2N + 1,C) Nu(2N + 1) = {X € gl(2N +1,C) : X' =-X, Iy Xy, =—-X}

N
MB(t) = V=1 (Ej; — Eanta-jont2-5)B;(t)
=1

- Z {(-E_-jk — EoNto_koNto—j)Bin(t) — (Erj — Eanto—joNto—k)Bijk (t)}
1<j<k<2N+1,j+k<2N+1

e diagonalization:  For each t > 0
U(t) e {g € SURN +1): ‘glini19 = vy}

s.t.

( V—101(t) 0 \

V—10n(t)
U MBour) = 0

—V—16n(t)

\ 0 —V=T0:(t)
= Y(0:1(t),...,0N(t),0,—ON(t),...,01(2)).
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e Application of the generalized Bru’s theorem
Lijke(t) = 0i00k; — 0i.oN+2—k0;2N+2—¢
Tiarl) = 8y—dpanis
Lij5i(t) = 1—0ian42-;
dM;(t)dM;(t) = 6;;dt,1 <i,5 < N.
do;(t) = dB;(t) + . ¥ { : + : } dt. 1<i<N
0i(t) = abi(t ) St1s
ORISR X OO RO R0

e noncolliding BES®® = noncolliding absorbing BM

cf: the class C ensemble of Altland-Zirnbauer
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3 Cy type (symplectic group)

0 —Iy
W= o
T D,

Sp(N,C) = {g € GL(2N,C) : tgJg = J}

e Lie group: Let

Then

is called the complex symplectic group.

Here we consider its subgroup called the compact symplectic group:

Sp(N) = Sp(N,C)NU(2N) = {g e U(2N) : 'gJg = J}

e Lie algebra

g = sp(N)=gcNu(2N)
= {X €u(2N): "R T L. JX = 0}

A B
= {X( _ ) :Aeu(N).Be,gl(N.C).fBB.fCT'C}.
BT A

e maximally Abelian subgroup

= {Y(éh._--- By s o 5 Bar) 20T, o 5B ER}
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e 100t system
A = {£(ej—¢er):1<j<k<N}
U{£2¢; : 1 < j < N}
UiE(e; +&k) : L £ <k €N}
e dimensions
|A] = N(N—1)+2N+ N(N —1) =2N?,
dimtgy = N,
dimsp(N) = N 4+2N?=N(2N +1).
e root decomposition
N N
gc = EB EB C(Ejk — EN+k,N+j) D C(E;j N+k + Er,Nyj) P C(EN+jk + ENtr,j)

j=1 k=1 1< <k<N 1<j<k<N
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N

ﬂfc(t) = \/jZ(Ejj — BNy N+5)B;(t)

+ > {(Bik = Enoanai) Bin(t) = (Brs — Envsnen)Bin(®) }
1<j<k-<‘\f

+Z \/_{ Js \+} E\’HJBH(?L-)}

4 Z {(EJ‘.N+A' + Ex N+j)Bjk(t) — (ENjk — E}\F+k-.,j)1§jk(f)}
1<j<k<N

e diagonalization:  For each t > 0
U(t) € Sp(N) ={g € U2N) : 'gJg=J}

Bl

[ V=T0:(1) o )

U MCU@R) = Vo —/—161(t)

\ 0 —V=1bn(t) )
&
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e Application of the generalized Bru’s theorem
L ke(t) = 0:00k5 — Jikdje
Liigi () = &5 —{(D)is}*
Fijgit) = 1= (J)ij(J)ji

AM;(#)dM;(t) = 6;;dt, 1<i,j<N

1 1 1 ;
do;(t) = dB;(t) + 60 + Z {Qi(t) ~ 0.0 .4 0 —{—(%-(t)} dt, 1<:<N

e This is the same as the By type.
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4 Dy type (n = 2N orthogonal group) 57

e Lie group
SO@2N) = {5; € SL(2N,R) :tgg = m}

e Lie algebra

s0(2N) = {\ € sI(2N,R) ' X + X = o}
e adjoint action For the complexificated version
gc = s0(2N,C) = {X € gl(2N,C) * X = - X},
Let
gr = Ad(c Nge={Y =c'Xc: X € gc}
= {X €gl(2N,C): Ly XI}y = -X}
e 100t system

A = {ej—er:j+k<2N,j#k}
= {E(gp=a)rlsi<ks N}
U{x(e; +er):1<j<k <N}

e dimensions

A

dimt' = N.

= N(N-1)+N(N—-1)=2N(N -1),

dimg’ = N+2N(N —-1)=N(@2N —1).

e root decomposition

ar = @ C(Ejx — Eant1-k,2N+1—5)
j+k<2N
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e ge Nu(2N)-valued BM

Ad(c™Hs0(2N,C) Nu(2N) = {X € gI(2N,C) : X' = - X, I['X I}y = — X}

1\"
MP@) = V=1 Z(Ejj — Eanyo—joN+2-5)B;(t)

=1

+ Z {(E_}-;‘. il E?f\"Jrl—!\'--?N+1—j)3jk(f) — (Ekj — EQ;\’—i—l—_-j.Q.-\-‘—f—l—k)Bjk(t)}
1<j<k<2N,j+k<2N

e diagonalization: For each t > 0
U(t) € {g € SURN) : 'gling = Iiy}

s.t.

/ V=161 (t) 0 \

URTMPH)U@) = vV—10n(t)

—/=101(1)

—V/=10n(2) )

—
o

Y(01(t),--- ,0n(t),—01(t), - , —0On(E))-
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e Application of the generalized Bru’s theorem
Iiike(t) = 0iedr; — i oN+1—k0; 2N +1—¢
Fii,jj (t) = (SZJ — 5i,2N+1—j
Fijjit) = 1—diant1-;

AM;(t)dM; (t) = 6;;dt, 1<i,j<N

1 1 .
) =m0+ S {gmgmtamigm) 1SN

L<G<Nj#i -
e noncolliding BES™") = noncolliding reflecting BM

cf: the class D ensemble of Altland-Zirnbauer
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class B process (n =2N +1) = clas C process (n = 2N)
— noncolliding BES®)

= noncolliding absorbing BM

(h-transform of)

absorbing BM in the Weyl chamber of type C

W%Z{X:(:Ul,...,ZEN)ERN:O<ZC1<"'<ZI’IN}
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class D process (n = 2N +1) = mnoncolliding BES™)

= noncolliding reflecting BM

(h-transform of)

absorbing BM in the Weyl chamber of type D

W :{XZ(arl,...,;EN)ERN:\xﬂ<:1:2<---<.I‘N}
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