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3" day: Temporally Inhomogeneous Processes ™ 2

and their homogeneous limits
3.1 Noncolliding BM with duration T

e Weyl chamber of type Ay_;
Wt = {a’: = (21,...,ZN) € RY i<y < - < 1\}

Boundary

()W{‘ = {a: e RV 3 jJFEk st x;= ."3‘:,;}.

e N-dim. absorbing BM in W4

in which absorbing walls are put at OW4,

e Karlin-McGregor-LGV formula SurV1V1ng

(s, m)) —

P((s,@) ~ (t,y) det | Ip(t = s,5l0)] = fu(t = s, ylo)

Nult, @) = IP’(].]_Ut Absorbed in [(].?‘]‘(U.:E))
, N
= dy fn(t,y|x) where dy = | | dy;
e Wy c Wy /i ( ;1:[1 J)

= survival probability during time period [0, ¢]
starting from x € W4
= noncolliding probability during time period [0, ]

starting from & € W4



o Let 0 < T < o0. atorl (par:t-SS)

Consider the system of N BMs conditioned never to collide with each other

up to time 7.
K

> time

e Under this condition

gi(s,z;t,y) = t.p.d from (s, )~ (t,y)
O0<s<t<T,xz,yecWs

. fn(t— s yle)Nn(T - t.y)
vis, i, = :
gn (8, 1, y) NN(T— 5. )

e Markov process == indep. of the process before time s

e [t depends not only t — s, but also T'—¢,T — s:
temporally inhomogeneous



Katori (part 3)
4

3.2 Schur function expansion and asymptotics

e Karlin-McGregor-LGV determinant

In(t,ylz)

by multilinearlity of det.

det
1<j,k<N

L t/mmnstoai /o
(2‘,Tf)”2€ J eTi¥k/t o= Vi

1 N N

22 /e 2 e
(97+\N/2 He_ijm s He_y"'/zt x  det [e"‘-fy**‘/f]
(2mt)N/2 1<), k<N

g=1 k=1

|

1 2 2
e |~ (el + gl | det

{eﬁ‘,;/\/;x'yf\-/\/q _
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Here let

Fy(z,y)

by multilinearlity of det.

2

nenyy

>

0<ni<no<---<ny

symmetric function of n = (n4,..., ny)

{(3’-‘-.;’ ;Uk')mJ

; 7y det
fngl oy A<ik<N

det

1<j.k<

N@myreo
!

det [,T”‘“
1<j k<N L 7

B

det {y;’”}

1<l m<N

antl-sym. i n

\ antl-sym. in 7

= 01if ) # k,n; = ny

T
Ssym. in m
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Fy(z.y) = L et [one] der [ue] 6
N(Z:Y) >, H_n_j! il T B

0<ny<no<-~<ny j=1

e For a partition p with length f(u) < N

p= (g1, p2,-.. UN)y, p1=p2=---2puny=0, p; €N

€« My boxes Introduce N variables € = (21, 22,...,2ZN)

% th « Mz box.e,s symmetric polynomial of xzq,2s,..., 2N
. detic;pen g TV F _
,Q(P-) . &)= 1<k<N 1] gy Schur function
. det 1<j,k<N [IJ ]
Here we assume
L “— K2 boges =1 if 4=0
S = ) if ji==0

draqra .
Yo“"“j ragram 0=(0,0.....0)
e Note the correspondence
O<nm<nmne<:--'<ny < wm2u=2---=2unv=0

if M = Ty — N +] 1 § ] S N
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Fn(z,y) = 2. H (5 + \ =<3t

;£1> >;f\;>‘0 J"_“

{ det [zV -~

'},<jk<j\ j ]Xsp(ic)x (l(‘ [U{—

1<4, m < ?\

det j F[:z:j‘\"'_f"} = H (zj—xp) = (—=1)NWN-D/2 H (,’rjk—,’ﬁj) = (=1)NW=D72p (@)

1<j<k<N 1<j<k<N

Fy(z,y) =  det [e"%]

1<4, k<N

|
- léglitgw [Z F('}JUA) ]

n=0
Taylor expansion in a determirmnt

= hn(@hy(y) x Y H o +,\, 5u(®)5,(Y)

wl(p)<N j=1

multivariate Taylor expansion
Schur func. expansion
N

1
= hy(x)hy(y) X {H =7 x 1 x 1 + higher order t(‘lms}
, N =]
J=1
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anti-symmetric in « and y  (Fermion) | 8

o t)\/z (Y 3 H h+ i (%) 5 (%)

il (p)<N j=l1

N \ symmetric in € and y  (Boson)

Boson-Fermion correspondence in d = 1 system

| | 1 N(N-1)/2
. x — hn(y)
\/ in — — (] (\/? )
Vi /
1 T (7]

putule) = gy () 0( %) < Mow gy

=1
N AT AT /
T ’ g~NN+L/4 -
Cg(i" “) = (271'):\/2 F(}) — = e Yl /ZIh.N —_— ,l;\.-'(y)
i, Co(N) Vi
i e 1Y /2ty v(z)hn(y) 1‘ = TN :

Note that
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/ dy fn(t,y|z) |
WY '3‘

- ~ a version of the Selberg integral
2V2 [ TG/2) = G
j=1
C1(N) ( T ) ||
Nyt x) ~ h - Ll | 0
C1(N) survival probab. exponent

Co(N)-...... .. intersection exponent

power-law decay of survival probability  (nonequilibrium critical phenomenon)
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e Pfaffian
For an even integer n and an antisymmetric n x n matrix A = (a;;) we put

, 1
155}91 [a’”] - W Z SgN(0)o(1)0(2) Aa(3)o(4) * * * o(n—1)a(n);
o:0(2k—1)<o(2k),1<k<n /2
where the summation is extended over all permutations o of (1,2,...,n)

with restriction o(2k — 1) < 0(2k), k= 1,2,...,n/2.

e de Bruin’'s identity

Lemma [de Bruin]
Let zi(x),1 < i < N be an integrable piecewise continuous function on a region
A C R. Let WA(A) = {a: EWY:meAl<i< \} Then

/'r-"fii-tf\}dm S [:"("’3")} = el [ZU‘]‘

where where

N N+1. if N = odd.

I; = /\ zi(x)dz,

20 zi(r1)  zi(ag) ] :
L, = let loydas.,
! -[n,.?‘;z)e\z:_r;{.r-_g . [ ‘:“J—('Tl) 3_;(.'1'2) R

B { N, if N = even,

and
Lij, if 1<i,j<N,
- I if 1<i<N,j=N+1,
iy — —fj_ if i=N+11< i< N
0, if i=j=N+1.
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e Then the survival probability is given by a pfaffian.

€T
N(s,x)= Pf {Fﬁ (—)] ;
(5, @) 1<ij<h | ¢ \WV2s /]

[ W(y;—yi), if1<i,5<N,
1 if1<i1<N,j=N+1,
A o ) =% = 4Ny ] ;
Fij(y) = 4 1. ifi=N+1,1<j <N\,
L 0. if{=f=N41,

with

2 “o g
U (u) = ﬁ/ e dv.
0
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3.3 |x] = O0limitand T — oo limit
A: || — 0 limit

gn(0,0;t,y) = lim gy (0,25t y)

|| —0
_ iy NG YR)NNT —ty)
1| —0 Ny (T, x)

B B fn(t ylx)
= T t’y)u}?lgoNN( )

t NZ/Q

e N\Z)NN(Y
= Ny(T —t,y) lim W

].’B|—>0 Cl N 1 /4f

TN(N-1)/44—N?/2

_ iy _
_ o) hy(y)e Nn(T —t,y)
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Remark. If we set

i= T,
then
N(T-T,y)=N(0,y)=1 for ye Wy
Therefore N(N+1)/4
. T red sy 2
gl . A — _‘y‘ /Qt
0.0:T = h
gN( y U 7y) Cl(N) N(y)e

GOE eigenvalue distribution with variance o = T

N(N +1 N(N -1
(N+1) _ . NON-1)
2 2
S(N) = space of N x N real symmetric matrices

N(N +1)

dimS(N) = 5
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B: T — oo limit 14

py(tylz) = lim gy (0,21t y)

L — t)_"\'r(N_lJ/j‘/'z,N(y)

= fn(t,y|lx) lim
T—oo

T—N(N_ 1)/4 h-N (Q’))

h'.-'\-’(y)
h.N(iB) -

— fN(tr yl'T“)

TN(N=1)/44-N?/2

e (= YPI2EAL (T _ ¢
}51;0 A hn(y)e Ny (T —t,y)

e i "
1 L —00

— 7 h(y)2e~ Y72,
Cy(N)

GUE eigenvalue distribution with variance 0% =t



(ii) Whent — T, thatis, t ~ T,
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3.4 Transition from GUE to GOE 15
In Noncolliding BM with duration T starting from O

e for N(N—1)/45—N2/2
5 PNN-A)jag-NE -
gn(0,0;t, @) = — hy(x)e 2NN (T — t, ),
‘ C1(N)
let - - - -
XTI =X ), XT0),. e X)), 20,7

be the process “noncolliding BM with duration 7" starting from 07, whose transition
probability density is given by g%

When 0 <t < T for finite |z| < oo

C1(N) —N(N-1)/4
N (T~ t,2) = T h ().
Then _
T 0.0:t @) r.‘“\””]z( N
( nr AN == fLar [ C)E %
9N Co(N) N
that is, well approximated by GUE. Transition from GUE to GOE

temporally inhomogeneous system
Two-matrix model of Pandey and Mehta

ga(0,0:t,2) ~ ¢1(0,0;:T, )
4—N(N+1)/4

- Wh\(w)(

—|Z|2 /2t

That is, well approximated by GUE.
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3.5 Generalized Imhof relation
e T — oo limit:
( h.,,-r
(t,yla) ) 20
}LN(CB)
pn (L ylz) = < —N?/2 —
hn IYP2t g =0
| Cy(N) V(Y)
“noncolliding BM” = temporally homogeneous system
X (t) = (X1(t), Xa(t),..., Xn(t)), t€]0,00)
e For finite T" < o0,
X7(t) = (XT (), XF (1), ..., X5(0), te[0,T]

with the t.p.d.

TN(N-1)/44—N?/2

gn(0,0;t,y) =

, —IYPR2ENL(T — ¢ y).
Cr ) hy(y)e Nn(T - t,y)
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e generalized Imhof relation (originally BES®) vs. meander)

TN(N—l)/4T—N2/2

gn(0,0;T,y) = G hv(y)e YEPENM(T — T y)
_ G(N) vev—1yya_ 1
= mT =1)/ WPN(T:U\O)
U
P () € do) = RN L p(X() € o)

absolute continuity
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3.6 Stochastic-calculus derivation of 18
Harish-Chandra-ltzykson-Zuber integral

e 2nd Day: GUE-process
=(t) = (sju(t) +ian(t))i<jr<n, t€[0,00).
eigenvalue process = the Dyson model

X)) = (X1(0),. .+ ,- Xn(t)), te€[0,00),

dt
dX;:(t) = dB;(t) + — - . 1<j<N, tel0,o00).
i(t) (1) M_;m X;(t) — Xi(t) ) [

o Let 3.(t).1 < j <k < N be indep. one-dim. Brownian bridges with duration 7",

’ _

-~ Bir(s)
_.f-.(f):;?.,(f)—[ ———ds, 0<t<T,
Jk Jk A ,‘F—."i

and set

E-ﬁg“)- j <k
amlt) =« 0, =k
'I Bei (1) > k
/3 kj\t) J
e Consider the H(N)-valued (i.e. N x N-hermitian-matrix-valued) diffusion process

27(t) = (sj(t) + iz (t))1<inen, t € [0,00).

Let 5 o -
X (t)=(Xi(t),...,Xn(), te][0,00)

be the eigenvalue process of Z7(¢).
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e We can prove that

s

X (t) and X (t) satisfy the generalized Imhof relation

L3

X (t)=X"(t), te[0,T] : equivalent

yd N

: —T temporally inhomogeneous
eigenvalue process of =" () soneelliding B it dotation T

starting from 0
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e For X*(t) : the t.p.d. is given by

TN(N-1) /4t—NZ y 30,

T(0,0;t,y) = A () e= YA (T — ¢
gn(0,0:¢, y) Cr(N) N (Y)e N ( Y)
NG/ o [ 1 5 — 547
Ci(N) wy) wA  1SGkSN |\ /21(T —t) 1 T — )

(@)= N NV e il . ,
:—01(N) o NgNWD/AR (4 da e 2 det |exp _@(y}ﬁ%) |

Wj;\ 15};\5"‘\’?

where
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e For X (1) 21

Ca(N)
Cy(N)

9 (0,0;¢,y) = ha(y)? /U(N) dU q3,(0,0;t, UTAyU),

where dU is the Haar measure of the space U(/N) normalized as fU(N) dU
‘/.\,y = diag{y1,....yn},

Cy(N) = 2N N*/2 O=N x N zero matrix.

q(0,0;t,H) = t.p.d. for ZT(t) from O to H € H(N).

e Introduce
H(N)-valued process O (t) = (6 (t))1<;r<n with

ik

1 / 2 ’ a

60w ={ V2 {BJ’“?) _T f“'(T)} + 7P, g <k
By(t) = 7= By(T), =k

S(N)-valued process (i.e. N x N- real symmetric matrix-valued process
V 2 -
O@)(t) = (65 (t))1<jken With

o
Nols (L), §<k
62 (t) = 4
/

Then



f t(r—t
e ©OW(#): the GUE process with E[é’( )(t ) =o0% = ( - )
(2) 1
©®)(t): the GOE process with E[67 ()] = — = =
o}

ko.omm= [ | ) (A:

where

oWy L e

IR
_) ;L(,L,]:,(H . A, 0_2)

(@}

1

g N N(N+1)/4 5] (JV) /
C1(N)Cy(N) Ci(N)

2
JWE 20

51 (N) = 2;’\*’/271_;\-’(1'\’+1)/4:
C1(N)
C1(N)

dV = the Haar measure of the space O(N) normalized as fo(N) av =1.

v(dA) = hy(a)dVda,

da hy(a)exp {%ag — —Tr(H — A,)? } ,

Katori (part 3)
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: —~T
e X')=X (t), tcl0,T]

Cl (N)O'NQ—N _a|a|/2 1 2
BT e g 10 iy 00 5530 0

i\f\r

al ' 1
:/ da,h,N(a)e'aaz/Q/ dU exp{——QTr(U‘LAyU—Aa,)?}
W U(N) 20
for every a > 0.

/

e Harish-Chandra-Itzykson-Zuber integral

C1(N)o™”

1 1
det ——(y; — ax)’
hn(y)hy(a) 1§j,..%§N [\/271'0‘2 eXp{ 202 (45 = ax) }]
1 ‘
= / dU exp {—T‘QTT(UTAyU - /\a,)z}-
U(N)
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