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4™ day: Complex BM Representation

and Eynard-Mehta-type Correlation Kernel
4.1 h-transform of Karlin-McGregor-LGV determinant

e Space of integer-valued Radon measures

M = {E() = Z()}(-) . I is a countable index set,

Jel

£(A) =t{x; : x; € A} < oo "compact set A C R}

I[(R)=¢1 < oo, for finite particle systems

= 5, for infinite particle systems

My, = {5 eMm:£{x}) <1, "z € R}

no multiple point
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jel

dX;(t) = dB;( Z

kel:k+#j ~" (f)
{B;(t)}jer : indep. one-dim. stand. BMs

t €0,00),

Regard the Dyson model as an 91-valued process

E(t= ) — Z(SXJ'(t)('): t € [OOO)

Jel
with an initial configuration

ceM ER)=tleN={1,2,...}

e Notations

P probability law of £(¢, -) starting from &
Ee[-] :  expectation w.r.t. Pg
{F(t) hep,) : filteration
F(t)=0(Z(s),s €[0,t]) on C(]0,00) — M) continuous path space
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e As shown in my lectures

the Dyson model =

h

N(Y)
hy () 1< k<N

temporally homogeneous version (7" = oo) of noncolliding BM
the harmonic transform of the absorbing BM
in a Weyl chamber of type A¢m)—1
A R ’ : "
Wf(R) = {:I: = RE( ) s T < Py L » > < 3;5(@)}
with a harmonic function given by

Filp) = H (zx — ;) = det [J,j‘_l]

1<3.k<&(R
1<j<k<é(R) SIS

1
det {p(tyj\:r:k)]; p(t,ylz) = Wi
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E(R)
A
e 0 <t <o00,{= Zduj,u = (U1, U, - - -, Ug(m)) € Weip)
=il
for ¢ : measurable symmetric function on R&®)

Edg(X(®))] = ER |10 > )g(V (1)

— E® [1(r > 0)g(V (1)

where

V(i) = (@), Va(t),. .., Vem)(?))
Vj(t) . indep. one-dim. standard BM
Vi(0) =u;, 1<j5<ER)
E,(lf)[-] = expectation w.r.t. V()
T = nf{t>0: V() ¢ Wep}-
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e By the Karlin-McGregor-LGV formula for the absorbing BM in W?(H)

RHS) = B |1y, (VOV}

h(V (1))

singed weight on paths of BMs
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4.2 Complex BM representation

Our three observations

[1] complexification

Vilt) = Z;{t) = Vill)+iW;(E),1 < § < E(R)

&
£

[

3!
S5
®

3!
o=

EY (2] = B | _det (o)
by indep. of BMs h
= _det (EQ[(Z(1)y)

1<) k<E(R)
_ M1/, T .;—1)
_det (EO (Vi (£) + iWi(£) ]
Jj—1 j—1
— .-1 At J Valt 4 ._j—]—fE{]) W (t j—1—¢
- ({Z;( / ) k(1) o [Wi(t)™]
by multi-linearity of det.
= let  (Vi(t)™) = h(V (1)).
15,;&-(55(;1:;)( k(1) N l

Z

monic polynomial of Vi (¢) with degree j — 1




2] uweWgg,z€C
h(z)
h(u)
(k) _
- Z Ou,
=1

det

1§j,r’€§£(R)

det

1< k<e@®) [

Up — Zk-‘
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11

resupp £N{u;}°

(1_

JJ—Uj

the Weierstrass canonical product with genus 0

(Hadamard theorem)

an entire function with zeros at supp & N {uj}C

analytic everywhere in C

) = q)zj (Zk)7 2, € C
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[3] Map by an entire function gives a conformal transformation.

¢ ()

DL (Zu())

a conformal transformation
1 <j.k<¢R)
indep. conformal local martingales

= time changes of complex BMs
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Theorem 4.1

Suppose that &£(+) = Zf;) 0u; () € M with {(R) € N. Let 0 <t < T < oco. For any
F(t)-measurable function F', we have

£(R)
Ee[F(Z(, )] = Bu | F [ Y dvo() | _det |0 (Z(T))]

: 1<j,k<E(R)
j=1

We call this the complex BM (CBM) representation of the Dyson model (the non-
colliding BM).
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4.3 Eynard-Mehta-type correlation kernel 11

o \ € Cop(R) = {cont. real-valued function with compact support}

e [ / X(Q’)E(f-dil‘)] = / dx x(x)pe(t, x)

By Theorem 4.1

| / ot #E)(dv)Ey [\- (Va(#)) | _det _ [®F (Zy(T) )]] ? R
= / §(dv)Eu[x(V (1)) Pg(Z(1))] Ey[®(Zk(T))] = Eo[®/(Z:(0))]
— (I)g.f(g_.‘ﬁ'_) = (5.”\_

B /f auj B )DLV (t) +iW ()] —
— [Q‘((h’)/_f[_-rp t, z|v) /du p(t, w]0)x ()P ( + w) martmgale pI‘Operty

= / dx G, x),

1

where

(x—y)2 /2t

(

p(t,ylr) =

() /E (dv)p(s, x| /(iu p(t, w|0)P¢(y + iw)

pe(t,x) = Gyi(x,2) for any initial configuration & € My, E(R) € N.
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By Theorem 4.1 12

X(s))g/(X ()] = En [gs(V(S))gt(V(t)) det (®¢'(Zi(T)))

symmetric functions

Here we set

§(R) £(R)
gs(x) = Y xs(x;), ge(®) =Y xe(x5), Xs Xt € Co(R)
Jj=1 j=1
Then
E(R) E(R)
(LHS) = Ee[xs(X;(s))xe(Xk(t))]
=1 k=1
E(R) E(R)
®HS) = 33 Bu [uGE)ui0) _de (#(Z,(T)
=1 k=1 e

= Eu; u) [;‘(:s(‘f’}(-‘é‘))Xr(Vl-.(f)) det
1<) k<E(R):j#k

&(R)

+ZEH_,. (V)X Vi ()@ (Z4(T))] by martingale property

D(Zi(s) BY(Zat) H —
2(Zy(s) DR(Z(1))

_ / €2(d0)Euy {Y (Vi())xa(Va(t)) det

+ [ @B (V) v )eizo)]

U<s<f<T
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We can see that

(RHS) = /dzl/dzzx (1) x¢(x2) det

Gss(2,2) Gsp(2,y)
gzs(U ) Gy, y)

/dzl/dzzx (1) xt(22)Gst(, y)p(t — s, y|x)
R

Goul, ) Goi(2,y)
= dx dxe X(T1)xe(xa)det | 5,77 ‘
/R 1./R 2 Xol@)Xel@2)deb | g 0y p(t - 5,9l2) Guely,y)
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Corollary 4.2

Let
Ke(s, 25t,) = Goa(2,y) — 1(s > O)p(s — t, zy).

Then, for any M e NJ1 < N, KER),1<m < M,
O<thi<tbea< - <ty<T <

M
Z H H \'Tm(ij(tm))]

JmClgry 8 m=Nm,1<m<M m=1 JmEJm

M m
m ??? . n
= | I dz(™ | | Nt (B det Kc(z‘.,,,_.:zr_(- ):_t”.:r(, )) .
JITM_ wA Nom maATd 1<j< N, 1<k<Np,1<mn<M s J k

WY
m=1 Y Nen =1

Here
I, = {l 2,...,
zyn, = (@™, zao 1< m< M.

1) (M) (m) (1)
(b1, 2 b, = det et 3 5k, T }
peltn, @530t By LN Akt <t | € T3 T )
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Eynard-Mehta-type (dynamical) correlation kernel
Eynard-Mehta (1998)
Nagao-Forrester (1998)

correlation kernel

Ke(s, z5t,y) = Gsplz,y) — 1(s > t)p(s — ¢, z|y)
= /f(dz*)p(s. r|v) / dw p(t, w|0)®(y + iw) — 1(s > t)p(s — t, z|y)
R R

asymmetric kernel

determinantal point process on [0,00) x R
(on the spatio-temporal plane)

determinantal process
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Proof of Corollary 4.2

By Theorem 4.1

¢(R) M
(LEs) = Y 3 1(UJmL)

gzlﬂélx{ '?Vm } _“ mC][f u,“ m:fl\'rn ]<}T?< M m=1

H H Xt (Vi (t)) det [(I);}(ZK(T))]

YRASY
m=1 }mEHm

T NIy, )M &
- Z Ll 1(—[111 A;:”! = Z 1 (U Jm = M)

][MCM[C I e ¢(R) m=1 (Jm)ﬂfr:lCJ({Nm };-“:-{:_l) m=1

/ é-’x)R d’U E’U

— (RHS).

></ % (dv)Ey

M

I II xe. (Vi () det (@ (Zi(T)))

J.keM
m=1 Jm elm

Here

TN DM ) ¢ a collection of all series of index sets (J1, ..., J )
b.t- J] — ]:[?\T J,\n C I[Z - m'Q < m < l‘[
J"”HHZ;,  NADEL N, CJplLl<m LM,
fJm = Ny, 1 <m < M.
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5% day: Open/Future Problems

In the last day,
| am planning to discuss some
Open/Future Problems,
which are related with
‘noncolliding diffusion processes and random matrices’.
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