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Abstract Yor’s generalized meander is a temporally inhomogeneous modifi-
cation of the 2(v 4 1)-dimensional Bessel process with v > —1, in which the
inhomogeneity is indexed by « € [0,2(v 4+ 1)). We introduce the noncolliding
particle systems of the generalized meanders and prove that they are Pfaffi-
an processes, in the sense that any multitime correlation function is given by
a Pfaffian. In the infinite particle limit, we show that the elements of matrix
kernels of the obtained infinite Pfaffian processes are generally expressed by
the Riemann-Liouville differintegrals of functions comprising the Bessel func-
tions J, used in the fractional calculus, where orders of differintegration are
determined by v — «. As special cases of the two parameters (v, k), the present
infinite systems include the quaternion determinantal processes studied by For-
rester, Nagao and Honner and by Nagao, which exhibit the temporal transitions
between the universality classes of random matrix theory.
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114 M. Katori, H. Tanemura

1 Introduction

The random matrix (RM) theory was introduced originally as an approximation
theory of statistics of nuclear energy levels [30]. It should be noted that at the
same time as the standard theory was established for three ensembles called the
Gaussian unitary, orthogonal, and symplectic ensembles (GUE, GOE, GSE)
[11], Dyson proposed to study stochastic processes of interacting particles such
that the eigenvalue statistics of RMs are realized in distribution of particle posi-
tions on R [10]. Dyson’s Brownian motion model is a one-parameter family of
N-particle systems, Z#) () = (Zg'3 ), ... ,Z,(\’,S) (1)), described by the stochastic
differential equations

B 1
dzP 0 =dBin+5 >, —p——p—dt,
2\ g 40 =720
te[0,00), 1<i<N, 1)
where B;(t),i = 1,2,...,N are independent standard Brownian motions and

the parameter 8 equals 2, 1, and 4 for GUE, GOE, and GSE, respectively. Due
to the strong repulsive forces, which are long-ranged and act between any pair
of particles, intersections of particle trajectories are prohibited for 8 > 1 [43]
(see also [7]). In this one-parameter family, the 8 = 2 case (i.e. the GUE case) is
the simplest and the most understood, since its equivalence with the N particle
systems of Brownian motions conditioned never to collide with each other can
be proved [16].

The standard (Wigner-Dyson) theory has been extended by adding three
chiral versions of RM ensembles in the particle physics of QCD [19,46,51,52],
and by introducing the four additional ensembles so-called the Bogoliubov-de
Gennes classes in the mesoscopic physics [1,2]. Here we note that the chiral
ensembles have a parameter v € {0,1,2,...}in addition to §. In these totally ten
ensembles [1,2,54], chiral GUE (chGUE), class C and class D can be regarded
as natural extensions of the GUE, in the sense that these eigenvalue statis-
tics are also realized in appropriate noncolliding systems of stochastic particle
systems: Konig and O’Connell showed that the chGUE with the parameter
v € {0,1,2,...} corresponds to the noncolliding systems of 2(v 4+ 1)-dimen-
sional squared Bessel processes [28]. The present authors clarified that the
eigenvalue statistics in the classes C and D are realized by the noncolliding
systems of the Brownian motions with an absorbing wall at the origin and of
the Brownian motions reflecting at the origin [26,27]. Since the absorbing and
reflecting Brownian motions are directly related with the three-dimensional
and one-dimensional Bessel processes, respectively (see, for example [41]),
the stochastic differential equations of these noncolliding particle systems are
generally given by
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Infinite systems of noncolliding generalized meanders 115

~ 1 1
dZ{" (1) = dBi() + = —o—t+= =
l 1S]-SZM,-#I- Z"w-7"0  Z"0+7" 0
2v+1 1
det, tel0,00, 1<i<N, )
2 7"
with reflecting barrier condition at the origin in case v = —1/2. Therefore, the

difference of (nonstandard) RM ensembles can be attributed to the difference
of dimensionality of the Bessel processes, whose noncolliding sets realize the
statistics of the RM ensembles [26]. Here we remind that the d-dimensional
Bessel process is defined as the process of the radial coordinate (the modulus)
of a Brownian motion in R¥. To realize other 10 — 4 = 6 RM ensembles by
conditioned stochastic processes may be much more difficult (see [49]), but we
demonstrated that, if we consider appropriate noncolliding systems of tempo-
rally inhomogeneous processes defined only in a finite time-interval [0, T], we
can observe the transitions of distributions into the six distributions as the time
t approaches the final time 7T [25,26]. The interesting fact is that the processes
that can be used instead of the Bessel processes (2) should have one more
parameter « in addition to v. This two-parameter family of temporally inhomo-
geneous processes indexed by (v,k),v > —1,k € [0,2(v + 1)) is equivalent with
the family of processes already studied by Yor. He called them the generalized
meanders [53].

From the viewpoint of RM theory, studying time-development of stochas-
tic systems by calculating, for example, the multitime correlation functions
corresponds to considering multimatrix models. In particular, the temporally
inhomogeneous processes will be identified with such matrix models that matri-
ces with different symmetries are coupled in a chain [22-24,34]. Determination
of all multitime correlation functions of systems, which allows us to determine
scaling limits associated with the infinity limit of matrix sizes (i.e. the infinite-
particle limit) is one of the main topics of the modern theory of RM [30]. The
finite and infinite particle systems showing the orthogonal-unitary and symplec-
tic—unitary transitions, and transitions between class C to class CI were stud-
ied and multitime correlation functions were determined by Forrester, Nagao
and Honner (FNH) [15], and by Nagao [32], respectively. The system in the
Laguerre ensemble with g = 1 initial condition reported in the former paper
can be regarded as the v = « € {0,1,2,...} case of the noncolliding system of
the generalized meanders and the system reported in the latter paper as the
(v,x) = (1/2,1) case.

If we think about the system of generalized meanders apart from the RM
theory, however, we can consider the parameters v and « as real numbers,
and not necessarily integers nor half-integers. In the present paper, we calcu-
late the multitime correlation functions of noncolliding systems of (squared)
generalized meanders for arbitrary values of parameters, provided they
satisfy the condition v > —1,k € [0,2(v + 1)) so that the systems do not
collapse. We first define the N particle systems in a finite time-interval [0, 7]
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116 M. Katori, H. Tanemura

and take the N = T — oo limit to construct the two-parameter family of
infinite particle systems. We prove that the multitime characteristic function is
given by a Fredholm Pfaffian [40] and thus any multitime correlation function
is given by a Pfaffian. Similarly to the results by FNH [15] and Nagao [32]
and their temporally-homogeneous version (the determinantal process with
the extended Bessel kernel [50]), the elements of the matrix kernels of Pfaffi-
ans are expressed using the Bessel functions, but we clarify the fact that they
are generally given by the Riemann—Liouville differintegrals of the functions
comprising the Bessel functions, which are used in fractional calculus (see, for
example, [36,38,44]). This structure will explain the origin of the multiple inte-
gral expressions for the elements of the matrix kernels reported by FNH [15]
and Nagao [32].

The paper is organized as follows. In Sect. 2, the definitions of the generalized
meanders of Yor and their noncolliding systems are given and the Riemann-—
Liouville differintegrals of the Bessel functions with appropriate factors are
introduced. The main theorem for the infinite particle limit (Theorem 2.1) is
then given. It is demonstrated that, if we take a further limit in the system
of Theorem 2.1, we will obtain the temporally homogeneous system of infi-
nite number of particles, which is a determinantal process with the extended
Bessel kernel studied in [50] (see also [37]). Using the properties of the
Riemann-Liouville differintegrals, we show that Theorem 2.1 includes the
results by FNH [15] and Nagao [32] as special cases. Section 3 is devoted to
prove that for any finite number of particles N, the present system is a Pfaffian
process (Theorem 3.1), in the sense that any multitime correlation function is
given by a Pfaffian [40]. These Pfaffian processes may be regarded as the con-
tinuous space-time version of the Pfaffian point processes and Pfaffian Schur
processes studied by Borodin and Rains [4]. Soshnikov used the term Pfaffian
ensembles in [6,47,48]. See also [13,17,20,39,45] in the context of study of
nonequilibrium phenomena in the polynuclear growth models, and [14,35] in
that of shape fluctuations of crystal facets. The processes studied in [15,32]
are also Pfaffian processes, since the ‘quaternion determinantal expressions’ of
correlation functions, introduced and developed by Dyson, Mehta, Forrester,
and Nagao [12,29-31,33], are readily transformed to Pfaffian expressions. The
method of skew-orthogonal functions associated with the Laguerre polynomi-
als is used in Sect. 4 in order to perform matrix inversion and give explicit
expressions for the elements of matrix kernels of Pfaffians. Asymptotics in
T = N — oo are studied in Sect. 5. Appendices are given to show proofs of
formulae and lemmas used in the text.

At the end of this introduction, we would like to refer to the papers [8,
18], which reported the further extensions of RM theory in physics and the
representation theory. We hope that the present paper will demonstrate the
fruitfulness of developing the probability theory of interacting infinite particle
systems in connection with the extensive study of (multi-)matrix models in the
RM theory.
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Infinite systems of noncolliding generalized meanders 117

2 Definition of processes and results
2.1 Noncolliding systems of generalized meanders

Let Z and R be the sets of integers and real numbers, respectively, and set
N={1,2,...}, No=NU{0}, Z_ = Z\Np,and Ry = {x € R: x > 0}. Let
I'(c),c € R\ (Z_- U {0}), be the Gamma function: I'(c) = fooo dy e’yyc’1 for
c>0,andI'(c) =T (c+[—c]l+1)/{c(c+1)-- - (c+[—c]}forc e (—00,0)\ Z_,
where [c] is the largest integer that is less than or equal to the real number c. For
t>0,x,y € Ry and v > —1 we denote by Gt(”)(t; y|x) the transition probability
density of a 2(v + 1)-dimensional Bessel process [5,41],

v+1

1
G (t;ylx) = y_V?e_(szryz)/ztlv (J%) , x>0, yeRy,
X

2v+1

W) (4. _ Y —y2/2t
G (t,yIO)—ZUF(UH)tme , YER,,

where 1,(z) is the modified Bessel function : 1,(z) = > 0% (z/2)"+"/{T'(n +
DI'v+n+1)}.ForT >0,k € [0,2(v + 1)), we put

oo
thm=/®GWG—WMfﬂxe&ﬂtdQH
0

and

G(T””Q(s,x; t,y) = GV (t — s;yIX)h(;’K)(t, »), 3)

h<TU’K) (s, %)
Fwv+1)

GE0,051,y) = ———
S O SN ey

QDG 1yl 0hY  1,y), (4

forx > 0,y € Ry, 0 < s <t < T. This transition probability density
G(T”’K)(s,x; t,y) defines the temporally inhomogeneous process in a finite time-
interval [0, T'], which is called a generalized meander. In particular, whenv = 1/2
and ¥ = 1, it is identified with the process called a Brownian meander (see
Chap. 3 in [53]).

Now we consider the N-particle system of generalized meanders conditioned
that they never collide in a finite time-interval [0, T]. Let

R{L={x:(xl,xz,...,xN)ERJ_‘Y:Ofxl<x2<---<xN}.
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According to the determinantal formula of Karlin and McGregor [21], the
transition probability density is given as

R XL )NYE (T —ty)
/\/’](\,‘i"r()(T —5,X)

(”)(sxty) , yeR+<, 3)

for0 <s <t < T, where f(” K)(s X;1,y) = dgt N [G(T‘”K)(s,xj,t,yk)] and
<jk<

NP x) = / dyfy 3 (T = 1.x: T, y).

N
R+<

Since h(” Dt x) = 1, G(” (s, x;t,y) = GV(t — s;y)x) and thus f( TO) is tem-
porally homogeneous and independent of T, we will write fN (t — s;y|x) for
f(v 0 (s,x;1,y). Moreover, note that

P Xty = W — s;y0hS™ @, y),

hy s,

where h(Tv"‘)(t, X) = H]Ail h(Tv’K)(t,xj) and h(Tv’K)(T, X) = H,]il xj_". Then Eq. (5)
can be written as

S (st y) = ﬁ”t_xme%“%T—nw, (6)

NPT - 5,x

where N
N (4%) = /@W%wﬂhﬁ (7)
RN ] =1

In our previous paper [26] it was shown that, taking the limit x — 0 =
(0,0,...,0) at the initial time s = 0, Eq. (6) becomes

Ny (0.0:1y) = (dHGmamm [T of-yhAYOT -1y,

j=1 1<j<k<N
(8)

forv > —1and x € [0,2(v + 1)), where

. T(N+c—~1N/2~(N-)N N v+ DHIra/2)
N,T\" = IN(N—k—1)/2 e FG/2T((G+14+2v—k)/2)
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Infinite systems of noncolliding generalized meanders 119

The N-particle system of noncolliding generalized meanders all starting from

the origin 0 at time 0 is defined by the transition probability density gl(\ﬁ”'}) given
above and it will be denoted by X(?), ¢ € [0, T] in the present paper. It makes a
two-parameter family of temporally inhomogeneous processes parameterized
byv > —1and« € [0,2(v 4 1)).

We denote by X the space of countable subsets & of R satisfying #(§NK)<oo
for any compact subset K. For X = (X1,X2,...,X,) € U;?il R¢, we denote
{xi}_; € Xsimply by {x}. Then & (t) = {X(®)},t € [0, T, is the diffusion process

on the set X with transition density function g(v K)(s &Et,m,0<s<t<T:

(”)(sxty), ifs >0, =tn=N
(VK)(Sg f'?) (UK)(OOty), lfszo’%':{()}’ jjn:N
0, otherwise,

where x and y are the elements of RY_ with £ = {x}, n = {y}.
For the given time interval [0, 7], we consider the M intermediate times
0 <t <ty <--- <ty < T.Forconvenience,wesetty = 0,ty,1 = T.Forx" ¢

RV1<m<M+1,and N = 1,2,...,N,weputx§(,',’) = ( gm) xém),. xg\’,'f))

and é,’nv "= {x%’f)}. Then the multitime transition density function of the process
E%(t) is given by

g(Nv IY(") (07 {0}7t195{v7 s ;tM-I—l:E]ZJ,_l) H g;\‘]) 17(‘) (tﬂh m» tm-‘rlasr],\ll_’_]) (9)

where we assume éEO {0}. For a sequence {Nm}M+1 of positive integers less

than or equal to N, we define the (N, Na,.. N M+1) -multitime correlation
function by

N M+1 1

X Ni. N M+1

PN, T (11,51 N0.E st Sy ) =11 (N = N,)!
m=1 m

M+1 N
x / [T IT ax™svs (0. 0050.6Ys . iuin8,,). (10)

[TV Y- m=1 j=Np+1

m=1

Associated with the generalized meander (3) and (4), we consider a temporally
inhomogeneous diffusion process with transition probability density

K K 1 —
pY0,0;0,y) = G )(0,0;t,\/y)iy 12y eRy,

1
(”K)(sxty) (”)(s,«/}:t,\/})zyfl/z, x>0, yeR,,
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120 M. Katori, H. Tanemura

0 <s <t < T,andcallit asquared generalized meander. The N-particle system
of noncolliding squared generalized meanders Y(t),t € [0, T], is then defined by

YO = (X102 X0 Xn@?), 0,71

The correlation function p%T of E%(t) = {Y(®»} is obtained from Eq. (10)
through the relation

N N.
p]?/,T (tlsé-l 1;t27§2 25 tM-i—l»{MK-{])
N Ny M+1 Ny,
X . No. .
= pN,T (t17$1 19t2’%.2 2,"-’tM+1?$M+ ) H H (m)’ (11)
m=1 j= 1
where &N = (x0").cn" = (yo") with x™ = [y 1 <j < Ny 1 < m <

M+1.

2.2 Riemann-Liouville differintegrals of Bessel functions

We consider the following left and right Riemann-Liouville differintegrals for
integrable functions f on R,

1 a\" 7
oDSf(x) = ﬁ( ) / (@ — YT (ydy, (12)
0
Dc _ 1 d " i n—c—1 d 13
oof(x)—m(—a) /(y—x) f(ydy, (13)

where ¢ € R and n = [c + 1]; with the notation x; = max{x,0}. It is easy
to confirm that, if ¢ € Ny, both of them are reduced to the ordinary multiple
derivative,

d Cc
oDSf(x) = (=D (D5 f(x) = (a) fx),

and, if ¢ € Z_, they are equal to the multiple integrals,

X Yle|-1 y2 Y1

oDLf(x) =/dy|c|—1 / dY|c|—2---/d /dyof@o),
DL f(x) = /d)’m 1 / dyje|—2- /dn/d)«)f(yo)
y2

Yiel-1
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Infinite systems of noncolliding generalized meanders 121

For ¢ € (—00,0) \ Z_ Eqgs. (12) and (13) define fractional integrals, and for
¢ € Ry \ Ny fractional differentials. The Riemann-Liouville differintegrals are
most often used in the fractional calculus (see, for example, [36,38,44]).

Let J,(z) be the Bessel functions: J,(z) = > 020 (—D (z/2)* ™ /{T (v + € +
1)¢!}. We define functions J,, and 7\) as

Jo(0,1,x,5) = (Onx) "2, (2\/0nx)e*0", (14)
T0(0,n,%,5) = @nx)""/21,2y/0nx) e (15)

We will use the following abbreviations for the Riemann-Liouville differinte-
grals of order c € R of J,, and J,,

TO®O,n.x,5) = oDT,(0,0,x,5), 6,n>0, seR, (16)
756)(0,n,x,s) = anojv(G,n,x,s), 0,n>0, s<0O. 17)

We note that, if ¢ € R \ Ny, 756) can be expanded as

o]

J90,n,x,s) = ! Z (_1)nnn—c7(n)(0 X, ) (18)
v s 1, X, - F(—C)n - }’l!(}’l—c) ) »1,X,S8),

for 6,7 > 0,s € R. It is also noted that, since va @,n,x,s) — 0 exponentially
fast as n — oo, if s6 < 0,

IR p——— / dg ¢ — )" UP@.Exs). (19
I'n—oc)
n

for0,n > 0,s < 0, where n = [c + 1].

2.3 Results

We put

a=a(v,/<)=v—g, b=0b(v,Kk) =v —«, (20)
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122 M. Katori, H. Tanemura

and introduce functions D(s, x;t, ), f(s,x; t,y),S(s,x;t,y),and g(s, xX;t,y),X,y €
R+, s, < O,

1
1 T b
D(s,x;1,y) = W/de 6! [700,1,%,—9)T D@, 1,y, -0

—T0 D9, 1,x,—) 70,1, y, —z)],

(o) o
Tssity) = 0 [ o 0 1[0 1050 [ de €T 0,600
1 1

o0
—75"”)(9,1,y,z)/dgs“fg"“>(9,g,x,s)],
1

1

1 I(/Z - _

Sty =5 (;—‘) / do[ 700, 1,%,975 00,1, , -1
0

—{aTCV6,1,y, -0 =T D0, 1,y, -0}

o0
x [ 45 TPV 0.5.x0)], (1)
1
and
_ b/2
Sty =Sexty) 1o (X)) Gexty), (22)

where 1, is the indicator function: 1, = 1 if o is satisfied and 1¢,) = 0
otherwise, and

G(s,x;t,y) = / do J,2vV0x)J,(2/0y)e? 9 (23)
0

For an integer N and a skew-symmetric 2N x 2N matrix A = (a;;), the Pfaffian
is defined as

1
PiA) = Phi<iqon(ay) = & D 581(0) g (10 (2) Ao G0 @) *** Ao AN-1)a 2N)»
o
(24)
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Infinite systems of noncolliding generalized meanders 123

where the summation is extended over all permutations o of (1,2, ...,2N) with
restriction o0 2k — 1) < 0 (2k),k =1,2,...,N. We put

EX () = (Yi(Tn +9), Y2(Tn +5),..., YN(Tn +9)}), s €[=Ty,0),

and ’E\x(s) = {0}, s € (—oo,—Ty). Then we can state the main theorem in the
present paper.

Theorem 2.1. Let Ty = N. Then the process EX(S),S € (—00,0) converges to
the process B}, (s),s € (—00,0), as N — oo, in the sense of finite dimensional
distributions, whose correlation functions pY are given by

pY (sl, {yﬁf};sz,{yﬁg};.--;SM,{Y%)}) =Pt [A (yﬁfyﬁ;y%))] ’

for any M > 1, any sequence {Nm}%:1 of positive integers, and any strictly

increasing sequence {sm}%ill of nonpositive numbers with sy1 = 0, where

A (yﬁf,yﬁ;, . ,yj(\],‘f;) is the 2 ZnA;I:l Ny x 2 2%21 Ny, skew-symmetric matrix

defined by

A QR ) = (A0 ™)

1<i<Nm,1<j<Ny,1<mn<M

with 2 x 2 matrices A"™"(x,y) ;

D (Sym» X3 Sn,Y) g(sn,y;sm,X))
A" (x,y) = ( = = .
I =N\ 8 smaxisnny) —Z(Smoi5nsy)

In the infinite-particle system defined by Theorem 2.1, we can take the further
limit:

s, — —oo  with the time differences s, — s, fixed, 1 <m,n <M.

In this limit, D(sm,x;sn,y)f(sm,x;sn,y) — 0, 1 < m,n < M, as we show in
Appendix C.. Therefore, we can replace D and Z by zeros in the matrices. Then

the Pfaffian is reduced to an ordinary determinant of the Z%:ll Ny x Z]r‘”tll Nn
matrix,

(N vl) = (7o)

1<i<Nm,1<j<Ny,1<mn<M
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124 M. Katori, H. Tanemura

with the elements a™" (y,(m), y;”)) =S (sm, W™ s, y;")), where

[ 1
/ do J,2v6x)],(2\/0y)e* =07 if s > 1,
0
~ / _ /
Ses,x:1,y) = JyQ2X) VT (2/3) JV(Zﬁ)ﬁJV(Z«/E), ifs =1,
x—y
o0
- / do J,2v6x)],(2\/0y)e? 0, ifs <1,
1

with J),(z) = dJ,(z)/dz. Hence, in this limit we obtain a temporally homo-
geneous system of infinite number of particles, whose correlation functions are
given by

~ 1 M 1 M
pY (sl, b, {yJ(VM)}) = det A (yﬁv,) e yj(vM)) : (25)

Remark 1. Forrester et al. [15] studied the orthogonal-unitary and symplectic—
unitary universality transitions in RM theory by giving the quaternion deter-
minantal expressions of (two-time) correlation functions for parametric RM
models. One of their results for the Laguerre ensemble with 8 = 1 initial con-
dition, which shows the orthogonal—unitary transition, can be reproduced from
Theorem 2.1 by setting

b=0, where v e Ny.

This fact may be readily seen, if we notice that by definition
1
JEP0,1,x0,9) = / dn Onx)"2, 2/Bnx)e?"
0

0
=0*1x“/2/duu”/zfv(%/ux)ezs”.
0

Remark 2. Nagao’s result on the multitime correlation functions for vicious
random walk with a wall [32] can be regarded as the special case of Theorem
2.1, in which

1
(ii) v==, k=1 = a=0, b=—=.
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Infinite systems of noncolliding generalized meanders 125

This fact can be confirmed by noting that, by definition (16) with 7 12(0,0;x,5) =
0,

C )1/4 !

F(=1/2 X B ‘

Ji/z/ )(9,1,X,S) = ﬁ /dn (1 _ n) 1/2’71/4]1/2(2\/@)623977,
0

1
~ (Ox)1/4 pd
T 0. 1,5,) = == / N RN TRl §
0

JT
by Eq. (19),
o)1+ T d
T2 0.nx,) = - ’3; / dg (6 -7 N B

n

for s < 0 and, by definition (17),

o0 o0
(Ox)~1/4 Ry
/ T} 0.6 = / dn (n — 1720714, o 2B e,
1 1

for s < 0. In this case, the system shows the transition between the class C and
class CI of the Bogoliubov—de Gennes universality classes of nonstandard RM
theory [26,27,32].

Remark 3. From the results for finite noncolliding processes [26], we expect
that, when

v—1

> b=-1, where v e Ny,

(1i1) k=v+1 — a=

the present infinite particle system will show the transition from the chiral GUE
to the chiral GOE of the universality classes and when

1
@iv) VZ_E’ k=0 — a=b=—-,

that from the class D to the ‘real-component version’ of class D of the
Bogoliubov-de Gennes universality classes [26].

Remark 4. Following the argument given in [20,39], tightness in time can be
proved and transition phenomena observed in the limit s — 0 may be gener-
ally discussed, which will be reported elsewhere.

Remark 5. The homogeneous system (25) was studied in [37,50].
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3 Correlation functions given by Pfaffians
3.1 The multitime transition density

If we put

G (t,ylx) = G (1, ylx) ()y‘c)_ x>0, yeRy,
G (1,y10) = GV (1, yl0)y ™, yeRy,

the multitime transition densition (9) with tp = 0,¢y;,1 = T, and & = {0} is
written as

| . vl M+1
a0 1051, ["(N)]"”’tM“’ )

=y ] [(xgcl))Z B (xj(l))Z] I sen (xl((M—&-l) B x](_M+1))

1<j<k<N 1<j<k<N

N M

I | ~(v,c) (€8] ) (v,K6) ( B (m+1) (m))
X L G (tlaxj |0 llfigth [G tm+1 tmax/‘ |xk B

j= m=

where Egs. (6) and (8) with Eq. (7) are used.
Through the relation (11), the multitime transition density for the process
{Y(0)},t € [0, T], denoted by pg\‘,”;) is then written as

v (0, {0);11, [y(“} M {y‘M“)} )

N
= Oy Dysgn (v ™)) TT5 @135 10)
k=1
M

det 5K (4 ¢ (m+1), (m) 26
X : 15\]"251\] |:p ( m+1 ms y] |yk ) ) ( )
m=

where
wy = [ oj—y) yeRY,
1<i<j<N

~(v —~ L _
P (y10) = GOt 31005y 172

a
— Y efy/Zt
2v+l]“(v + 1)tv+l

5 yER-‘rs
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PO — 5, ylx) = GOt — 5, YV = y‘“2

() /{2(t—5)} b/2 /X
:e—(z) I, v , x>0, yeRy.
2(t —s) X t—s

27)

Expectations related to the process {Y(1)},{Y()},...,{Y({tys1)} are
denoted by E% T

E%,r[f({Y(n)}, e {Y(tM+1)})]

1\ M+ M+1
= (ﬁ) / H dy(m)f(’y(l)]’.“,’y(M+1)})

Nm+1y m=1
Ry

<ol (01081 (yOhs- - stagn, (D)) (28)

3.2 Fredholm Pfaffian representation of characteristic function and Pfaffian
process

For simplicity of expressions, we assume from now on that the number of
particles N is even. The references [32,33] will be useful to give necessary mod-
ifications to the following expressions in the case that N is odd. Let Cyp(R)
be the set of all continuous real functions with compact supports. For f =
(1. fos - - fus1) € CoORMFL and 0 = (01,65, ...,0y41) € RMFL the multitime
characteristic function is defined for the process {Y(¢)},¢ € [0, T] as

M+1

WY r(£:0) =EN 7 | exp Z Om me( () (29)

im=1

Let ym(x) = eV~ 10mm® _1 1 < m < M+1.Then by the definition of multitime
correlation function (11) with (10), we have

N M+1

WY r0) = Z > My

=0 NM+1 =0 m=1
M+1 Ny,

(1) (M+1) (m)
X/dle... / YNyt H H Xm( l(m))

m= ll(m) =1

Ri’l R’J:’MH
Y (€] (M+1)
XPN.T (tl’ {yn, }io st v, ) : (30)
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that is, the multitime characteristic function is a generating function of
multitime correlation functions ,o]‘V( T
We consider a vector space V with the orthonormal basis { |m, x)} ,
l<m<M+1xeRy
which satisfies

(m,x|n,y) = 8pnd(x—y), mmn=12,... M+1,x,y € Ry, (31)

where §,,, and § (x —y) denote Kronecker’s delta and Dirac’s §-measure, respec-
tively. We introduce the operators J,p,p+,p— and x acting on V as follows

(m,x\T1n,y) = Lpnepep+1ysgn(y — X), (32)
(m, x|p|n,y) = LonemP "™ (tn — tms Y1) + Ln=mP™* (tm — tn, x])

FLn=md(x = y), (33)

(M, xp+11,y) = LonamP"™ (tn — tm, yI%) = (n,y|p—|m,x), (34)

(M, x|X1n,y) = xm(X)8mnd(x —y), (35)

and we will use the convention

M+1
(m,x|Aln,y)(n,y|B|¢,z) = Z /dyA(m,X;n»y)B(n,y;&Z)
”:1R+
= (m,x|AB|¢,z),
for operators A and B with (m,x|121|n,y) = A(m,x;n,y) and (m,x|§|n,y) =
B(m,x;n,y).
Let M;(x) be an arbitrary polynomial of x with degree i in the form M;(x) =

bix' + - with a constant b; # 0 for i € Np. Since the product of differences
hn(x) is equal to the Vandermonde determinant, we have

-1

N
hy(x) = [H bk—l] 1;}?;1\/ [Mi—l (xj)]- (36)
k=1
Then we consider the set of linearly independent vectors {li); ieN } in V
defined by
i) = |m, x)(m, xli),

where

(m, x|i) = (i|m, x) = / dyM; 1P (1, y10p ) (e — t1,xly),  (37)
Ry
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ieNm=12,...,M+1,x € R;. We will use the convention

o0
(WAL (|BIm, x) = D" AyB™ (x) = (ilA o Blm, x),
j=1

for A = (i|21|j) and B](m) (x) = (]'|f9|m,x>. It should be noted that the vecors
{|i); i € N} are not assumed to be mutually orthogonal. By these vectors,

however, any operator A on V may have a semi-infinite matrix representation
A= ((i|A | j))v N If the matrix A representing an operator A is invertible, we
ije
define the operator A so that its matrix representation is the inverse of A
A% j =A"! 38
(@A), =47 (38)
that is, (il Alj) ()JA2|k) = (i|A 0 AL|k) = 8k, i,k € N.
Let Py be a linear operator projecting Span{ li); i€ N} to its N-dimensional

subspace Span{|i> i=1,2,... ,N} such that

(ilm,x), if1 <i<N,
(i{lPN|m,x) = (m,x|Pn|i) =
0, otherwise.

We will use the abbreviation AN = PNAPN for an operator A.If the N x N
matrix defined by Ay = ((ilAnj))1<ij<n is invertible, then (AN)2 is defined

so that ((i|(AN)A|j)) — (Ap)~, and ({([(Ap2) = 0,if i = N+ 1 or

I<ij<N
j=N+1
As shown in Appendix A., we can prove that

2 Sm,n(x ) jm,n(x )
[uJX,,T(f;o)] = Det (Izamna(x —y)+ ( i, (x’yy g (y’i )) xn<y>) . (39)

where Det denotes the Fredholm determinant. Here I» is the unit matrix with
size 2,

D™ (x,y) = —(m, x| o (Ix)> o [n,y),
§"™(x,y) = (m,x|pJ o In)™ o |n,y), (40)
1" (x,y) = —(m, x|pJ o In)> o JpIn,y),

and

@ Springer



130 M. Katori, H. Tanemura

S (x,y) = S™(x,y) — (m, x|p+n,y)

_— o (41)
I (x7}’)—1 (X,J’)+<m,x|l7jp|”’)’)

It implies that the multitime characteristic function is given by the Fredholm

Pfaffian [40],

WY §:0) = PF(128,8x =) +Votm @A™ 0V i) (42)

where J, = (_01 (1)) and

mn (S y) TR, y)
AT =h (Dmv"(x,w §(3,)

_( D™y Sf”m(y,x)) 13
(—S’”’”(x,y) —I""x,y) ) “3)

It is defined by

PF(stmna(x =)+ VA @A™ YV 1))
N M+1

Z > My

=0 NM+1—0m 1
M+1 Ny

< [awie [ a T TT (o)

m=1 j(m =1

RT RI_:_/MJA
1 2 M+1
xpf(A(ygv;,ygv; ..,y;thg)), (44)

where A(yf,;,y](\%z), . ,y%J’})) denotes the 22M+1 Ny % 22M+1 Ny, skew-

symmetric matrices constructed from Eq. (43) as

A( @ @ - (M+1)) =( mn (m) (”))
YN YNy YNy ) 1<i<Np,1<j<Ny,1<mn<M+1

for Ny = 1,2,...,N,1 <m < M + 1. Comparison of Egs. (30) and (42) with
Eq. (44) immediately gives the following statement.

Theorem 3.1. The N-particle non-colliding system of squared generalized mean-
ders Y (1),t € [0, Tis a Pfaffian process, in the sense that any multitime correlation
function is given by a Pfaffian

X (0 0885t 1) = PE(A(Y i)
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4 Skew-orthogonal functions and matrix inversion
4.1 Skew-symmetric inner products

Consider the N x N skew-symmetric matrix Ag = ((Ao)ij)1<ij<n With
(A)j = (iIN i) = (ilm,x) (m,xlT|n,y)(,yl),  6nj=1,2,...,N.  (45)

In order to clarify the fact that each element (Ag);; is a functional of the polyno-
mials M;_;(x) and M;_;(x) through Eq. (37), we introduce the skew-symmetric
inner product

[ee]

f.8) = / dx / dy F(x, y)p™™ (t1,x|0)p" (11, y|0)f () (), (46)
0 0

where
T (v.6) (v.)
P NT — 11, zlx) p T — 11, wix)
F(x,y) = dw/dz p ~ , 47
() 0/ | e -z oo - |- O
for x,y € R. Then we have the expression
(A0)ij = (Mi—1,M;—1), i,j=12,...,N. (48)

We now rewrite the skew-symmetric inner product (46) by using the simpler
one

which we call the elementary skew-symmetric inner product. Remind that p'*<)
is given by Eq. (27) using the modified Bessel function. We will expand it in
terms of the Laguerre polynomials, L{ (x) = (x~*¢*/ iN(d/dxy (e ¥ 1), a € R,
j € N, using the formula

0 i+ 1)LY(x)LY J /2 ey
oot )

S TG+t 1—r 1

for |r] < 1,v > —1. (See the corresponding calculation for the noncolliding
Brownian particles in [22], where the heat kernel was expanded in terms of the
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Hermite polynomials.) For this purpose, it is useful to introduce the variables

2T —1t, 2T —t,
Cn:_n( n), Xn = n’ n:1,2,...,M+1,
T Iy

since we can see that

L, (wisnxn/xm) (C_n )"/2
cmé

~(V,K) t —t =
p (th — tm, Cnnlcm&) 2ty — t) "\1- Xn/ Xm

1 1 tm 1 th
Xexp[_(l_Xn/Xm_ +ﬁ)§_(1_Xn/Xm 2T) ]

and, if we apply the formula (50) with r = x,,/xm,x = & and y = n, it is written
as

In

Im In - F(f+1) Xn v v
Xexp[—ﬁf—(l—ﬁ)n]2m< ) LiE)L; ().

(51)

~(v,k) Im v —a—1gx/2 a
p (th — tmscnnlemé) = | — [ A ()]

That is, ¢,, and y,, give the spatial scale of spread of N particles and the proper
temporal factor at time ¢,, respectively. (See Eq. (17) and explanation below
it in [34], where the variable ¢, was determined by showing that the one-
particle density obeys Wigner’s semicircle law scaled by ¢, for the non-colliding
Brownian particles.) In particular, for n = M + 1 we have

(VK) T T IUH —a—1lgk/2 a 1 Im) &

r 1 _
xe™ ewzmﬁﬁ) HLYELIm.  (52)

since c¢)r+1 = T and xp4+1 = 1. Then we obtain the relation

. . 2-2v2« XY VY
[1(2)(2))- W/dx/dye XY F08W)

> L L)

j=0 k=0

rg+1unH ., Tk+1)
X<F(j+1+v)Lj’F(k+1+v)Lk>*

M8

X

Il
=}

(53)
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4.2 Skew-orthogonal polynomials

For n € Z and o € R we define

F(n+atl) .
fneNoad¢Z
r(n(+1)r((a+)1) itneN o ¢ 2,
D' (~«a .

+ frneN 7
(” "‘)= Tt Dl(cn—q) "rESrtech (54)
n , ifneNaeZ_,n+aeNy,

1, ifn=0,

0, ifnez..

Note that forn e Nya € Z_ withn + o < —1,

(1))

By this definition, the equality

1 /d\" et _(nHta
i) = 00) )

holds for n € Ny, o € R. Then Laguerre polynomials can be expressed as

J 1/
o (= 1) J+o
LY (x) = E ] (] B E)x (56)

£=0

for any « € R. Remark that applying Eq. (55) to the equation

1 d\" n+o 1 d nt (n—1)4«a 1 d\" n+(a—1)
n—z(a)x =m(a) * “n—z(a)x ’

with x = 1 and putting 8 = « + n, we have the identity

()=C.0+C0) nem sen @)
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We use the following orthogonal relations and formulae on Laguerre poly-
nomials, which hold for «, 8 > —1;

/L“(x)L X)x%edx = F(li.l(;_'_—_{]_'_f)l)rsjk, Jj»k € No, (58)
0
d
XL (0 =jL{®) = (+ )L (), jeN, (59)
d d
L () =~ Liy () + i), jeNo, (60)

k+B—a—-1 .
Lf(x)=§( jfk“ )Lzoc), jeNo. (61)

Remark 6. The identities (59) and (60) are given as Egs. (6.2.6) and (6.2.7) in

[3]. The relation (61) is proved in [3] as (6.2.37) only when 8 > « > —1. The
identity (see Eq. (54) and [42])

i C—a—1\(k=t+a—1) _
H( ¢ )( k-t )_kO’
can be used to invert the relation (61) to the form
¢ .
L@‘(x):Z(E_]—i_a_;'B_l)Lf(x), ¢ e Ny.

j=0 ¢

Therefore, the validity of Eq. (61) for 8 > « > —1 implies that fora > 8 > —1.
We introduce the polynomials

Fi(x) = — dLZ“l(xx j € No, (62)

G = 4 [L“l( )—’+]2“

L% (x )] jeN. (63)

For k € Ng,j =0,1,2,...,k, let

ki
ak,jz( k]——; b), if k is even,
k+2a(k—2—j+b)_(k—j+b

Hj = k—2—; k- ), if k is odd, (64)

The following lemmas are derived from the relations (58)—(61) with some
calculations.
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Lemma4.1. Forf e Ny

2¢
Fop(x) = D aajL} (%), (65)
=0
20+1
G2@+1(x) = Z (ng_i_l,jL}J(x). (66)
j=0
Lemma 4.2. For q,t € Ny
(Fag, Gapy1)s = —(Gaps1, Faghs = 1yl (67)
(Fag, F2e)s = 0, (68)
(G2g41,Gaey1) =0, (69)
with 4T (2q +2a+2) 2 +2a+1
« q+2a+ q+2a+
=——~ =4I'2 1 . 70
"q 2q +1)! (2ot )( 2g+1 ) (70)

Then if we define the monic polynomials in x of degree k for k € Ny as

k k
‘1 v X j
Ri(x) = k!| — E ay L (—)X R 71
(Xl) j=0 T = : o

Lemma 4.2 gives the following through the relation (53) and the orthogonality
of the Laguerre polynomials (58).

Lemma 4.3. For q,t € Ny

(Rag, Rogy1) = —(Roes1, Rag) = rqdqe,
(Rag, Roe) =0,  (Rogy1,Roeq1) =0,

where

4g+1
L) QOTQq+2+20) 2
a T C(v+1)2

The choice of the polynomials Fj(x) and Gj(x) in Egs. (62) and (63), and
their explicit expansions in terms of the Laguerre polynomials (Lemma 4.1)
are crucial, since they enable us to determine the appropriate skew-orthogonal
polynomials (Lemma 4.3). As shown below, we are able to inverse the skew-
symmetric matrix Ag given by Eq. (45) readily for arbitrary (even) N, by using
these skew-orthogonal polynomials.
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4.3 Matrix inversion

Letbox = bop41 = r,?l/ 2, k € Ny, and determine the polynomials {M;(x)}o<i<n—_1
in Eq. (37) as

M;(x) =b;Ri(x), i=0,1,...,N—1.

Then by Eqgs. (45) and (48) and Lemma 4.3, we have the equality

WINL) = UN)gs  inj=1,2,...,N, (73)

where Jy = Iy ® Jo. It is interesting to compare this result with Eq. (32).

Since JIZV = —Iy, we can immediately obtain the inversion matrix appearing in
Eq. (40) as

I = —Un)ijs Lj=1.2,...,N. (74)

If we consider a semi-infinite matrix
J= lim J =(i}') ,
N—o0 N < l lj) ijeN
its inverse matrix may be given by

I = (<i|jA|j))i,jeN =/

Using expansions (86), (93) and Lemma 5.4 given below with Lemmas 4.1 and
4.2, we can show

(m,x|pln,y) = (m, x|pJ 1) iIT> 1) G, y),
and so
(m, x|pJpln,y) = (m,x|pJ1i) (1T 1j) (1T pln, ).

Then Eq. (41) is written as

) (m. x|p1i) i1 (Tn) A1) Gl y). if m > n,
S™(x,y) = o

—(m, xpI1i) T2 = TS Glny),  ifm <n,
1™(x,y) = (m,x|pJ1i) ({|T> — ) GIpIn, y). (75)
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Now we introduce the notations, just following the previous papers for mul-
timatrix models [15,31,33], as

R (x) = b1i<m,x|i+ 0
= / dy Ri(»)p™* (11, y100p"™) (tm — 11, xy), (76)
0
" (x) = —b—i(m,x|[)j|i+ 1)
o
= / dy R{™ (»)F™ (y,x), (77)
0

fori=0,1,.... N—-1,m=1,2,...,M + 1, where

oo w
PYNT = ty, z|x) PY*NT — by, wx)
F(m) x7 Z/dw/dz Q " - - : 78
(x, ) /) PUINT = tyy, zly) pUO(T =ty wly) 7%

It should be noted that R\ (x) = R;(x)p™*)(t1,x|0),0 < i < N — 1, and
FD(x,y) = F(x,y), where R;(x) and F(x,y) were defined by Egs. (71) and
(47), respectively. Then we arrive at the following explicit expressions for the
elements of matrix kernel (43) of our Pfaffian processes,

(N/2)—1
D" x,y) = DN (xy) = D P [Ré’?’(x)RgzL] ) —R;;gl(wRSz’(y)],
=0
- - > 1
Mgy =1V ey = — > 7[‘1’227’)(@@;’;11@)—@é@’i](x)dé';)(y)],
(=N/2
(N/2)—-1
Sy = Syt = 3 5 RS, 0) - @5 RS )],
{=0
(79)
and

S (x,y) = SN () = 8™, y) — P (tn — b, YO Lgneny.  (80)

5 Asymptotic behavior of correlation functions

In this section, we give the proof of our main theorem (Theorem 2.1), by
estimating the N — oo asymptotic of matrix kernel (43) of Theorem 3.1.
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Elementary calculation needed for the estimation is summarized in Appen-
dix B. Here ay ~ by,N — oo means ay/by — 1,N — oo. We assume that
T=N,tyy=T+su,1 <m<M+1withs) <sp <--- <sy <sy+1 =0. We
put

LUED vy (81)

v _qV j Tv _
Ly, =sm) = L;j (X) xm»  Lj (xX,5m) = TG+1tms

5.1 Asymptotics of Ry (x) and Rl({m) (x)
Let

~ 1 (7 * . X
Re(0) = (—}) Ri(x) = D ayjL) (C—, —sl) :
! par

1

Sinceci ~N=T,

Roe(x) ~ 1(2¢,b),
-~ 2
Ropy1(x) ~ ﬁl(zz —1,b) —IQ2¢+1,6—1)—I2¢,6—1)  (82)

~ %1(%, b) —2120,6 —1), N — oo,

where
I _i q—j+c L”(x )_i j+c I (x )
C],C)=. q_] i N’ 51 _. ] q—j N: $1) >
j=0 j=0
for g € N and c € R. We set

2¢ = N6,

and examine the asymptotic behavior of 1(2¢,¢) as N — oo with some 6 €
i f—c—1
(0,00). When ¢ € Z_, ]—i?c = (—1)]( c. ) Then from Eq. (B.10) in
J

Lemma B.2 with j = 2¢ (i.e. n = 1 in Eq. (B.5)), we can easily see

—c—1

j+c x (NOYT - )
12¢,c) = Ly, \=,—s1)~—75—J 0,1,x,—
( 7C) ]_ZO ( ] ) 2(_1 (N, Sl) (ex)v Vv ( > L, X, Sl)7

N — oo. This result is generalized to the following lemma.
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Lemma 5.1. Foranyc € R, 6 € (0,00), we have

(N0)6+U+1~ e
12¢,¢) ~ ng D@6,1,x,-s1), N — oc. (83)

Proof.
2¢

1260=> (p;“C)Lge_p (% —s1)

p=0

—z(f’“)zy 0o (D) (1)

k=0 g=0

S0 )

p=0

Repeating this procedure, we have

00 k
k
1060 = Y (ka0 Y (—1>’1( q)LEeq (5-s) @6
k=0 q=0

with
p—1j—1  jr1-l1 2¢
+c +c
S (1)5E S50
p=0 J1=0j2=0 =0 p=0 p
Using Eq. (57), we can rewrite ai(2¢,¢) as
2¢

S [07)0 -

IO

20+c+ 1\ [2¢
= —a,_1(2¢ -1 1).
( 20 )(k) ag—12—-1,c+1)

Using this equation recursively, we obtain

k
204 ¢+ 1Y) (2¢ - 2t ct 1)tk
ak(ZE,C)=Z(—1)r( zgir )(k—rr)z( 2zik )(Ck ) ()
r=0
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Thus Eq. (84) with Eq. (85) gives

& 2T fe k) < K\,, (x
I(ZE,c)—kZ:(;(—l) ( & )( . )g(—l)q q) 2 (ﬁ,—sl).

By simple calculation with the estimate (B.2) and (B.10) of Lemma B.2, we
obtain Eq. (83) through the expression (18). a

From above asymptotic of /(2¢, c) with Eq. (82) we have the following prop-
osition.

Proposition 5.2. (1) Suppose that £ € N and 2¢ ~ N6, N — oo for some
6 € (0,00). Then

(N6) b+v 7(_ b-1)

Rae(x) ~ o

©0,1,x,—s1), N — oo.

(2) Suppose that ¢ € Ng and 2 +1 ~ N0, N — oo for some 6 € (0,00). Then

2(N9)b+”
(6x)¥
N — oo.

Ropr1(x) ~ [aig—"—”(e, 1x,—s1) —J90,1,x, —m},

We next examine asymptotic of R,({m) (x). From the definition (76) and the
expression (51)

o0
R™ ) = ¢ / dn Re(c1mp™™ (t1, 100 (b, — t1,X|c1n)
0

v () () oo [(20F) 2]
22+ +1) \n tm T ) 2¢cim
k
X
X Zak,jL]‘? (c_’ —sm) . (86)
j=0 "

We put

~ 2T Tw+1) (x\*
(m) _ (m)
Ri" @) = I'(k+1+2a) (c]) k" @. (87)

If we set k ~ NO as N — oo, Eq. (B.1) in Appendix B gives

1T
k T €Xp [(—1 + tﬂ) i:| ~ N~CotDg=20 N 5 o0,
Ck+1+2a), 2T ) cm

then we obtain the following from Proposition 5.2.
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Proposition 5.3. (1) Suppose that ¢ € N and 2 ~ N, N — oo for some
6 € (0,00). Then

) Gl—vx—K/ZN b1
RS (x) ~ TJS‘ @O,1,x,—sm), N — oco.

(2) Suppose that € € Ng and2¢ +1 ~ N0, N — oo for some 6 € (0,00). Then

Sm) 0V x T <y ~(—b
&MmN—W—%ﬁ_mew%%”@MrW}
N — 0.

5.2 Asymptotics of (D,((m) (x)

We put
Oxx)=Fyx) and  Qyi1(x) = Gy (%), (88)

for ¢ € Ny, and Q; = 0 for k € Z_. Lemma 4.1 gives the expansion formula of
QO (x) in terms of {L]‘.’ (x)}. Here we give the formula to expand L]‘.’ (x) in terms

of {Qk(x)}. In other words, we provide the inverse of the matrix e = (ag ) given
by Eq. (64), which is denoted by 8 = (B ).
Let b(n) = (n + 2a)/n,n € N, and

b(m)b(m +2)---b(n), if m,nareoddandm < n,
b(m,n) =11, if m,n are odd and m > n, (89)
0, otherwise.

Then the following lemma holds.

Lemma 5.4. Forj e Ny
J
L) =D BixQk(). (90)
k=0

where B, k,1,...,], j € Ng are defined by the following:
When k is even

0, ifj <k,
=1 (i-k-b-2y (1)
’ k
(75oi) iz
and, when k is odd
0, ifj <k,
[G+1)/2] .
- —-2r—b6-1
Be=1-"3 paer22-0( 770N, sk OP
j—2r+1
r=[(k+1)/2]
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Using Eq. (52), Eq. (78) is rewritten as

INE /4 \ 204D 1\ X+
o= (7) () erteel ()50
m m

00 00
~ ~ X
X ZZ(L;,L;>*L; (cl,sm) ]V (_,Sm) .

m Cm

Hence from Eqgs. (77) and (86), we have
o
(m) o\ _ (m) (m)
&) = n [ R o P @)
B k! C_l k i v+1 t;j_l xK/Z oo | fnX
T 2+rw+) \a/) \en T* P\ 727,

3] k
o~ X
» Z<Zak,pL;,L;> () ©3)
*

j:O p:()

where we have used the orthogonal relation (58) of Laguerre polynomials. Put

_ 2T~ +1 k
@l({m) (x) = + ()C(—I) @l({m) (x). (94)

Then we have the following proposition.

Proposition 5.5. (1) Suppose that £ € N and 2¢ ~ N6, N — oo for some
6 € (0,00). Then

o0
B (x) ~ —6"x+/? / ds €TV 0.6, x,5m), N — 0. (95)
1

(2) Suppose that ¢ € Ny and 2¢ +1 ~ N0, N — oo for some 6 € (0,00). Then

29—1+Vxl(/2A
<I>;ﬁ1(x)~—ijjb*l)(e,l,x,sm), N — oo. (96)
Proof.
=m) a2 S (X
v vV v
o )~ L > Z SLoL)) L (N,sm), N = oo,
j=0 \p=0 *
T—Vx</2 & J ~ (X
= 3 Z Qk»Zﬂj,qu L}) (N,Sm)~
j=0 q=0
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By the skew orthogonality of {Qy} given by Lemma 4.2, we have

- vax/c/Zr* 0 R X
5 () ~ TZ > BioewL) (N»Sm), N — o0, (97)
j=0
R TfuxK/Zr* 0 . X
YL () ~ —TE > Bl (N»sm), N — 0. (98)
j=0

By Egs. (70) and (91), Eq. (98) gives
3" (x) ~ —2T'a + 1)T‘”xK/2(

20+
oo .
j—20—b—=2\~, /X
xzu( i—2 L]- (ﬁ,sm), N — oo. (99)
]=

20+1+2a
20 +1

From Eq. (B.8) we have

() G = () G
=2¢

J r=0
oo o
r—-b—2+4a«a a\~ x
> () e () B (3y00m)
r=0 p=0
— (r—b—2+a
~en™ >, ( )?500(9, n.%,5m), N — oo, (100)
r
r=0

where Eq. (B.11) of Lemma (B.2) was applied. Setting j = 2¢n = N6n and using
Eq. (B.2) in Appendix B, we conclude that

—20 4+ 1)75724»0(

o0 .
S o arvp2a-a w2 N U
B (1) ~ 2T 202 x2S Fo T

j=2¢

T, 1,%,5m)

o
29— 1+ /2 /J\‘()a) 0,n,%,8m)
NTh 17 n (n_l)b+2—a

1

~

, N—oo. (101)

Through the expression (19), we obtain Eq. (96).
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By Eq. (92) of Lemma 5.4 with Eq. (89)

> X
Z /3]',24+1Z}) (stm)

j=20+1
-1 X x A j—2r—b—1
S — Z LV (=,s Z b(1,2r—1)( ] )
] m _
b(1,20+1) L= (N ) = j—2r+1
b(1,2¢ + 1) ©,

where
ad X~ x [ —2r—b—1
so=> ba2r-1 > L (ﬁ,sm) (’ ] )
r=0+1 j=2r—1 J

By this equation with the estimate (B.3) for b(1,2r — 1) and Eq. (70), Eq. (97)
becomes

_ 204142
Y (x) ~ —2T7V(2¢ +2)"°T' 2a + 1)( ;zﬂ “)xK/ZS(z)

~ 2T~V (20 +2)%/2S(¢), N — oo. (102)

From Eq. (100) with Eq. (B.3)

« ¥ S (- —b-24a__
S(0) ~ r_%:l(zma (1) j_; | ( F(2rh+ 1; . ;aﬂw(e, .
T (?EK/; a)/ dg §° /OO dn 76, ?bigsma), N — 0.
Thus
B (x) ~ 63 /2 7(15 5517 T, m,%,5m)
T(-b—1+w (g — &)bt2—a

1

= -9 K/Z/dg T 6,6, x,5,), N — o0,
1

where we used the expression (19). This completes the proof of Proposition 5.5.
]
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5.3 Asymptotics of D" (x,y), Imn (x,y), ™" (x,y), and Srman (x,y)

From the expressions (79) with (72) and the definitions (87) and (94) we have

(N/2)—1 2a R N R
DY (xy) ~ > (ﬁ) [R @RS, 0) = R 0RY )],
=0

0 —2a
= 20 ~ ~ - ~
ey ~= X (ﬁ) |57 0®50) = 85, 05 )

(=(N/2)
N1 R R R

iy~ Y [P @RE, 0 - 8L @R 0] N - .
£=0

From Propositions 5.3 and 5.5 we obtain the following asymptotics:

D" (x,y) ~ DS, X3 8n,Y),

I e, y) ~ Z(Sm,x55n, Y),
SV ) ~ SGmaX;8n,y), N — oo,

where D, 7, S are defined by Eq. (21).
Next we study the asymptotic behavior of p"*)(t,, — t,,,, y|x). From Eq. (51)
we have

Pty — tm, Y1)

Then by simple calculation with Lemma B.2 with & = 0, we have

b2 1 &

Z e2Sm=sn)0n Jy (2\/@)1 v (2\/97)’ )s
=0

=) (p ~ (XYL
Dty — tn, y1x) (x) N <
]

~ (%)b/z G(Sm,X;8n,Y), N — oo,

where G is defined by Eq. (23), and then S‘%’"(x,y) ~ S(Sm, X350, ), N = 0.
Then, the proof of Theorem 2.1 is completed.
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Appendix A. Proof of Eq. (39)

We assume that the number of particles N is even. Consider the multiple integral

M+1
Y _ 1 Mt s (m) (M+1)
Zyrld =+ [T ax™ sgn(anx®D))

RVOH+D m=1
1\~ 1 1
o 6 0 04

M

o det I:ﬁ(u,/c)( il — b (m+1)|x<m))(1+xm e (m+1)))i|‘
:llgi,jgN

By the definition (29) with (28) and (26), and by the equality (36), we have

Y . 0) — Z >

where ZY T[O] is obtained from ZY T[x] by setting x,,(x) = 0 for all m =
1,2,. M + 1.
By repeated applications of the Heine identity

ax det [dn(xj)} et [qs,-(x;)] - det [ araiieo |
R

N
R+<

for square integrable continuous functions ¢;, ¢;,1 <i < N, we have

M+1
Y M+1
Zyrlxl = / dy 1<(11§3£N[ / H dx" §(y; — xM*D)
RN RMH m=1

« [M,-_l(x(l))ﬁ(””‘) (01.xV10) (1 + 11 (x<1>))]

M
X H { ) (tyy 1 — by X DY (14 s (x(m+1)))”'

m=1
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Using the notations in Sect. 3.2, it is expressed as
ZY b = / dy det |(i (1 + %Xﬁ) |M +1,y))
1=<ij=N T=xp+"" In
L1 .
/ dy det [(M+Lyl(1+px—F"—) i),
I<ij<N 1=p-x)n

since (m, x|(p)¥|n,y) = (n,y|(p_)*|m,x) = 0 for k > n —m > 0. Here we have
used the Chapman-Kolmogorov equation, [p dyp®- (it — s, y0)p (u —

z1y) =p W —s,z|x),0 <s <t <u < T, x,y € R;. Next we use the formula
of de Bruljn [9]

[ o e o] =Pricien | [ [ asenG - pomn ) |

RY Ry Ry
for integrable continuous functions ¢;, 1 < i < N,in which the Pfaffian is defined

by Eq. (24). Since (Pf(A))? = det A for any even-dimensional skew-symmetric
matrix A, we have

2
1 . 1
7Y [x]) det [i (1+—x) J(1+A;2—A ) }
( NI I=<ijj<N <| 1—Xxp+ b N b 1-p-x N|]>

1<(11<]3t [(AO)ij + (ADij + (A2)i + (A3)iji|

with

(A0)ij = (NI,

| RS U SO
(Apij = |(1 - XPJ)NU) = (l|(x . _ﬁH%pJ)NJ),
A 1
(AZ)t] = (l|( PX 1 —ﬁ,)A()Nij)’
A~ 1~ 0 1
(A3)’] = (l|(X 1 _13+5€p pPX 1 —ﬁ,)%)Nb)

. Y 2 .
Since (ZN,T[O]) =deti<;j<n [(Ao),-j], Eq. (A.1) gives

2
[xp}V{T(f;o)] :1<(11?£N[8,-j+(A51A1)i]~+(AalAz)ij+(A51A3)i]}. (A2)

@ Springer



148 M. Katori, H. Tanemura

By our notation (38), (Aal)l-]- = (i|(jN)A|j), and it is easy to confirm that
Eq. (A.2) is written in the form

2
[w,‘&j(f;o)] = det [ai,- + <z'|B|m,x><m,x|C|j>}, (A3)

where we have introduced B and C as the following two-dimensional row and
column vector-valued operators,

B= (0t oty —0n® o (1+ 2 k5p)Ih% ).

—D+X

The determinant (A.3) is equivalent with the Fredholm determinant,
Det(m,x|I> + C o B|n,y).

Introducing matrix-valued operators,

1—pp3 0 o 1 —pipx
K+ - ) K* = > K = 5
0 1 01—p_3 0 1
we have
[ pITy PI(1=T3T)b _
L+CoB=K_"!'|K_K, + % | K 'K
! ~Iy  InIp
[ [DITN — b+ PID—DITNID _
=K 'L+ 3| KK,
i ~Jx InIp — -

where jﬁ = o(Jy)%o. From the orthogonality (31) and the definitions (34) of
the operators py and p_, we have the fact that

Det(m,x|K|n,y) = Det(m,x|K_|n,y) = Det(m,x|ﬁ|n,y) =1.
Then Eq. (39) is derived.
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Appendix B. Elementary calculation for asymptotics estimation

By Stirling’s formula I'(x) ~ +/27x*~1/2¢=*, x — oo, we have

Frn+a+1) o
W (I’l + 1) , h— 00, (Bl)
(n + oz) ~ —(n + , N — 00, (B.2)

n Ma+1)

forany @ € R\ Z_, and

(120 — 1) — rQRa+1) (2€+2a)/(é+a) ~ Q0% > oo,

20T+ 1)\ 2¢ ¢
(B3)
b1 pye
bQL+1,2p—1) = 3 25— (e) . £ oo, (B4)

for £,p € N with £ < p, where b(m, n) is defined by Eq. (89).
From now on, we assume that T = N, t,,, = T + s,,, with s,,, < 0. We set

20=NO and j=20n, (B.5)

and consider the limit N — oo with some 7,6 € (0,00). Then we have

; 2T — 1, 25, \ V"
X{,lz( m) =(1—ﬂ) ~exp (—2s,01n), N — oo,

and

Z(—l)p C}l)x{n_p ~ 207" (din) exp (=2s,01), N — oo. (B.6)
p=0

We use the following identities (see Eq. (54) and pages 8, 201, and 202 in

[42]).
(1) Letwa € Ngand c € R. Then

S0 e

(2) Leta e Ng,ceRandag, k=1,2,...,beasequence in R. Then
o0 o0 o
r+c r+c+auoa o
S0 T G R
r=0 r=0 p=0
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(3) Letwa € Ng,and ay, by, k=1,2,..., be sequences in R. Then

o o B a—f o
S Qs £ )5 O S (3
k=0 p=0 2 p=0 q=0 q

(BY)

Lemma B.1. Forany o € Ngand w > 0 we have

S (s ()~ @) () rnem). ne

Proof. From the definition of the Laguerre polynomials (56) and (B.7), we have

Z(—D”(Z)Lﬁ_p ») =Z<—1)P(p) Z( 1>f(” b +;’)j,
p=0 =

j=0

(— 1)f(n—oz+v)~

Hence, by Eq. (B.2)

i () e () ()
= lim_ Z (—.1)’ (n ;a —+— v) (%)H—U—a

P =]
_S oy
_j:() I'G—a+v+1);!
d wvti
- (_w) (Z( ' +]+1)]'>
Then we obtain the lemma. O

Applying the above lemma, we obtain the following asymptotics, where Ll‘.’
and Z; are defined by Eq. (81).

@ Springer



Infinite systems of noncolliding generalized meanders 151

Lemma B.2. Forany o € Ny, 0,71 € (0,00), and x € Ry we have

~ a\,, (x OV
Z_:(_l)p(p)l‘j—p(ﬁ’_s’") W]v ©,n,x,—sm), N—>o00, (B.10)

Z( 1P (p) ,+p ~ QO™ T O,n,%,5m), N — oc. (B.11)

Proof. Since

S (i)
-5 () e () G Zem(* )

by Eq. (B.9), the asymptotic Eq. (B.10) is derived from Eq. (B.6) and Lemma
(B.1) with n = j = Non,w = Onx. From Eq. (B.9), we have

Z( Dk( ) jrk (;/ S’")

Z( )Z( 1y (p) j+P )

_pe(* ) LutarDh

By Eq. (B.1), we see

a—pf .
Z(_l)q(a—ﬂ) t0+q+1)
— q rj+q+1+v)
q=0

a—p—1 .

- _1)¢ O‘_ﬂ_l)r(H'—qul)
Y q;o( 1)( q rG+q+2+v)
v+ v+a—-B8-1DCG+1)

rG+14+a—-B+v)

d
20y~ (@=p+v)
~ 20~ ( dn

a—p
) n ", N— oo
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On the other hand, Eq. (B.10) gives

d\f
Z( 1P (U) L (55) w7 ~ @0 (—@) (0T, 0.n.x,5m)}

Hence, the asymptotic Eq. (B.11) is derived from Eq. (B.12). O

Appendix C. On temporally homogeneous limit

Lemma C.1. Foranyc € Rand n,0,x > 0, we have that as t — oo

T O,n,x,1) ~ 200) (On0)"/2T, 2/6mx) 7", (C.1)
T, n.x,—1) ~ Q) Onx) 21,2 /nx)e ¥, (C2)

/ de £V (6,8, x, —1) ~ 20)¢ (6x) "2, 2/ 6x)e 2. (C3)

Proof. From the expression (18) with the definition (14), we have

Q20 X2 (_qykpk—c k

k\5) k—j
r(—c)Z Kk —o Z(/) s O x OGO

200m -~ (=DkQ2t0n)k—=
~ e GO T, O)ZW’

O, n,x,0) =

From the relation

( 1)k k—c |
— 1z
dz Z Kk—c) €

and the equation

F( ) Z (_ )k d —c—1 —Z
c k'(k ZZz

(see (1.1.19) in [3]), we have

e (EDR@imke
F(_C)_tl—l>nolok:0 Kk — o
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Then we conclude
71(;C)(9’ r)’xv t) ~ 62t0n(2t0)c'71)(6’ U,X, O) = (2t9)cjv(0a n’x’ t)’ r— o0.

Hence Eq. (C.1) is derived from Eq. (14).
Letn =[c+ 1]+ and 8 > 0 with ¢ = n — 8. Since

d\"~ ~
(_d_) Jl)(ea n,Xx, _t) ~ (2t6)n~lv(0a n,Xx, _t), r— 0,
n

Eq. (19) gives

7o _ NW/ 13 _
Jy (0577’)5’ t) F(ﬂ) déé J\)(69n+53x’ t)
0
= M]odg Cﬁ_lj (9 n+i X —t)
F(ﬁ) v > 2[9, >
0

~ Q10)T,(0,n,x,—1), t— 0.

Then Eq. (C.2) is derived from Eq. (15). From Eq. (C.2) we have

o0 o0
/ de €TV, £, x, —1) ~ (216)° / dt £, (0, £,x,0)e 2%
1 1

~ Qt0)T,0,1,x,—1), t— oco.

This completes the proof. O

Applying the above lemma, we have as s,,,s, — —oo with the difference
Sy — S, fixed

1
. (X) "/ (50 — 5m) —b —2(sm+5n)0
D(Sm> X5 8n, ) ~ D Ty do 67°7,2v6x)J,(2\/0y)e

(s —sw)
22b+4(sm + Sn)(smsn)bJrl

- 22b+1 bg _ e
1

Ty N, (2/y)e 2mFsn)

- 22b(smsn)b(sn — Sm)

(S +s )(Xy)b/z JV(Z\/;)Jv(Z\/y)eZ(Sm'FSn)’
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and
b/2 :
S (S X55ns V) ~ (i) / 40 J,2v/0x)J, (2/fy)eXsm=sw?
0

It is then clear that

Hm  D(Sym, X Sns )L (Sms X3 Sn,y) = 0.

SmSp—>—00
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