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Abstract

Determinantal process is a dynamical extension of a determinantal point process
such that any spatio-temporal correlation function is given by a determinant specified
by a single continuous function called the correlation kernel. Noncolliding diffusion pro-
cesses are important examples of determinantal processes. In the present lecture, we
introduce determinantal martingales and show that if the interacting particle system
(IPS) has determinantal-martingale representation, then it becomes a determinantal
process. From this point of view, the reason why noncolliding diffusion processes and
noncolliding random walk are determinantal is simply explained by the fact that the
harmonic transform with the Vandermonde determinant provides a proper determi-
nantal martingale. Recently O’Connell introduced an interesting IPS, which can be
regarded as a stochastic version of a quantum Toda lattice. It is a geometric lifting of
the noncolliding Brownian motion and is not determinantal, but Borodin and Corwin
discovered a determinant formula for a special observable for it. We also discuss this
new topic from the present view-point of determinantal martingale.
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1 Introduction

1.1 Determinantal martingale

Let V(t),t € T be a Markov process in a state space S C R, where the set of time is
continuous 7 = [0, 00) or discrete 7 = Ny = {0, 1,2, ... }. The probability space is denoted
as (£, F, P), where the expectation is written as E. We introduce a filtration {F(¢) : t € T}
defined by F(t) = a(V(s),s € [0,t]NT). When V(t),t € [0, c0) is a continuous time Markov
process, provided it has right-continuous sample paths, the transition probability density is
given by

0
p(t,ylz) = a—yP(V(t) <ylV(0)=z), z,yeSs, (1.1)
and when V (¢),t € Ny is a Markov chain, the transition probability is given by
p(tylz) =PV () =ylV(0) ==), z,yes (1.2)

The process M (t),t € T on (2, F, P) adapted to {F(t) : t € T}, is said to be a martingale
if, for every s < t,s,t €T,

E[M(t)|F(s)] = M(s) as. P. (1.3)

Let N = {1,2,...}. For a Markov process V(t),t € [0, 00), if there exists a nondecreasing
sequence {T,, : n € N} of stopping times of {F(t) : t € [0,00)}, such that M, (t) = M(t A
T,),t € T is a martingale for every n € N and P [lim T, = oo} =1, then we say M (t),t € T

. n—oQ
is a local martingale.

For N € N, we put

WN:{CU:(.I’l,...,CEN)GSNZ$1<$2<“'<SL'N}. (14)
For u = (uy,...,un) € Wy, we define a measure £ by a sum of point masses concentrated
onu;’s, 1 <j <N,
N
()= 8u,0). (1.5)
j=1

Depending on &, we assume that there is a one-parameter family of maps
Me(): TxR=R (1.6)
with a parameter u € C, such that

(7) ME(-, V() is a local martingale,
(17) M*(,x) : 1<k <N are linearly independent functions of z,
(ZZZ) MZ’“(O,UJ) :5jk’a Uj, U S Supp§: {Ul,...,UN}. (17)

Let {V;(t),t € T : 1 < j < N} be a collection of N independent copies of V'(¢),t € T.
We consider the N-component vector-valued process V' (t) = (Vi(¢),...,Vn(t)), t € T, for
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which the initial values are fixed to be V;(0) = u; € S,1 < j < N and the probability space
is denoted by (2, F, Pq) with expectation Eqp, w = (uq, ..., uy).

Forn € N, let I, = {1,2,...,n}. Let € = (21,...,2y) € S¥N and 1 < N’ < N.
The cardinality of a finite set A is denoted by $A. We write J C Iy, 4] = N', if J =
i, ivh 1 <1 < - <jnx < N, and put xy = (5, ...,7;,,). In particular, we write
xy = x,,,1 < N' < N. (By definition y = x.) Suppose u € Wy and £(-) = Zjvzl O, ()
For J C Iy,1 < #J < N, consider a determinant of local martingales

De(t, Vi(t)) = det [M{ (L V()] teT. (1.8)

We call (1.8) a determinantal martingale [34].

Let t € T,t < T € T. In this lecture we study the following expectation for an F(t)-
measurable function F' of V/(+), which is symmetric at each time, weighted by the determi-
nantal martingale,

o [F(V(-))Dg(T,V(T)) . we sy, (1.9)
By the assumptions (1.7) for the map (1.6), we can prove the following.

Lemma 1.1 Assume that £(-) = Z;VZI Ou; (1) withu € Wy. Let 1 < N < N. Fort €
T.t<T < oo and a measurable function Fn/ on SV,

Y. Bul[Fw(Vi(0)De(T, V(T))]

JCIn 4J=N’
:i@ 9 (d)Exp [Fyo (V o (1)) De(T, V xo(T)]. (1.10)

This shows the reducibility of the determinantal martingale in the sense that, if we observe
a symmetric function depending on N’ variables, N’ < N, then the size of determinantal
martingale can be reduced from N to N’. Proof is given in Section 2.1.

For an integer M € N, consider a sequence of times 0 < t; < -+ < tyy < T € T,
tm € T,1 < m < M, and a sequence of measurable functions x = (Xt,,---, Xz, ). Then
given an integral kernel

K(s,z;t,y); (s,x),(t,y) €T xS, (1.11)

the Fredholm determinant is defined as

Det [@@m+K@wmwm@}

(s,t)e{tl ..... tM}

(z,y)es?

(m) W) (n)
Bl >(3\/1 Nm m= 1 1<m.n<M
1<m<

(1.12)

where a:N ) denotes (2™, ... ng,n)) and dmgffnj = H;V:’”l dx§m), 1 <m < M. Let 1(w) be
the indicator of w; 1(w) = 1 if w is satisfied, and 1(w) = 0 otherwise. The reducibility of
determinantal martingales (Lemma 1.1) implies the following identity.

4



Lemma 1.2 Letu € Wy and { = Y1 6, Fort € T,0<t<TeT,

Eu [H H{l + Xt (Vi(tm)) } De(T, V(T))

m=1 j=1
= Det [65536 + Ke(s, 731, ] 1.13
(s t)e{tf...,tM}, 10z (y) (s, 5t y)xe(y) ( )
(z,y)€S?
where
Ke(s,z;t,y) = /Sf(dv)]?(s,ﬂv)/\/lg(t, y) — 1(s > t)p(s — t, z|y). (1.14)

Proof is given in Section 2.2.

1.2 Determinantal-martingale representations (DMR)

Let 901 be the space of nonnegative integer-valued Radon measures on S. Any element & of
M can be represented as §(-) = ;0 (+) with a countable index set I, in which a sequence
of points in S, * = (x;);e1 satistying £(K) = #{z;,z; € K} < oo for any compact subset
K C S. In this lecture, we consider interacting particle systems as 9)i-valued processes and
write them as

E(t,-) = Zéxj(t)(-), teT. (1.15)

The probability law of Z(¢,-) starting from a fixed configuration £ € 90 is denoted by
Pe and the process specified by the initial configuration is expressed by (=(t),P¢). The
expectations w.r.t.P¢ is denoted by E.. We introduce a filtration {F(t)},c7 defined by
F(t) = o(E(s),s € TN[0,t]). Let Co(S) be the set of all continuous real-valued functions
with compact supports on S. We set

My ={£€eM:£({z}) <1 for any z € S}, (1.16)

which denotes a collection of configurations without any multiple points.

For any integer M € N, a sequence of times t = (t,...,ty) € TM with 0 <t; < --- <
ty <T €T, tmeT,1<m< M, and asequence of functions f = (f;,,..., fi,,) € Co(S)M,
the moment generating function of multitime distribution of (Z(¢), P¢) is defined by

exp{zl/sftm(a:)E(tm,dx)}] : (1.17)

It is expanded w.r.t. x;, (1) = eftm) — 1,1 <m < M as
N,
m m 1 M
Z /M {dmgvrznxtm@; ))}pg(tl,mg\,z;... tar :1:5\, )> (1.18)
j=1

Ny >0, 1 WNm m=1
1<m<M

and it defines the spatio-temporal correlation functions pe(-) for the process (2(t), P¢).

We introduce the following definitions.

Vi) = B




Definition 1.3 Lett € T, 0 <t < T € T. For an F(t)-measurable bounded function F,
if E¢[F(Z(+))] is expressed by a Fredholm determinant, E¢[F(=Z(-))] is said to be Fredholm
determinantal (F-determinantal, for short). If the moment generating function (1.17) is
Fredholm-determinantal, we say the process (=(t),P¢) is determinantal. In this case, all
spatio-temporal correlation functions are given by determinants as

1 M m n
p§<t1,a:§\,1)7...;tM,:v§VM)> :1<j<Ndelt<k<N [Kg( s § ). tn,x,(c))], (1.19)
T i<mn<M
O<tiy < - <ty <TeT, tneT,1<m<M,1<N, <Na: eSNm 1<m<MEe

N, and the integral kernel K¢ depending on £ is called the correlatwn kernel.

Definition 1.4 Lett € T,0 <t <T € T. If there exists M{(-,-),u € S defining De(,-) by
(1.8) such that the following equality holds for an F(t)-measurable bounded function F,

(Z Ov; (- ) De(T,V(T))|

then we say (Z(t),P¢) has a determinantal-martingale representation (DMR, for short) for
F. If (Z(t),P¢) has DMR for any F(t)-measurable bounded function, t € T,0 <t <T €T,
it 1s said to be having DMR.

Ee[F(Z(-))] (1.20)

Lemma 1.2 gives the following statement.

Proposition 1.5 If (2(t),P¢) has DMR for F, then E¢|[F(Z(-))] is F-determinantal. If
(2(t),P¢) has DMR, then it is determinantal.

In the present lectures, we will prove the following.

1. The noncolliding Brownian motion (BM) and the noncolliding squared Bessel process
with parameter v > —1 (BESQ®)) have DMR for & € 9, £(S) < oo (Theorem 5.4).
Then they are both determinantal (Corollaries 5.5 and 5.6).

2. The simple and symmetric noncolliding random walk (RW) has DMR for £ € M, (Z) €
N (Theorem 6.1). Then it is determinantal (Corollary 6.2).

3. The O’Connell process has a variation of DMR for a special quantity, which will be
denoted as
O X{(-)—h), a>0, heR (1.21)

Then its expectation is F-determinantal (Proposition 7.3).



1.3 Complex-process representations (CPR)

Let W(t),t € T be a Markov process in S started at 0 defined independently from V'(t),t € T
on the probability space (2, F,Py), where the expectation is denoted as Eqg. We introduce a

complex process
Zt)=V(t)+iW(t), teT, (1.22)

where ¢ = y/—1. We consider a possibility that there exists a one-parameter family of
functions g : C — C with the parameter u € C and § = Zjvzl 0u;, w € Wy such that the
equality ]

M V() = Eolwg (Z(1)], teT,t<T <o (1.23)

hold. In this case, we set a collection of N independent copies of W (-) and denote the prob-
ability space as (€, F,Pg), where 0 denotes the zero in SV. Define the space (2, F,Py) as
a product of (Q, F,Pq) and (Q, F, Pg), which is the probability space for the N-component
complex vector-valued process Z(t) = (Zi(t), -+, Zn(t)) with Z;(t) = Vi(t) + iW;(t),1 <
j < N,teT. Then the determinantal martingale (1.8) is written as

De(t,Vi(t)) = det [Eolpf*(Z;(t))]]

J,kel

= B L(;lkeetj[gogk(Zj (t))]} , (1.24)

for J € Iy and the DMR (1.20) is rewritten as

E¢[F(Z()] = Ey L teT,t<T<oo (1.25)

N
F (Zl 5%Zj(-)> 1§§%EN[wzk<Zj(T))
j=

We call (1.25) the complez-process representation (CPR, for short) for E¢[F'(Z(+))].
We will prove the following.

4. The noncolliding BM and the noncolliding BES™) with v = 2n+41,n € Ny have CPRs
(Corollaries 5.7, 5.8).

5. The noncolliding RW has CPR (Theorem 6.1).

6.  The O’Connell process has a wvariation of CPR for ©%(X{¢(t) — h),a > 0,h € R.
(Proposition 7.2)

1.4 Infinite particle systems

Under some conditions on initial configuration ¢ € My for interacting particle system
(2(t),P¢), the map M{(-,-),u € C will be well-defined even for infinite particle limits,
£(S) =N —o0. Assume M e N, 0 <t <--- <ty <T <00, ¢, € Co(5),1 <m <M



and G = G({z,,}_,) is a polynomial on SM. For 0 < t < T < oo, if an F(t)-measurable
function F(=(+)) is represented as

FE() =G ({ / ¢m<x>z<tm,dx>}f:1> ,

we say F' is polynomial. By the reducibility of determinantal martingale (Lemma 1.1), if
the degree of the polynomial F'is n € N, D¢(T,V (T')) in the DMR (1.20) can be expressed
by using {D¢(T,V(T)) : J C N, 4J < n}. In this sense, the present DMRs (and CPRs) are
valid for (Z(¢),P¢) also in the case {(S5) = oo. We will discuss the following.

7. Some sufficient conditions for ¢ are given such that the DMRs (and CPRs) are valid
for the interacting particle systems (=(t),[P¢) with infinite numbers of particles, and
infinite-dimensional determinantal processes are well-defined (Section 5.9).

1.5 Systems started at initial configurations with multiple points
The basic of the present theory is for the deterministic initial configuration with no multiple
point, £ € M. But we will also discuss the following case.

8. The map M{(-,-),u € C can be extended for the system started at configurations
with multiple points (Section 5.8).



2 Proofs of Lemmas 1.1 and 1.2

For a finite set J, we write the collection of all permutations of elements in J as S(J).
In particular, for I, = {1,2,...,n},n € N, we express S(I,) simply by S,. For x =

(1,...,2n) € S™, 0 € S, we put o(x) = (To1), .-, Tom)). For an n x n matrix B =
(Bjk)1<jk<n, the determinant is defined by
det B = det [Bj
1<j,k<n
= Y _sen(o) [[ Biowy- (2.1)
0cESH 7=1

Any permutation ¢ € §,, can be decomposed into a product of cycles. Let the number of
cycles in the decomposition be /(o) and express o by

0 =CiCa - C(o); (2.2)
where ¢, denotes a cyclic permutation
ar=(ex(D)ea(2)---exnlqn), 1<qgn<n, 1<X</((o). (2.3)

For each 1 < A\ < (o), we write the set of entries {cx(j)}iX, of cx simply as {cy}, in which the
periodicity cx(j + qn) = cx(7),1 < j < ¢ is assumed. By definition, for each 1 < A < {(0),
ca(j4),1 < j < gy are distinct indices chosen from I,,, {cy} N{cy} =0 for 1 <X # N < {(0),
and Z‘};’{ g» = n. The determinant (2.1) is also given by

o) qx
det B = Z (_1)71_[((;) H H Bc,\(j)cx(j-ﬁ-l)' (24)

€Sy A=1j=1

2.1 Proof of Lemma 1.1

By definition of determinant (2.1), (1.8), and independence of V;(-),1 < j < N, the LHS of
(1.10) is equal to

> Bu | FeVi) det M (1 V(D))]

JCIN fI=N" Hkely
N
= Y By [Fn(Vi(®) Y sen(o) [[MeO(T, Vi(T))
JCIN, 4J=N" ceSN 7j=1
= Y sen(o)Eu [ Fyv (V) [[MEO @ (1) [ M2 (T Vi(T))
JCIN #J=N' c€SN i j€J kely\J
= Y ) sgn(0)Eu |Ex(Vi(t) [[ MO (T, Vi(T))
JCIN, 4 J=N’' c€SN jEJ
X H Ey (M (T, Vi(T))] . (2.5)
keln\J



By the martingale property of M{(-,V(-)) and the condition (iii) of (1.7),

[T Bu M@ V)] = [ Eu [ME®(0,Vi(0))]

kE]IN\J kGHN\J

= H Mzo(k><0, uk)

keln\J

Then (2.5) is equal to

Z Z sgn(o)Eqy

Fy(Vy(t) [ M (T, Vi(T))

JCIN 4I=N" 0eS5(J) jel
= Y Bu|FeVi) et v
JCIN,§J=N’
= [ e omy [Fevi) g p@vm). e

where equivalence of V;(-),1 < j < N in probability law is used. This is the RHS of (1.10)
and the proof is completed. g

2.2 Proof of Lemma 1.2

By performing binomial expansion of [[X_, [T~ oL+ Xt (Vi(tm)) } and by Lemma 1.1, the
LHS of (1.13) gives

> 3% [ ewm | [T v ttpav,m)]|. e
N, >0, 1<p<N  HJm= m=1 jm€Jlm
1<m<M 1<m<M

Um:lJm:HP

On the other hand, the RHS of (1.13) has an expansion according to (1.12). Then, for
proof of Lemma 1.2, it is enough to show that the following equality is established for any
M eN,(Ny,...,Ny) € NM

CON (n)
/HM H {dwN HXtm( >}1SjSNS,e1t§k§Nn [Kg( me &5 3ty T

m=1 WNm m=1 1<mn<M

- ¥ Z / €97 (dv)Eqy [H IT x.(Vi( J%gip [ka(T,VJ(T))]

1<p<N  #Jm=DNm, m=1 jm€lm
1<m<M,

Um:l szﬂp

(2.9)
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Here we will prove (2.9) by fixing M € N, (Ny,..., Ny) € NM.
Let IV = Ty, and 1™ = Ty n \Igwn1y,2 <m < M. Put n = >0, Ny, and

=M t.1(j € 1)1 < j < n. Then the integrand in the LHS of (2.9) is simply

written as
1<5,k<n

fojmj) det [Ke(7j, 25; Tk, 1)), (2.10)

and the integral fl—[Mi W | d:cN )(-) can be replaced by (TIY_, N3 Jgn dz (-). By
the formula (2.4) of determinant, (2.10) is expressed as

£(o)
n L(o
Z )HHXT«:W) Ter (1)) Ke(Ter(3)r Loy Tea(i+1)s Ler(+1)
0€SH A=1j=1
£(o)
n —l(o
- Z : H H XTCA(J) wc)\ {gTC/\(J) Tex (G+1) (xCA(J)7 'CECA(]JFU)
ocES, A=1j=1
~1(Tey) > Ten0)P(Ter () — Ten 1) Ten () er541) | (211)

where with (1.14) we have set

Gst(z,y) = Ke(s,x;t,y) +1(s > t)p(s — t,z|y)
- /5 (dv)p(s,zl)Me(t,y), (s.t) €T (z.y) € 5% (2.12)

We will perform binomial expansions in (2.11). In order to show the result, we introduce
the following notations. For each cyclic permutation cy, we consider a subset of {c,},

C(CA) = {CA(j) € {CA} P Ten() > TcA(jH)}-

Choose M, such that {cy} \ C(cy) C M, C {c,}, and define M = {cy} \ M. (Then
M C C(cy).) Therefore if we put

qx
Glen My = / Wil {d%(” Xrey ) (Tex)P(Ter(s) = Te (i1 Ten () [Fen g 41) P

cy(7)eM
XchA(j)chA(jH)(Ic,\(j)axc,\(j-i-l))l( A€ A)}7 (2.13)

the LHS of (2.9) is expanded as

L(o)
1 Z _1)n_g(g) H Z (_1)ﬁM§G(C>\7M>\)_ (2.14)
A= M

Hm 1 m oES, Al
{eaf\Clen)CMC{en}
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Using only the entries of M, we can define a subcycle ¢, of ¢y uniquely as follows. For
each 1 < j < g\ with ¢)(j) € M), we define

= min{k > j:c\(k) € My}
= max{k < j:c\(k) € M)} (2.15)

.

Since ¢ is a cyclic permutation, QA = 1M,
My} I G > 2, define jon = ol < k <

(ex(ir)ea(ga) - - - c(jz))-

Moreover, we decompose the set M into M subsets, M, = Ui‘gzl JA | by letting

m

> 1. Let j1 = min{l < i < g\ : en(y
g» — 1. Then ¢y = (&x(1)ex(2)--- (@)

)
)

JA =3 (e, M) = {ck(j) EM,:j <7k <j stey(k) € ]1<m>}, 1<m<M. (2.16)

m

By definition, if ¢\(j) € My and j < j — 2, then for all k, s.t. j < k < j, we see
k € M C C(cy) and thus 7, ) > TC)\(k_H) > 7., (j)- Then in general JA NJIN, #0,m #nm/,
and J} = Iy, N M, = Iy, N{an}, Jp, C Iy, for 2 <m < M, J), nI® ¢ J for
1<k<m< M.

Now we prove the following lemma.

Lemma 2.1 The quantity (2.13) is equal to

[ T el o 11 T v HM””“’TV o) (217)

Jiea(§)EMy m=1 j,, eI}

Proof of Lemma 2.1. We note that if we set

F({ae i) : ea(k) € M3})
/ H {dxc)\(] XTCA(])(xq(J))chA(]) Tc)\(]+1)<xck(])7xck(]'i‘l))}

Jiea(d)eEMy

< I PEest) = Teathrys Tesy [Ter sy (2.18)
ke (k) €M,

which is the integral only over SM», then (2.13) is obtained by performing the integral of it
also over SMA = Gienk\ gMx

Glex, My) = /SM I1 {d:vcx(k)xnk(k)(xCA(k))}F({ch(k):cA(k)eMj}). (2.19)

A kiex(k)EMS,

In (2.18), use the definition (2.12) for Gr - .\ (Te\(j)s Ter(j+1) y) by putting the integral

12



variables to be v = v, ;). We obtain

F({we,w - ex(k) € M3})

<

My

£<dUCA /SA H {dfbc/\ (TC/\( » Lex(j |UCA(J )XTLA@)( CA(J))}

Jiea(d)EMy Jiea(d)eEMy

M (1o Ter) LI PTent) = Teathsn)s Tea ([ eresn))

jiex (F) €M k:ex (k)eM$

/SMA

&(dve, (j)) Ev [ 1T {ij) (Ver(i) (Tex)))
Jiea(j)eEMy Jea(j)eMy
XM (T (41)s Ver (141) (Tea 41))) AU FHEM)

XM (e (j41), e () AV TDNS )}

H {p(Tcx(k) — Tox (et 1)s Tex (8) | Ve (k1) (Tey (1)) A FFDEMA)

k:cx(k)eM§

XP(TC)\(k) — Tea(k+1)s xcx(k)|xcx(k+1))1(6/\(k+l)€Mi) }] '

Using Fubini’s theorem, (2.19) is given by

/ H é(dUcA ]))E [ H XTC)\(j)(‘/C/\(j)(TC)\(j)))

Jiex(i)eMy (9)eMy

X H M (Tey 541y Ver (01 (Ter (11))

ex(g)sea ]+1)€M>\

J:
/ dxcx(k)XTc)\(k) (xCA(’C)>}

A kiex (k) EMS,

X H p(TCx(k) - TC)\ (k+1)7 'rCA (k’) |‘/C,\(k‘+l) (TC)\(]C"F].)))
kIC,\(k‘)EMC ,C)\(k—‘rl)EM/\

X 11 P(Terk) = Tea(hr1)s Ter ()| T k4+1))
ke (k),ex(k+1)eMS

X H M A (Tc)\(j—l—l); xc)\(j—&—l))] . (220)
Jiea(§)EMy,ea(§+1)eMS

We perform integration over w., )’s for cx(k) € M before taking the expectation Eq. That
is, integrals over w.,)’s with indices in intervals j < k < j for all j, s.t. c\(j) € M, are
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done. For each j, s.t. cx(j) € My, if j <j —1,

J—1
v (Ver (i) (Ter g H /d% k) XTey () %A(k))}

k=j+1
XP(Ter(G-1) = Tea(d)s Ter(G-1) | Ver () (Tex (7))

j—1
Ve (4)
X H p(TC)\(l—l) - Tc/\(l)yxC)\(l—l)|x0)\(Z)>M€ A (

I=j+2

X,

Tex(+1)» Tea(+1))
coincides with the conditional expectation of
j
Yex(4)
H XTc/\(k)<‘/C>\(j)(TC)\(k)))M§ M (TCA(J‘H)’ ‘/C/\(j)(TCA(1+1)))

k=j+1
w.r.t. Ep[- Ve, ) (7e,())]- Since
Ve ( ) Ve :
I[I Mo Voo o)) =TT MY Tt Vi) (Tesion)s
Jiea(§)eEMy Jiea(j)EMy
(2.20) is equal to

Joo I sl

]C)\ EM)\
J L
X Eq H H XTCA(,C)(‘/CA(j)(TC)\(k)))MJA(J)(Tcx(j#l)a‘/ck(j)(Tc,\(j#U))
jer(eMy | k=j+1

Then, by definition (2.16), we arrive at the expression (2.17) of G(cy, M,), if we use the
martingale property of M¢. g

Let M = [J{“) M. Since n— S20%) $MS = M, the LHS of (2.9), which is written above
as (2.14) with Lemma 2.1, becomes now

L(o)
(— 1)@ §(dve, ()
H m=1 Nm O’EZS Z sM HQCA]TJ;MA "

I,\US) C(cA)cMcHn

L(o) M ax

<Bo | T[T TT TT tew (Vi () TIME (T Vi () § | (221

We define



and
L(o)

m—UJ 1<m< M.

Note that ¢(5) = ¢(c). The obtained (J,,)M_,’s form a collection of series of index sets
satisfying the following conditions, which we write as J ({ N, }2_,):

Ji=1In, JnClyp n, for 2<m <M,

J,NI® cJ. for 1<k<m<DM, and
tJn =N, for 1<m<M. (2.22)

For each (J,,)M_, € J({Nn}M_,), we put
m—1
A =0 and Am:ﬂ(‘]mmHZ;ﬁij) = (Jmﬂ U Jk> , 2<m< M.
k=1

Then, if we put M = (JY_, J,,, tM = =¥ (N, — A,,,), which means that from the original
index set I, = Ufn/[:l 1™ with 1™ = N,,,1 < m < M, we obtain a subset M by eliminating
A, elements at each level 1 < m < M. By this reduction, we obtain ¢ € S(M) from o € S,,.
It implies that, for allg € S(M ) the number of ¢’s in S,, which give the same & and (J,,,)_,
by this reduction is given by [[Y_, A,!, where 0! = 1. Then (2.21) is equal to

Z Z Hi\n]\j_lAmi Z (—1)M—@)

(Tm)pi=1 CT (N} i—1): [Ty Non! FeS(M)

M:
maxm { Nm } <fM<N UM— 3, =M
£{3) gx o
xiM! / EM(dv)E H IT xe. (Vi () [T TT M 7T, V) (T))
Winm m=1 jm€JIm A=1j=1
M
Al
= 2 > 20N
M: M M. m=1""""
maxm { N }<§tM<N (Jm)mJI&ICJJ(i]iT;/}imZI).
QXM Vi
x /W M (dv)E [H I X (Vi () det [METVTD]| . (2:23)
M m=1jmEJm

15



Assume 1 <p < N,0<A,, < Np,,2<m < M and set A; = 0. Consider

A= {(Jm)i\n/[l - j({Nm 7]\7{:1) 4 ( Jm) =D,

m—1

ﬁ(JmmUJk> :Am,zgmgM},
k=1
M

AQ: {(Jm)%—l ﬂJm:NWMlSmSM) Unﬂm ]ng

m=1
m—1

il QA Jk>:Am,2§m§M}.
k=1

Since V;(+)’s are i.i.d. in Py, the integral in (2.23) has the same value for all (J,,)M_, € A,
with (JY_, J,, = M and it is also equal to

| vy [H IT e (Vi (t0)) det [ME(T V(D))

. j,kel
m=1jmElm P

for all (J,,)M_, € As.

In Ay, for each 2 < m < M, A,, elements in J,, are chosen from UZ:ll Ji, in which
#( Z:f Ji) = Z:ll(Nk — Ay), and the remaining N, — A, elements in J,, are from 1™
with 1™ = N,,. Then

M m—1

In Ay, on the other hand, N; elements in J; is chosen from I,, and then for each 2 <
m < M, A, elements in J,, are chosen from Urkn;ll J. with ﬁ(Um;f Jr) = Tkn;ll(Nk — Ap)
and the remaining N,, — A,, elements in J,, are from I, \ U7 Jx with #(I, \ Ur—' Jx) =
P — Z?;l(Nk — Ak) Then

QI )

m=2

Since Z%Zl(Nm — An) = p, we see fAy/tA; = p! H%:l Ap! /Nyl Then (2.23) is equal
to the RHS of (2.9) and the proof is completed. g

16



3 Polynomial Martingales

For n € Ny, here we consider the monic polynomials of degrees n with time-dependent
coefficients,

n—1
mu(t, ) =2"+ Y DBl t>0 (3.1)
j=0
satisfying the conditions such that
mn(0,2) = 2", (3.2)

and that, if we replace x by the Markov process V(t),t € T, then they are local martingales.
Such polynomials {m,,(t,v) },en, are called the polynomial martingales associated with the
process V(-).

3.1 Brownian motion (BM) and Hermite polynomials
Let V(t) = B(t),t € T = [0,00), the one-dimensional standard Brownian motion (BM) on
S = R. The transition probability density is given by

1
e’(””’yw%, t>0,z,yeR

e (3.3)

Iy — z), t=0,z,y € R.

p(tylz) =

For n € Ny, the Hermite polynomials of degrees n € Ny are given by

[n/2]
H,(z) = ;(—1)9‘],!(””—_!2],)!(29;)”—%, n € Ny, (3.4)
which solve the differential equation
y" — 2y + 2ny = 0. (3.5)
The following is proved.
Lemma 3.1 The polynomials of B(t),t € [0,00),
m(t, B(t)) = (%)n/g H, (%) L 120, neN,, (3.6)

are all local martingales.

17



Proof. my(t, B(t)) = 1. By Itd’s formula, for n > 1,

n/2—1 n/2
nt" L (BN (¢ u B®)Y (_ B0 |,
2 20/ V2t 2 V2t (2t)3/2

() (59) o ) () o

dmn(t, B(t)) =

Here we find

A, (t) = % [H,’; (%) — %B(t)H;l (%) +2nH, (%)] =0,

for (3.5). Then m,(t, B(t)) are given by stochastic integrals

1 b B(s)

The proof is thus completed. g
We call the polynomials
£\"? x
my(t, z) = (§> H, (\/—27) , >0, neN, (3.8)

the polynomial martingales associated with B(t),t € [0, 00).

Remark 1. It is obvious that
GEM(t, B(t)) = e*Bt)~1e?/2 (3.9)
is martingale for any o € C. It is known that
BM =< /t\"? T a”
GBM(t, 2) = nzzo (5) H, (\/_27) — (3.10)

where H,,,n € Ny are the Hermite polynomials given by (3.4). Then Lemma 3.1 is immedi-
ately concluded, if we confirm that m,, (¢, x),n € Ny are monic.

3.2 Squared Bessel Processes (BESQ(V)) and Laguerre polynomi-
als

Let V(t) = RW(t),t € T = [0,00), v > —1, the squared Bessel process with index v > —1
(BESQ")on S =R, ={x € R: 2 >0}. Forv = D/2—1,D € N, R¥)(-) can be defined as a

18



sum of squares of D independent BMs, B;(-),1 < j < D such as RV (t) = Z B;(t)%,t > 0.
For general v > —1, it is given by the solutlon of the stochastic differential equatlon (SDE),

= /t 24/ R (s)dB(s) +2(v + 1)t, ¢ >0, (3.11)

where B(+) is a BM, and, if —1 < v < 0, a reflection wall is put at the origin. The transition
probability density is given by

1 v/2
—(3> exp (—ZYN 1 (V) is 0250y €eR,,
2% \z 21 i

) _ Y ~u/2t t>0,2=0ycR
Pt yle) T+ 1) =0y e Ry, (3.12)

ké(y—l'% tZOaI7yGR+7

if =1 < v < 0, the origin is assumed to be reflecting. Here I, (z) is the modified Bessel
function of the first kind defined by

3 AR 3.13
nzzorn+1 n+1+y)<§> (3:13)
with the Gamma function I'(z) = [~ e “u*"*du, Ru > 0.

For n € Ny, the Laguerre polynomlal of degree n € Ny with index v > —1 is given by

n

, 'n+v+1 ,
L(x) = ;(—D’F(V +<j jl)(z _)j)!j!xf, n € Ny, (3.14)
which solve the differential equation
vy +(v+1—2)y +ny=0. (3.15)
The following is derived.
Lemma 3.2 Forv > —1,
mn(t, ) = (—1)"n!(2t)" L) (2t> t>0, neN (3.16)

are the polynomial martingales associated with the BESQ™), R¥(t),v > —1,t € [0, 00).
Proof. mg(t, R)(t)) = 1. By (3.11), the quadratic variation of BESQ® is (R™), =
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4f RW(s)ds,t > 0,v > —1. Then, for n > 1, Itd’s formula gives

ot R0) = (1)t a2 L) (R(”“)) ray (20 (EL0)]

+(=1)"nl(2)" LY (

with

+ <u 11— %)t(t)) L) (%p) +nL® (%)t(t))} .

For (3.15), AV (t) = 0,n > 1. Then m,(t, R¥)(t)),v > —1 are given by stochastic integrals

, / RW)
mn(t, RV () = n'Z"/ “1\/RW(s)LY (RQ—SS)) dB(s), t>0, n>1.

(3.17)
The proof is thus completed. 3
Remark 2. ForaceC;t>0,x e R,v > —1, let
) eaa;/(l—l—?ta)
Gyt = 3.18
By Ito’s formula, we can see
20/ RW)(t
a6 R0) = 2V D 606 pem)as) (3.19)
1+ 2t
that is, GY(t, R¥)(t)) is a local martingale for any o € C. It is known that
Ot 2) = S 1yt (£) &
GW(tx) = (~1)"nl(2t)" L (2t> . (3.20)

n=0

Then Lemma 3.2 is obtained.
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3.3 Random walk (RW) and Fujita’s polynomials

Let Z be a set of all integers and N € N = {1,2,...}. Let V(¢),t € Ny be a one-dimensional,
simple and symmetric RW on S = Z starting from 0 at time ¢ = 0,

V(t)=¢(1) +¢@2) +---+¢t), teN, (3.21)
where {((t) : t € N} are i.i.d. with
1
PlC) =1 =35, Pl1)=~-1]=2. (3.22)
The following discrete Ito’s formula was given by Fujita [20, 22, 21].
Lemma 3.3 For any f:Ng xZ — R and any t € Ny,

fE+1LV(E+1)— f(t, V()

- %[f(t FLV+1) = [+ 1L,V = D] (V(E+ 1) - V)
g [FEH LV 1) = 2+ LV(0) + f(e+1,V(0) - 1)
Hf(E+ V() — f(5 V(D). (3.23)

We perform the Esscher transform with parameter a € R, V(-) — V,(-) as
eaV(t)

Va(t) = Wa

t € Np.

By (3.22), E[e*®] = (e* 4 ¢7¥)/2 = cosh a, then we have
Valt) = Ga(t, V(1)) (3.24)

with .
t =
GOZ( ) x) (COSh &)t )

If we set f = G, in (3.23), the second and third terms in the RHS vanish. Then

teNy, xz€Z. (3.25)

Got+ 1L V(t+1)) — Gu(t, V(1))

— %[Ga(wr LV(t)+1) = Galt+1,V(t) = 1)|¢(t + 1),

which implies that G, (t,V(t)) is {¢(1),{(2),...,{(t) }-martingale for any o € R [20, 22, 21].
From now on, we simply say ‘G,(t, V(t)) is martingale’ in such a situation.
Expansion of (3.25) with respect to a around o = 0

Galt,) = Y my(t, x)%, (3.26)
n=0 ’
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determines a series of monic polynomials of degrees n studied by Fujita in [20, 21]
my(t, ) = 2" + Zcff):cj, n € No, (3.27)

such that

D0)=0, 1<j<n-—1, and
my(t, V(t)) is martingale, t € Ny.

For example,

mo(t,x) = 1,

mi(t,x) = =z,

my(t,z) = x> —t,

ms(t,z) = x°— 3tx,

my(t,z) = x* — 6t + (3t + 2)t,
ms(t, x) 2® — 10tz® + 5(3t + 2)tx

They satisfy the recurrence relations
1
mp(t,x) = i[mn(t +Lz+1)+my(t+1,2—1)], neN.

We call m,(t,x),n € N, Fujita’s polynomials and m,(t,V (t)),n € Ny, Fujita’s polynomial
martingales for the simple and symmetric RW [20, 21].

Remark 3. The Esscher transform with parameter o for BM, B(t),t > 0 is given by

Bo(t) = Gg'(t, B(1))

with

BM _ e _ e _ _az—a?t/2
Ga (tv J)) - E[eaB(t)] - 00 BM =€ ) (328)
dxe®p~(t, x|0)

[e.9]

where pPM(t, y|z) is the transition probability density of BM (3.3). This is nothing but (3.9).
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4 Integral Transforms and Complex-Process Represen-
tations (CPR) for Polynomial Martingales

For each set of polynomial martingales {m,(t,x) : n € Ny} associated with the Markov

process V(t), here we want to determine the integral transform of an integrable function f
of the form

M) (t)] = [ dwattwlo) o) (4.1)
such that it satisfies the equalities
mp(t,x) =M [(cW)"| (t,x)], VneN, VteT (4.2)
with some constant ¢ € C. If so, given any polynomial f,
M[f(cW)|(t,V(t))],t > 0 is a local martingale, and (4.3)
MLf (W)1(0,V(0))] = F(V(0)). (4.4)

Note that by setting f =1 in (4.4) we have M[1|(¢,V (t))] = 1,¢t > 0.

4.1 BM
For BM, V (t) = B(t),t € [0,00), we set

c=1 (4.5)
and

q(t,ylz) = p(t,ylc'z)

1 2
—(tz+y)* /2t
—e¢ , t>0,z,yeR
_ V2t (4.6)
Ny — z), t=0,z,y € R,

Then we can prove the following.

Lemma 4.1 With (4.5) and (4.6), (4.2) are satisfied.

Proof.  Since p(t, -|z) solves the diffusion equation, q(t,-|z) = p(t, -|c"'z) satisfies Oq/0t =
c%(1/2)0%q/0z*. Then It6’s formula implies

dMf(W)|(t, B())] = /Rdw dq(t, w|B(t)) f(w)
= [/Rdw {%(t,w\B(t}) + %%(t,w\B(t))} f(w)} dt
+ {/Rdw %(t,ww(t))f(w)} dB(t)

= | [ dw e wipo)s)]| aso),
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if c2 = —1 & ¢ = +i. Therefore, the assignment (4.5) of the value ¢ guarantees that

M[f(W)|(t, B(t))] is a local martingale. The Hermite polynomials have the following integral
representations, n € Ny, z € R (for instance, see Eq.(6.1.4) in [1]),

Ho(z) — % /_ " e (4.7)

2m [ 2
- = —u )" 4.
=) due™ (x + iu) (4.8)

The formula (4.7) gives (4.2) with appropriate change of variables. y
Remark 4. The function GEM(t, B(t)),t > 0 given by (3.9) is martingale for any a € R.
Then its Fourier transform with respect to «,

q(t,w|B(t)) i/Rdoze_i‘;”“GEM(t,B(t)) (4.9)

T o
is also martingale for any w € R. We find that

1 .
q(t,wlz) = 7 doy e~iow g —ta/2
™ Jr

= L twripe (4.10)

V27t

which is equal to p(t,w|c™'z) with ¢ = i as mentioned as (4.5) and (4.6) above. By the
Fourier reverse transform of (4.9), we have

GEM(t, B(t)) :/Rdwq(t,w\B(t))emw. (4.11)

Expansion of the both sides with respect to a gives

> ma(t. BO)S = 3 [ dwattwlBe) ), (412
n=0 ’ n=0 ’
which implies

MIEW)"|(t, B(1)] = /Rdw(J(tMB(t))(iw)"
= my(t, B(t)), n € No, (4.13)

where m,(t, x) is given by (3.8).
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4.2 BESQWY
For BESQW), V(t) = R™(t),v > —1,t € [0,00), we set
c=—1. (4.14)

and

¢ (t,ylz) = p(t,ylc ' x)
1 v/2 —
3 () e (<50 0 (L), is0ss0pers,
X
- yy —y/2t
@O T(w+1)"

t>0,2=0,y € Ry, (4.15)

\ 6(3/_:5)7 t:07x7y€R+7

where J,(x) is the Bessel function defined by

e (_1)” 2\ 2ntv
LOEDY T(n+ I(n+1+v) (5) ‘ (4.16)

n=0

As usual we define z¥ to be exp(vlogz), where the argument of z is given by its principal
value;

2V =exp |:V{ log |z| + \/—_1arg(z)H, —m < arg(z) <.

In order to obtain (4.15) from (3.12), we have used the relation

1(z) = { e;y”;j/QQJy(?Z), -7 < arg(z) < /2,
e J,(iz), /2 < arg(z) <.
Then we can prove the following.
Lemma 4.2 With (4.14) and (4.15), (4.2) are satisfied.
Proof.  Since ¢™)(t,-|z) = p¥)(t,-|c'x) satisfies
8(%;”) =c! {Q:Eagi(:) +2(v + 1)833(:) } )

M@ [f(W)|(t, R¥)(t))] is a local martingale, if ¢ = —1 < ¢ = —1. Therefore, the as-
signment (4.14) of the value ¢ guarantees that M[f(W)|(t, R¥)(¢))] is a local martingale.
The integral representations of the Laguerre polynomials in terms of Bessel functions (for
instance, see Eq.(6.2.15) in [1]),

Y 1 e
Lg)@) - HxV/Q

/ due w2 J,(2v/zu), neNyv>—1,z€R,, (4.17)
0
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give (4.2). g

Remark 5. The following integral formula is established,

et [T v/2, —(1—a)u Yo g~/ (1~e)
It gives an integral representation for GY (t,x) studied in Remark 2,
G¥(¢, ) = / dw ¢ (¢, w]z)ev, (4.19)
0
where ¢) is given by (4.15).
4.3 CPR for BM
The integral formula (4.8) implies
ma(t,2) = Eo[(x +iW ()", n €Ny, (t,x)€0,00) xR, (4.20)

where Ey denotes the expectation of BM, W (t),t > 0. It is independent from B(t),t > 0
and started at W (0) = 0. Then, if we consider the complex BM,

Z(t) = B(t) +iW(t), t>0, (4.21)

then
my(t, B(t)) = M[EW)"|(t, B(t))] = EO[Z(t)”], t>0, neN. (4.22)

As a matter of course, the map z — 2",z € C,n € N are analytic, and then Z(¢)",t > 0,n €
Ny are conformal maps of Z(t),t > 0. Since the probability distribution of the complex
BM is conformal invariant, Z(t)",t > 0,n € N are time changes of Z(t). In other words,
Z(-)",n € N are conformal local martingales (see Section V.2 of [61]). Since B(-) = RZ(-)
and W(-) = SZ(-) are independent one-dimensional standard BM’s, m, (-, B(-)),n € N,
which are obtained by taking the average over the imaginary parts of Z(-)™ as (4.22) are also
local martingales.

4.4 CPR for Bessel processes (BES®™)
The Bessel process with index v (BES®), RV (t),t > 0, is defined by

RY()=+/RW(t), t>0, v> -1, (4.23)

where R (t),t > 0 is BESQ™). It solves the SDE

2u+1 dt

AR (1) = dB(t) + = Tom

(4.24)
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The transition probability density is obtained from (3.12) as

Pt yle) = pW(t,y*a?)2y
4 1 v+1 2 2
Y exp(—x “’)JV(@), t>0,2>0,y€cRy,

t av 2t t
VI t>0,2=0ycR,, (425
o 2th/+1F<I/_'_1>e ) >0,r =0,y € Ry, ( : )
\ 5(y_x)7 t=0,z,y € Ry.
Corresponding to this, the integral transform (4.1) for BESQ®), which is denoted as
M®)[.].], is converted into that for BES®) expressed as M®)[-|-] so that the following relation
holds, o B
MO[F(=W)I(t, R (2))] = MPLFEW)[ (8, BV ()], t =0, (4.26)

where f and f are polynomials with the relation f(z) = f(2%),z € C. For it, we set

q(tylzr) = ¢ty %2y

(( Ly (=2%) +v* zy
- — Jy<—>, t>0,z>0,yecR,,
t g OO0 ( ot ) / TR
B Y2l .

v H (v + 1) ’

t>0,x=0y¢cR,,(4.27)

[ Oy — ), t=0,z,y € R,.

and define the integral transform for BES®), v > —1 by

MELF(W)](¢,2)] :/R dw g (t,wlz) f(w), (t,2)€[0,00) x Ry (4.28)

for an integrable function f. Then the relation (4.26) is satisfied.
For m € Ny, the Bessel functions have the following expansions by the trigonometric
functions,

Jomy12(x) = (-U”\/g

m—1
—1)*(©2m + 2k + 1)!
+cosxz (2<k )" (2m ) !(255)—(2’9+1)] ’

prt + D!(2m — 2k — 1)
J2m+3/2(x) = (—1)m\/g

(DR 2em 2k,
Sm; @) (2m — 2k 2Y) '

L (=D)kR©2m + 2k + 1)! Con
_Cosxkz 2am — 2k 1) Y

o= (CDFCm A2k +2)!
Hmw; ((Zk)—l—(l)!(Zm— 2k)>! (22)7 )] - (429
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They are obtained from Eq.(4.6.12) in [1]. For example, if we set m = 0 in (4.29), we have

2 2 (sinx
Jl/g(x):\/%smx, J3p2(x) = %( " —cos:z:).

Assume that f(z) is a polynomial of 22, and thus

f(=2)=f(z), zeC. (4.30)
Then (4.28) with (4.27) gives

M(/2) [f(zW)‘ (t,a:)} = / \/7 e~ (-t Hw?)/2t sin(zw/t) f (zw)

_ dww{ —(w—iz)2/2t _ e —(w+iz)? /Zt} f(zw)
\/27rt i /ﬂh ’

and

I N R PP
7t x Tw

t o . 1o
dw w {ef(wfzz) /2t ef(w+m) /Qt}
V27t LI3 /RJF

—% dw w? {e_(w_”)z/% + e_(w+ix)2/2t}} f(zw)
X R

sin(xw/t) — cos(xw/t)} Fliw)

By the assumption (4.30), they are rewritten as

M(1/2) [f(iW)‘(t,x)] - \/;_ﬂ( 1.)x /R duw we=WFiD 2 Fjay)
o
MB/2) [f(zW)’ (t,x)] = \/%m [(_;T/Rdwwe_(w“my/%f(iw)

1 I
d 2 —(w+iz)?/2t .
—|——( i)2$24 wwe fiw)
oo+1x )
+ +
{ x+iu)  (z+iu)

—u? /2t 7 .
e T +u),
==/ sy e s )

where we have changed the integral variables by u = w + ix. Since the integrands are entire,
[ du(-) can be replaced by [, du(-). Then we have the following expressions for the

oco+ix

3 T
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martingales (4.26) with v = 1/2 and 3/2

w0 0] = B [ 2 fz0m) . ezo

|f
MG/2) [ ’ (t gf(l/z)(t))}

. tZ(3/2)(t) ( 7(3/2) (t)) -
— T, [{ (RZG2)(1))3 + (RZGB2)(1))2 }ﬂZ( / )(f))] , t>0, (4.31)

M(1/2

where ZW)(t) = RM(8) + iW (1), v = 1/2,3/2. These calculations are generalized as follows.

Lemma 4.3 Let f(2) be a polynomial of z%. Then MU [F(iW)|(-, R™FY/D (1)), n € Ny,
are local martingales, and

MO [ Faw)| (¢ B2(0)] = Bo [ @220 @) (20 P w)] ez,
(4.32)

where "
Z(H12) (1) = RTUD () 4 W (1), ¢ >0, (4.33)

and

QU (2) = (%)n (%Z)ZQ”“ ; ((s"__k)!;d ( (3”:2) ) . zeC (4.34)

Note that the equalities (4.22) with (3.6) hold even if we replace the complex BM, (4.21),
by the present complex diffusion, (4.33), since the imaginary parts are the same;

Eo[(ZMHY2(0)F] = my(t, R™YD (1), ¢>0, n, ke Ny (4.35)
Then for monomials f(z) = 22, (4.32) gives the following. For n, ¢ € Ny,

M (n+1/2) |:<ZW)2£

~ k

t " (2n —k)! [ 2ROV (1)) . "
N nt+1/2 [\ 20+k+1
<2> (R n+1/2 2n+1 Z n — |k;' ( t EOKZ (t)) ]

(t, B n+1/2 }

k=0

t)e ( n+1/2) t)) 2n+1)
22n+1 9

n 2n _ R n+1/2) fi(n+1/2) (t)
X 2 H —_— . 4.36
2 ( k:)!k:! ( NG 2-+k+1 NG (4.36)
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4.5 CPR for RW

Fort > 0, let ny(t), ¢ € N be a series of i.i.d. random variables with the Gamma(t) probability
density

1
PY'(. € dr) = maﬁle*tdm, x>0, (4.37)
where I'(t) is the Gamma function. When ¢ € N,
ne(t) S el -+, reN, (4.38)
where 5§k), k=1,2,...,t are independent random variables with standard exponential dis-

tribution Prob(eék) >x) =e ", x>0. We consider a random variable

) = % ZGZN (ﬂ—(f/g)? (4.39)

since it is known [7] that its Laplace transform is given by

_ 1
Er[e AC(t)] = m, t > 0, (440)

where E'' denotes the expectation with respect to n(t),¢ € N. In [7], it is shown that
C(t) € [0,00) is infinitely divisible and its probability density pic()(-), which is defined for
integrable functions f as

B = | dencw (@) (4.41)
is explicitly given by
2 = D+ 2048 a2
pew (c) = 0 ;( 1) AN 2652 > 0,2 > 0. (4.42)

The generating function of the polynomials (3.25) is thus written as

Galtia) = EF[eon-sicor]

= a" C(t) n/2 x
_ N %pr (_> o, , 4.43
HZ:O n! 2 V2C(t) (4.43)
where we used the formulas (3.9) and (3.10). It gives the relations
my(t,z) = E' [mPM(C(t),z)], neNy, te N, (4.44)

that is, let mBM(C(t), ) be a random time change ¢t — C(t) of the polynomial for BM, then
its average over C'(t) gives Fujita’s polynomial for RW.
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On the other hand, by (4.20), if we introduce a one-dimensional BM, W (¢),t > 0 with
W(0) = 0, and write the expectation with respect to W(-) as E, we have the following
expressions

mEM(t,2) = Bl(x +iW ()", neNy, t>0. (4.45)

Combination of (4.44) and (4.45) gives

mn(t, ) = B [E[(x n iW(C(t)))””, neNy, teN. (4.46)
Let
Wi < W(O(t))i,/@wu), teN,
W) = 0. (4.47)

We regard W(t), t € Ny as a discrete-time process and the expectation w.r.t. this process is
written as

E[F(W @) = EX[ELFV(Cm)]], teN (4.48)

for integrable functions f.
With RW, V(t),t € Ny, we consider a discrete-time complex process

Z(t) = V(t) +iW(t), teN. (4.49)

Note that RZ(t) = V(t) € Z and SZ(t) = W(t) € R. The above results are summarized as
follows [35].

Lemma 4.4 Fujita’s polynomial martingales, m,(t,V(t)),n € Ng,t € Ny, for the simple
and symmetric RW have the following complex-process representations,

ma(t, V() =E[Z®)"], neNy, teN,. (4.50)
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5 Noncolliding Diffusion Processes

5.1 Map for martingales

For a configuration
N

E() = 6u,(-) € My, (5.1)

j=1
we define a polynomial of x € C with a parameter u € C as
u x—r

u—r
resupp EN{u}c

with supp€ = {u; : 1 < j < N}. Note that
q)g’“(uj) =05, 1<jkE<N. (5.3)
Then we have the following statement.

Proposition 5.1 For the Markov process V (t),t € T, assume that the integral transform
(4.1) satisfying (4.2) is obtained. Then with uw € Wy and & = Zj\le du; € My, the map
(1.6) satisfying (1.7) is given by

MEC,) = M@EEW)](- ). (5.4)

Proof. By definition (5.2), ®¢(x) is polynomial. Then M{(-,V(-)) is polynomial and local
martingale by (4.3). By (4.4),

Mz (0,V(0)) = M[@g(cW)[(0,V(0))] = @¢(V(0)).

Then
Mz’“(O,u]) = @g’“(u]) = 6jka 1 S j, k S N

by (5.3). The proof is completed. g

The determinantal martingale (1.8) is now given as

De(t, V(1)) = det M[@g’“(cW)\(t,Vj(t))]], Jcly, teT. (5.5)

J,kel

The integral transform (4.1) is extended to the linear integral transform of functions of
x € SN such that, if F®)(x) = vazl f;k) (z;) with integrable functions f;k), 1<j<Nk=
1,2, then

M [FO W) (1 20} ] = TTM [£007)

(tj,xj)] . k=12 (5.6)
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and
M|ex PO (W) 4 o (W) {120} |
= aM | FOW) [{(tnx)}L, | + M FOW) [{taa)}ly | 67)

c1,¢0 € C, for 0 < t; < 00,1 < j < N, where W = (Wy,...,Wy) € SV. In particular, if
te =1t,1 <0 < N, we write M[-|{(t, x¢)}}_,] simply as M[-|(¢, )] with & = (z1,...,7N).
Then, by the multilinearity of determinant, (5.5) is written as

De(t, Vi(t)) = M [det [cpgk(cwj)}‘ (t, VJ(t))]} , JCly, teT. (5.8)

J,kel

5.2 Krattenthaler’s determinant identity and h-transform

The following determinant identity was given as Lemma 2.2 in [47] and as Lemma 3 in [48]
proved by Krattenthaler.

Lemma 5.2 Let Xq,..., Xy, Aq, ..., Ax and Bs, ..., By be indeterminates. Then there
holds

det [(Xj FANX; + Av_y) - (X + Ap) (X + Bo)(X; + Biy) -+ (X; + By)

= JI &x-x0 I B;—4. (5.9)

1<j<k<N 2<j<k<N

The Vandermonde determinant is given as

)= det 5= T o=y, (5.10)
=P 1<j<k<N
for £ = (71,...,2x5) € SV. As a special case of (5.9), we obtain the following determinant

identity.
Lemma 5.3 Assume that N € Nyx € CV,u € Wy. Then

h(z) ”
T = 1t 28 ()] (5.11)

Proof.  In the identity (5.9), set

Then we find

_ _ _ (_1\N(N-1)/2
H(w@)= det [1L<u m] (-1) h(u)h(x).
SESIVLEF]
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Since

H(u,x)
det [P*(x;)] = ’
1<kEN T & ITicien Tlichens (ue — uy)
H(u,x)

(— )N D72 ()2’
the identity (5.11) is obtained as a special case of (5.9). g
Using the determinant identity (5.11) with (5.10), we see

DtV = M| det [ e V)]
(W)

= M| hw) ’“’VW]

Il
<

[(eW;)F 1]

| h(u) 1< REN (t, V(t))}

1 k—1
= ity Ml ]
1
= W 1§(}7%2N[mk71(t7‘/j(t))]' (5.12)

By multilinearity of determinant, the Vandermonde determinant dety<; <y [z} "]

does not
change by replacing :17?_1 by any monic polynomial of z; of degree £ —1,1 < j,k < N. Since

my—1(t, ;) is a monic polynomial of z; of degree k — 1, (5.12) is equal to

1
) 1958
h(V(t)

= ) (5.13)

De(t, V(1)) (V3(£)""]

This is the factor used for the harmonic transform (h-transform).

5.3 Noncolliding BM and noncolliding BESQ")

For N € N, we consider N-particle systems of BM’s, X (¢) = (X1(t), Xa(t),..., Xn(1)),
t >0, and of BESQ® with index v > —1, X (¢) = (XM (@), X0, ..., X)), t > 0,
both conditioned never to collide with each other particle. The former process, which is
called the noncolliding BM, solves the following set of SDEs

dt

1<%<:N, X;(t) = Xi(t)’
ki

dX;(t) = dB;(t) + 1<j<N, t>0, (5.14)
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with independent one-dimensional standard BMs, B;(t),1 < j < N,t > 0 [13, 67, 24, 26, 40,
58, 59, 60]. The latter process, the noncolliding BESQ™), does the following set of SDEs

dX(t) = 2/ X ()dB;(t) +2(v + 1)dt

dt
+HX(t) >
T S X - X (t)

k#j

, 1<j<N, t>0, (5.15)

where B]- (t),1 <j < N,t >0 are independent one-dimensional standard BMs different from
B;(t),1 <j < N,t>0, and, if =1 < v < 0, the reflection boundary condition is assumed at
the origin [46, 41].

Consider subsets of RN, Wy = {z = (z1,22,...,2y) € RY : 17 < -+ < 2y}, and
W;{, ={x € ]Rf :x1 < --- < xy}. The former is called the Weyl chambers of types Ay_;. If
we replace the condition « € RJI by x € (0,00)" for the latter, it will be the Weyl chamber of
type Cy. It is proved that, provided X (0) € W4 and X ) (0) € W}, then the SDEs (5.14)
and (5.15) guarantee that with probability one X (t) € W4, and X (t) € W, V¢ > 0 [25].
That is, in both processes, at any positive time ¢ > 0 there is no multiple point at which
coincidence of particle positions X;(t) = Xj(¢) or XJ(”) (t) = X,gy) (t) for j # k occurs. It is
the reason why these processes are called noncolliding diffusion processes [42]. In general,
however, we can consider them starting from initial configurations with multiple points. In
order to describe a general initial configuration we express it by a sum of delta measures in
the form &(-) = 327, 6., ().

Let 90 be the space of nonnegative integer-valued Radon measures on R. For an element

Eof M, E() =D jet Oz; () with a countable index set I, we introduce the following operations.

(shift) with u € R, 7,6(-) = > 0ssul),
iel
(dilatation) with ¢ >0, co&() = Zécxi(')a
icl
(square) §<2>(-) = Z 535?(')-
i€l

Let Mt = {((ENR,) : £ € M}. We consider the noncolliding BM and the noncolliding
BESQ as 9-valued and 9t*-valued processes and write them as

[1]

N N
(ta ) = z;(sz(t)(')7 E(V)(t7 ) = Z(SX](-W(t)(.)’ t >0, (516)
Jj= Jj=1

respectively [40, 41]. The probability law of Z(¢, -) starting from a fixed configuration £ € I
is denoted by P¢ and that of Z¥)(¢,-) from & € 9+ by IP’éV), and the noncolliding diffusion

processes specified by initial configurations are expressed by (Z(t),P¢) and (2™ (¢), IP’EV)), v >
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—1. The expectations w.r.t.P; and Péy) are denoted by E, and Eéy), respectively. The set of
M-valued continuous functions defined on [0, 00) is denoted by C([0, 00) — 9) for M = M
or M. We introduce a filtration {F()}e0,00) on the space C([0,00) — M) defined by
F(t) = 0(2(s),s € [0,t]), where Z(-) = Z(-) for M = M and Z(-) = ZW)() for M = M+.
Let Cy(S) be the set of all continuous real-valued functions with compact supports on S = R
or R.. We set My = {& € M : £({x}) < 1for any # € S}, which denotes collections of
configurations without any multiple points.

5.4 H-transforms of absorbing processes

For the noncolliding BM, é() = Z() (resp. BESQW v > —1, é() = Z¥)(.)), we shall set
X(-) = X () (resp. X" (.)), Pe = P¢ (resp. IP’S’)), Ee = E¢ (resp. Eg’ ), and S = R (resp.
R, ).

Let 0 <t < T < oo. For the noncolliding diffusion process (Z(t),P¢), we consider the
expectation for an F(t)-measurable bounded function F,

~

It is sufficient to consider the case that F' is given as F (é()) = Hi\f:l G (X (t)) for an

arbitrary M € N, 0 < t; < -+ < t)y < T < oo, with symmetric bounded measurable
functions g, on SV, 1 <m < M.

We can prove that the noncolliding BM is obtained as an h-transform of the absorb-
ing BM, B(t) = (Bi(t),...,Bn(t)),t > 0 in the Weyl chamber W4 [24]. Similarly, the
noncolliding BESQ®) is realized as an h-transform of the absorbing BESQ™)(t), R¥)(t) =
(RV(1), ..., R () in W, [46]. For 2(-) = Z(-) (resp. Z(-) = ZW(-)), we set V(-) = B(")
(resp. V(:) = R¥ (")), and Wy = W% (resp. W}). Put

T=inf{t > 0: V(t) ¢ Wy} (5.17)

Then under £ = Zivzl du;, the equality

ylgm(j((tm))] = Equ [1(7' > tM) ylgm(V(tm))%

]Eg )

(5.18)

is established.

5.5 DMR for noncolliding diffusion processes

Now we can prove the following theorem.

Theorem 5.4 The noncolliding BM and the noncolliding BESQY) with v > —1 have DMR
for any & € My, £(S) < 0.
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Proof. ~ We introduce the stopping times

T = inf{t > 0:V;(t) = Vi(t)}, 1<j<k<N. (5.19)
Let 0, € Sy be the permutation of (j,k),1 < j,k < N. Note that in a configuration u’
if uj = uy,j # k, then oj,(u') = o/, and the processes V (t) and o;,(V'(t)) are identical

in distribution under the probability measure Pqy. By the strong Markov property of the
process V() and by the fact that h is anti-symmetric and g,,, 1 < m < M are symmetric,

Bu |10 =7 < tan) [ ] gm<v<tm>>W] ~0

Since Py (7jx = 7jnr) = 0if (4, k) # (5, ¥'), and

T= min T
1<j<k<N 7"’

Hence, (5.18) equals
Bu [H gm<v<tm>>W] . (5.20)

By the equality (5.13), the theorem is concluded. g

Then by Proposition 1.5, we will immediately conclude the following.

Corollary 5.5 The noncolliding BM is determinantal for any & € My, E(R) < oco. The
correlation kernel is given by

Ke(s,it,y) = / E(dv)p(s, 2|o) ME(t,y) — 1(s > Bp(s — 1, zly),

(s,x),(t,y) € [0,00) x R, (5.21)
where )
M(t,y) = / dw —=—e~ W22 (). (5.22)
R 27t

Corollary 5.6 The noncolliding BESQY), v > —1 is determinantal for any ¢ € M7,
E(R,) < oo. The correlation kernel is given by

ng)(s,x;t,y) = /Rf(dv)p(”)(s,ﬂv)/\/lg(t, y) —1(s > t)pW (s — t,zly),

(S,l’), (tay) € [07 OO) X R+7 (523)
where P
1 [w\” _ Jwy
v _ (= (y—w)/2t YT py(—
Mt y) /ﬂh dw 57 (y) e Jy ( ; ) Q¢ (—w). (5.24)

37



5.6 CPR for noncolliding BM

Let W;(t),t > 0,1 < j < N be a collection of independent BM’s on a probability space
(Q, F,Pg), where the expectation w.r.t.Pg is written as Eq. Note that they are independent
from B;(t),t > 0,1 <j <N, and W;(0) =0,1 < j < N. From the equality (4.22). we have
the following. Introduce a set of independent complex BM’s

Zi(t) = B,(t)+iW,(t), 1<j<N, t>0, (5.25)
then
N N
M T W) | {5, V() ;L] = Eo [H [i(Z;(t;)) (5.26)
j=1 j=1
for polynomials f;’s, and then the determinantal martingale (1.8) is written as
u T u
D (T, V(T)) = Eo LS(},%tSN [q)gk(Zj(T))ﬂ . (5.27)

Then Theorem 5.4 is transformed into the following.

Let Z;(t),1 < j < N,t > 0 be a set of independent complex BM’s given by (5.25). If they
start at Z;(0) = u; € R,1 < j < N, the probability space is denoted by (2, F, Pq,) with
u = (uy,...,uy). The space (2, F,Pq) is a product of two probability spaces (€2, F, Pq)
for B;(-) = RZ;(-) and (Q, F, Po) for W;(-) = IZ;(-),1 < j < N. The expectation w.r.t.Pq,
is denoted by Eq,.

Corollary 5.7 The noncolliding BM has CPR (1.25) with the complex BMs (5.25) and
pe() =Q¢(), ueC, &My (5.28)

This result was given as Theorem 1.1 in [43], where the present CPR is called the complex
BM representation.

5.7 CPR for noncolliding BES®

We introduce a set of independent complex diffusions
ZM(t) = RV (1) +iW;(t), 1<j<N, t>0, (5.29)

where W;(t),1 < j < N are independent BM’s on the probability space (€, F,Py). For
BES and BESQ with odd dimensions, D = 2n + 3,n € Ny, the indices are half-odds v =
D/2—-1=n+1/2,n € Ny. Let f(z) be a polynomial of 22, z € C. Then Lemma 4.3 gives
the following. For n € Np,

N
M(r+/2) [H Ty { g B2 )
Jj=1

=E,

N
H QZL—H/Z) (Z](-n+1/2) (tj))fj<Zj(n+1/2) (t]))] : (5.30)

J=1
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where Q\"*'/?) is given by (4.34). Then we have
,Dén+1/2 (T \V4 (n+1/2) (T)) —_ E |i det [Q¥L+1/2)(Z](n+1/2 ( ))@uk<Z]n+1/2)(T))}1 : (531)

where
2 2

diz)= [ S5—5 =zveC (5.32)

2 __ 7"2 ’
resupp EN{v,—v}°

Then Theorem 5.4 is transformed into the following.

Corollary 5.8 The noncolliding BES™+Y/?) n € Ny has CPR (1.25) with the complex BMs
(5.25) and

pi() = QU (BE(), ueC, £eMy,. (5.33)

5.8 Martingales for configurations with multiple points

We generalize the function (5.2) as following. Depending on the transition probability density
of a process, p(s,z|v), 0 < s < 0o, z,v € S we put

ilsayn0 = BIL TT (22

( o C resupp &

¢{r})
) , 2,(eC. (5.34)

Let C'(d,) be a closed contour on the complex plane C encircling a point u on S once in the
positive direction and set

Be((s,2)2) = —— ¢ dCB((s,2); 2 Q)

211 C(6u)
= Res [gbg((s,x);z,g);g = u] (5.35)

This function is defined for any finite configuration &, in which there can be multiple points
in general. (If there is no multiple point, (5.35) is reduced to (5.2).) Since (5.35) is a
polynomial with respect to z, we can extend ./\/lg(t, y) to

ME((5, )| (1) = M [@¢((s,2):W)| (L )], (s.2), (1) € [0.00) x 8. (5.36)
Let
> 6l (5.37)
uEsupp &

Then the correlation kernel (1.14) is generalized to

Ke(s,a:t,y) — / £.(dv)p(s, 2[o) ML((s, 2)|(t ) — L(s > )p(s — t, xly).
(s,z),(t,y) € [0,00) x S. (5.38)
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By definition of the present martingales M((-,-)[(+,)), it is written by double integral as

) ) . o — o\ EED
Kf(s’x;t’y) - %fé(f)dcp(s’x‘(:)/sdwp(t,wk ly)CUJ—g H (C_T)

resupp &

—1(s > t)p(s — t, zly), (s,2), (t,y) € [0,00) X S, (5.39)

where C(§) denotes a counterclockwise contour on C encircling the points in supp ¢ on S
but not point cw,w € S; C(§) = >, cquppe C(00).

Corollary 5.9 The noncolliding BM and the noncolliding BESQ®™) are determinantal for
any nitial configuration with fine number of particles; £ € M, {(R) < oo, or & € MT,
E(Ry) < oo with correlation kernels (5.39).

In the papers [40, 41], we proved this statement by deriving the double integral repre-
sentations (5.39) for the spatio-temporal correlation kernels. There we used the multiple
orthogonal polynomials [39, 40, 41] in order to obtain the expression (5.39). As shown in
this lectures, however, it is not necessary to use multiple orthogonal polynomials to obtain
the results.

As an example, we consider the extreme case such that all V points are concentrated on
an origin,

£=Nb& <= & =40 with £{0})=AN. (5.40)
In this case (5.34) and (5.35) become

HRallor) =0 = 2ol L ()7
Nog A== = p(s,x]0) z — ¢ \ ¢
z

= 5.41
B e (5.41)
and
1 o~ yee | p(s, |¢)
0. ((s,x);2) = —— Y N d¢ =225/
Naolomi2) = Sy 2 e
N-1
1 N—t—1 1 j{ p(s,z[¢)
Pl al0) 27 2t sy O N (

since the integrands are holomorphic when ¢ > N, where we have assumed v > —1 for
BESW®),
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For BM with the transition probability density (3.3), (5.42) gives

ex(/sf<2/2s

N-1
1
P%s ((5,2):2) = zN_e—l_.% dc
N ((8,@);2) E 2 P R

=0
_ N-1 (L) N—t—1 L dn ez(x/\/g)n_nz
= \V2s 211 J o (s) U
o2\ 1 x
2@ weelEm) o
where we have used the contour integral representation of the Hermite polynomials [68]
n! e2on—n’
H,(z) = 57 o dnw, nelNy, zeR. (5.44)

Thus its integral transform is calculated as

M [@9\[50((3,;5);iW)} (t,y)]

N-1 1 X 1 o
R () MY )

_ 1 i X 1 t
— KZ(; m N—{-1 \/% (28)(N_Z_1)/2mN7571< ’y)

Nl 1 £\ (N—t-1)/2
= - H 2 )VH Y
(N — ¢ —1)12N—4-1 (3) N—£-1 (@) N—£—1 (\/Q_t) ;

_ ﬁ€x2/4s+3(t)2/4tNZl <§) " on <%) on (%) , (5.45)

n=0

where .
= —Hn(:lt)e_”CQ/2 neN, xzekR

Y
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Similarly, for BESQ®),v > —1 with the transition probability density (3.12), we obtain

1/ N-1 —(/2s
).0 ' @) T(w+1) N_ e~/ Vg
CI)N(SO ((S,ZE), Z) - ZL‘V/Z Z Z C60) dC CN—£+V/2 IV s
=0

= T'(v+1) ~ (—i)N - m[&)e1 (%) ) (5.46)

0

=2

~
Il

where we used the contour integral representation of the Laguerre polynomials

I'n+v+1) 1 e
LW (z) = ———~— 2 — dn ————=J,(2 5.47
V) = g b V) (5.47)

with the relation I,(iz) = (=1)"/2J,(2), -7 < arg(z) < /2. By using Lemma 3.2, we have

1

F(n + 1)F(n + v+ 1)(23)2nmgj)<87 m)mg/) (t, R(y)(t))

n=0
N-1

n=

T\ V/2 R(V)(S) v/ )

-T 1 (_) x/4s+RW) (1) /4t
(V + ) 2s ( 2s ) ¢
N-1 n
L(n+1) [t ()<x) w (B¥ ()
hd v) (2 v) (2 5.48
where
I'(n+1)
(v) _ Tt w21 W) —z/2 N R..

(pn ( ) F(?’l—l—V—Fl)x n (I)e ) n e 0 T € +

The processes (5.45) and (5.48) are local martingales and
Eo [Mis, ((5,2)|(t, V(£)))] = Eo [Myg,((s,2)[(0,V(0)))] =1 (5.49)

for 0 <t <T <o0,(s,z) €[0,T] xS.
By the formula (1.11), we obtain the correlation kernels as

Ko, (s,z3t,y) = p(s,z]0) M, (s, 2)|(t,y))
67x2/4s

€—y2/4t
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with

Kp(s,z;t,y) = \/%J: @)Ws@ (J%) @ (\/yQ—t) — (s> t)p(s —t,zly),  (5.51)

and
K, (s, 2:t.9) = 9 (5,210 MG (5. 2)] (1, 9)
= iéii;:?;_zﬁ:KUw(s,x;t,y) (5.52)
with
| Nl . y
Kio(s,z;t,y) = =5 Z ( ) (ﬁ) o™ (\/7) —1(s > t)p¥ (s — t,z]y), (5.53)

n=0

where Kp(+;-) and K;u)(+;-) are known as the extended Hermite and Laguerre kernels,
respectively (see, for instance, [18]). Here we would like to emphasize the fact that these
kernels have been derived here by not following any ‘orthogonal-polynomial arguments’ but
by only using proper martingales associated with the chosen initial configuration (5.40). In
this special case, they are expressed by the Hermite and Laguerre polynomials in the forms
(5.45) and (5.48), respectively. In the present new approach, the martingale properties (5.49)
and the reducibility (1.10) coming from the independence of diffusion processes play essential

roles instead of orthogonality in the theory of orthogonal ensembles in random matrix theory
[53, 18].

5.9 Martingales associated with infinite particle systems

In [40] we gave useful sufficient conditions of £ so that the noncolliding BM, (Z(t), P¢) is well
defined as a determinantal process even if £(R) = co. For L > 0, > 0 and £ € 9 we put

_ §(dz) _ < s<dx>>”°‘
ME D) /[—L,L}\{O} o MG /[—L7L]\{0} || ’ (554

M(€) = Lh_I)I;o M(E L), M,(&) = lim My( L), (5.55)

L—oo

and

if the limits finitely exist. Then
(C.1) there exists Cy > 0 such that |M (&, L)| < Cy, L > 0,

(C.2) (i) there exist a € (1,2) and C; > 0 such that M, (§) < C4,
(ii) there exist > 0 and Cy > 0 such that

My (7_026®) < Cy(max{|al,1})™® Va € supp€.

43



It was shown that, if £ € 9, satisfies the conditions (C.1) and (C.2), then for a € R and
z € C,

g(2) = ngrgo D r—r.arr)(2) finitely exists, (5.56)
and
£({0})
z)| S Cexpscllal” + |z z ¢ , aecsuppg, 2z .
¢ (z)| < C o 0 ¢ C 5.57
a a—z

for some ¢,C' > 0 and 0 € (max{c,(2 — §)},2), which are determined by the constants
Co, C1, Cy and the indices «, § in the conditions (Lemma 4.4 in [40]). We have noted that in
the case that & € 9, satisfies the conditions (C.1) and (C.2) with constants Cy, C7, Cy and
indices @ and 3, then EN[—L, L], VL > 0 does as well. Hence we can obtain the convergence
of moment generating functions

i t
‘Pgm[—L,L][f] — Wy [f] as L — oo, (5.58)
which implies the convergence of the probability measures
]P)fﬁ[fL,L} — ]P)g in L — oo (559)

in the sense of finite dimensional distributions. Moreover, even if £(R) = oo, K¢ is well-
defined as a correlation kernel and dynamics of the noncolliding BM with an infinite number
of particles (2(t), P¢) exists as a determinantal process [40].

Similarly, in [41], the following sufficient conditions for initial configurations £ € 9™ were
given so that the noncolliding BESQ, (2™ (¢), IPEV)), v > —1 is well-defined as determinantal
processes even if N = ¢(Ry) = oc.

(C.A) (i) There exists a € (1/2,1) and C; > 0 such that M, (&) < C}.
(ii) There exist 8 > 0 and Cy > 0 such that

My(7-0€) < Co(la| vV1)™", Va € suppé.

The families of ¢ satisfying the conditions are denoted by X = X for the noncolliding BM
and X = Xt for the noncolliding BESQ®), respectively.

Proposition 5.10 Suppose that 0 < t < T < oo. Then the noncolliding BM, (=(t),P¢),
started at & € Xy and the noncolliding BESQY), () (t),IP’éV)),V > —1, started at £ € X§
have DMR for any F(t)-measurable polynomial function also in the case with N = £(S) = oo.

For (Z(t),P¢), the similar statement was proved for the complex BM representation in [43]
(Corollary 1.3). Here by the reducibility of the determinantal martingale given by Lemma
1.1, this proposition is readily concluded.
There are two interesting examples of local martingales for infinite particle systems. First
we consider the configuration
&)= 5(), (5.60)

JEL
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that is, the configuration in which every integer point Z is occupied by one particle. It is easy
to confirm that £ € X, and the noncolliding BM started at £z, (Z(t), Pg, ), is a determinantal
process with an infinite number of particles [40]. Since [] _n(1 — 2?/n?) = sin(7z)/(7x),

(I)”gz(z) _ H zZ—T

neN

u—r
rel,r#u
. _ 1 (7 '
sin{(z = u)} = —/ dre?E=W 2w e C. (5.61)
m(z —u) 21 J_.

Its integral transform is calculated as

M [ (iw)| (t,2)] = /R duw gt wla) B, (i)
o0 1
= _oodw \/%e
1 iy

— % d\ et)\2/2+i>\(x—u)‘ (562)

—(z’x+w)2/2tq>1g (zw)
z

Then we have local martingales

™

2

dA\ exp{%t%—M(BAt) —k:)}, Jhk€eZ, 0<t<T<oo.
(5.63)

M B(0) =5 [

—Tr
We see that

Be, [Mg,(t. Bj(1))] = Ee, [Mg,(0,5;(0))]
= Oj, 0<t<T < o0. (5.64)

If v > —1, the Bessel function J,(z) given by (4.16) has an infinite number of pairs of
positive and negative zeros with the same absolute value, which are all simple. We write the
positive zeros of J,(z) arranged in ascending order of the absolute values as

0<Ju1 <Jua<Jusg<---. (5.65)
Then, J,(z) has the following infinite product expression [73],
(2/2)" 1 ( 22 )

J(2) = =—"— 1——=. 5.66

@=rerp -7 2%

For the noncolliding BESQ®™, we consider the initial configuration in which every point of
the squares of positive zeros of J,(z) is occupied by one particle, which is denoted as

€)= d,0) (5.67)
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We can see that ff} € X¢ and thus (2¥)(¢), ]P’gg)) is a determinantal process with an infinite
Ji

number of particles [41]. For k € N we find that

(Ju)? 5) — (ju,k)2 % 1 . '
cpff;i) () = ( 2 ) <JV+1(ju7k))2/o A J,(VA2) T (VAju), (5.68)

and their integral transforms gives the martingales,

j 2 v v j ? v
M Uvk) (75>R(' )(t)) - M® {@22;@ (—W)‘ (t, R§- ))}

3% ¢
AN !
_ v,k At/2 (v) .
- <R§'V) (t)) (Jos1(Gur))? /o A ( M (t)) TV Nju)
LkeN, 0<t<T<oo. (5.69)

We see that for 0 <t <T < o0,

v (lu, )2 v v (lu, )2 v
B0 [MU e m)| = B Ml 0. 0)
= djk. (5.70)
By the formula (1.14), these martingales determine the correlation kernels, which are
denoted as K¢, and Kg% In the previous papers [40, 41], we showed

lim ng(s + 71t +7,y) = Kan(t — 5,y — ),

T—00

v/2
lim K& (s +mast+my) = (=) Ky, (t—s,yl), (5.71)
T—00 §JV Y

and proved that the noncolliding BM started at (5.60) and the noncolliding BESQ™ started
at (5.67) converge in the long-term limit to the equilibrium determinantal processes governed
by the extended sine kernel

/ 1
/ dX e N2 cos(mAz), ift>0
0

Kan(t,z) = Singx) ift=0 (5.72)

—/ dX\ ™ N2 cos(mAz), if t <0,
\ 1
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and the extended Bessel kernel [18]

( i/ldAeWJV(M)JV(\/A_y), if t>0
Ko (tyfe) = ZONIRVIZVERVDIW) 4 g (573)
—i/md)\e’\t/sz(\/ﬂ)Jy(\/)\_y), if ¢<0,

respectively. These relazation phenomena of infinite particle systems are caused by the
following properties of the present martingales,

. k o T
Tim %p(ﬂﬂk)/\/lgz(t +7,B(t) = Mg, (t, B(t), z€R,

. 4p(,,) (7’, x‘ (jl/,k)z) (o k)? (v) _ T (v)
M D e M (¢ RO0) = M (L RO)

/2 1
- RO (R(Wét))”/?/o d\eM? ], (Vzx)J, ( )\R(V)(t)) , v e€Ry, (5.74)

for0 <t <T < 0.
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6 Noncolliding Random Walk

6.1 Construction

Consider a random walk (RW), V() = (Vi(t),...,Vn(t)),t € Ny on Z", such that the
components V;(t),j =1,2,..., N are independent simple and symmetric RWs;

Vi(0) = w; €2,
Vit) = w; + G+ G2+ +Gt), teN 1<j<N, (6.1)

where {(;(t) : 1 <j < N,t € N} is a family of i.i.d. random variables binomially distributed

PG =1)=35, PlGI)=-1]=3, 1<j<N, (62)

For each component, V;(-),1 < j < N, the transition probability is given by

p(t = s,ylz) = PlVi(t) = y|V;(s) = ]

L( t—s )
2 \[(t— ) + (y — )]/2)
= ift>s, —(t—s)<y—ax<t—s,[(t—s)+(y—=x)]/2€Z, (6.3)
07
otherwise.

Put ZV = ZY U ZY with

ZY = {z=(vy,...,2n) 7; €2Z,1 < j < N},

e

Z(])V — {;c:(ﬂ?l,...,xN)2$j€1+2Z,1S,j§N}-

We always take the initial point w = (uy,...,uy) = V(0) from ZY, then V(t) € ZY, if t
is even, and V() € ZY, if t is odd. The probability space is denoted as (Q, F,Pq). The
expectation is written as Eqq, which is given by the summation over all walks {V'(¢) : t € Ny}
started at w with the transition probability (6.3) for each component.

Let

Wy ={x=(z1,...,205) ERY 12y < - < zp}

be the Weyl chamber of type Ay_1. Define ¢4 be the exit time from the Weyl chamber of
the RW started at u € Zév NWy,

T =nf{t>1:V(t) ¢ Wy} (6.4)

In the present paper, we study the RW conditioned to stay in Wy forever, that is, 7y = oo
is conditioned. We call such a conditional RW the (simple and symmetric) noncolliding
RW, since when we regard the j-th component V;(-) as the position of j-th particle on
7,1 < j <N, if 4 < oo, then at t = g there is at least one pair of particles (j,j + 1),
which collide with each other; V;(my) = Vit1(mu),1 < j < N — 1. Such a conditional
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RW is also called vicious walkers in statistical physics [17, 11], non-intersecting paths, non-
intersecting walks, and ordered random walks (see [14]).

Let 90 be the space of nonnegative integer-valued Radon measure on Z. We consider the
noncolliding RW as a process in 9 and represent it by

2(t,-) = Zaxj(t)(.), t € Ny, (6.5)
where
X(t) = (Xi(t),...,.Xn{t) €ZN "Wy, teN,. (6.6)

The configuration Z(t,-) € M, t € Ny is unlabeled, while X (t) € Z¥N "Wy, t € Ny is labeled.
We write the probability measure for =(¢,-),t € Ny started at £ € 9 as Pe with expectation
E¢, and introduce a filtration {F(¢) : ¢t € No} defined by F(t) = o(E(s) : 0 < s <t,s € Ny).
Then the above definition of the noncolliding RW gives the follows: Let & = Zjvzl dy; with

ue€ZVNNWy,and t € N, t <T € N. For any F(t)-measurable bounded function F,

N

F (Z 5Vj<~>>
j=1

The important fact is that, if we write the Vandermonde determinant as

W)= det [o57' = J[ (ax—ay) (6.8)

1<j,k<N
1<j<k<N

E, [F(E(-))} — lim Eqy

n—oo

Tw > n] : (6.7)

the expectation (6.7) is obtained by an h-transform in the sense of Doob of the form

E [F(E(-))} —Fy |F (Z 5%(.)> 1(ry > T)% (6.9)

See, for instance, Lemma 4.4 in [45].

The formula (6.9) is a discrete analogue of the construction of noncolliding Brownian
motion (BM) by Grabiner [24] as an h-transform of absorbing BM in Wy. The noncolliding
BM is equivalent to Dyson’s BM model (with parameter 5 = 2) and the latter is known as
an eigenvalue process of Hermitian matrix-valued BM [13, 53, 67, 24, 26, 37, 42, 69, 58, 59].
Then the noncolliding RW has been attracted much attention as a discretization of models
associated with the Gaussian random matrix ensembles [2, 27, 55, 36, 28, 3, 18, 16].

Nagao and Forrester [55] studied a ‘bridge’ of noncolliding RW started from uy = (2j );V: o
at t = 0 and returned to the same configuration uy at time t = 2M, M € Ny. They showed
that at time ¢t = M the spatial configuration provides a determinantal point process and the
correlation kernel is expressed by using the symmetric Hahn polynomials. Johansson [28]
generalized the process to a bridge from ug at t = 0 to My — My + ug at t = My + Mo,
My, My € Ny, My > M, and proved that the process is determinantal. The dynamical
correlation kernel is of the Eynard-Mehta type and called the extended Hahn kernel. For the
noncolliding RW defined for infinite time-period ¢t € Ny by (6.7) or (6.9) [45, 14], however,
determinantal structure of spatio-temporal correlations has not been clarified so far.
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6.2 Determinantal martingales for noncolliding RW

Let ﬁ//j(t),t € Ny, 1 < j < N be independent copies of (4.47). Set W/(t) = (Wl (t),... ,WN(t))
€ RVt € Ny in the probability space (Q .71: ﬁ) We consider a complex process Z(t) =
(Z1(t), .., Zn(1)),t € No with (1.22). The probability space for (1.22) is a product of the
probability space (€2, F,Py,) for the RW, V (t),t € Ny, and (€, F, P) for W (), € Ny. Let
Eq be the expectation for the process Z(t),t € Ny with the initial condition Z(0) = u €
Ze N WN-

By multilinearity of determinant, the Vandermonde determinant (6.8) does not change
in replacing x ! by any monic polynomial of xj of degree k — 1,1 < j,k < N. Note that
my_1(t, x;) is a monic polynomial of z; of degree & — 1. Then

V)
h(u) h(lu) 1§(}7kt§]\][ k-1 (t, V5(8)]
- ng(},%tszv [E[Zj@)kil]]

E 1 k—1
= B [ st 2071

where we have used the multilinearity of determinant and independence of Z;(¢)’s. Therefore,
we have obtained the equality,

MV (1) _ = {h(z(t))} Cten, (6.10)

hw) ~ 1N ()], (6.11)

where & = ZN Ouys U = (u1,...,un) € Wy, and ®;*(z) is given by

u Z — u;
o) = ] _J, 1<k<N. (6.12)
1<<N, kT
7k
Let N
ML V(1) = E{cpgk(zj(t))}, teNy, 1<j<NAN. (6.13)
Since ®.*(z) is a polynomial of z of degree N — 1, M*(t,V;(t)) is expressed by a lin-

ear combination of the polynomial martingales {mn(t,VJ( )) :0<n < N—1}. Then
ME(t,Vi(t)),1 < j < N,t € Ny are independent martingales and
Eu[Mg*(t, V()] = Eu[M*(0,V;(0))]
= Mzk (O,Uj)
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Using the identity (6.11) for h(Z(t))/h(w) in (6.10), we have

MVO) = e omig
h(uw) ELg?,ktSN[q)f (Zﬂ(tm]

= dat [Eop(z,0)]).

1<j,k<N

where independence of Z;(t)’s is used. Let

Dt V(1) = | det [MEEV;0)], ¢ €N (6.15)
We obtain the equality
h%‘(g)) — Dt V), teN, (6.16)

In other words, for the complex processes (1.22), ®:*(Z;(-)),1 < j,k < N are discrete-
time complex martingales (see Section V.2 of [61]) such that, for any ¢ € Ny,

Eq 0" (Z;(1))] = Bu[®."(Z;(0))] = 9, 1<jk<N. (6.17)

6.3 DMR and CPR for noncolliding RW

Since we consider the noncolliding RW as a process represented by an unlabeled configuration
(1.15), measurable functions of Z(-) are only symmetric functions of N variables, X;(-),1 <
j < N. Then by the equality (6.16), we obtain the following DMR and CPR for the present
noncolliding RW [35].

Theorem 6.1 Suppose that N € N and & = Zjvzl Ou, with w = (uy,...,uy) € ZY N Wy.

Lett € N;t <T € N. For any F(t)-measurable bounded function F' we have

Ee[F(2()] = Eu F<Z5vj(->) De(T,V(T))

(6.18)

1<j,k<N

= Equ F(Zéwj(.)> det [(I)gk(Zj(T))]

Proof. 1t is sufficient to consider the case that F' is given as F'(Z(-)) = H%:l gm (X (t,,)) for

MeNt,eN1<m<IM t;<--- <ty <T e N, with symmetric bounded measurable
functions g,, on Z", 1 < m < M. Here we prove the equalities

Hgm(X(tm))] = Bu |[] 9n(V(tn)De(T, V(T))

m

Ee

I
—_

I
=

IS

=

gn(V (tm))  det [@.*(Z;(T))

1<j,k<N

(6.19)

1

3
[



By (6.9), the LHS of (6.19) is given by

h(V (tm))

)| (6.20)

M
Bu | [T gm(V ()1 > ta)
m=1
where we used the fact that h(V'(:))/h(u) is martingale. At time t = 74, there are at least
one pair (7,7 + 1) such that V;(my) = Vit1(mu), 1 < j < N — 1. We choose the minimal j.
Let 0;;4+1 be the permutation of the indices j and j + 1 and for v = (vq,...,vn) € ZV we
put ;;41(v) = (Vo ;11 () het = (V1,- .-, Vj41,0j,...,0n). Let u’ be the labeled configuration
of the process at time ¢ = 7q. Since uj = u,, by the above setting, under the probability
law Pqy the processes V' (t),t > 1y and o;,+1(V (t)),t > Tq are identical in distribution.
Since g,,, 1 < m < M are symmetric, but h is antisymmetric, the Markov property of the
process V(-) gives

Eu [H G (V (b)) 1 (u < W)M]

h(u
Therefore, (6.20) is equal to

Bu [H gm<v<tm>>W] .

u

By the equality (6.16) and the martingale property of D¢(-, V' (-)), we obtain the first line of
(6.19). By definitions of Eq, and D¢, the second line is valid. Then the proof is completed. y

Note that the CPR in the second line of (6.18) may correspond to the complex BM
representation reported in [43] for the noncolliding BM.
Then by Proposition 1.5, we will immediately conclude the following [35]. Let

N
Zp(s,:duj)./\/lgj (ta y) - 1(‘9 > t)p(S - t,Jle),
Ke(s,zit,y) =4 71 (6.21)
if (s,2),(t,y) €Ngx Z, s+ua,t+yc?2Z,
0, otherwise,

where p is the transition probability for RW (6.3). Here
Mg (t.y) = E[@¢ (y + W (2)] (6.22)
is a functional of initial configuration £ = Zjvzl b, through (6.12).

Corollary 6.2 For any initial configuration & € M with £E(ZY) = N € N, the noncolliding
RW, (E(t),t € No,P¢) is determinantal with the kernel (6.21) with (6.22) in the sense that
the moment generating function (1.17) is given by Fredholm determinant

whifl= Dot [4uda(y) + Ke(s.mt ). (6.23)
(s;t)€{t1,ta,...tar }2,
(zy)€Z?
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and then all spatio-temporal correlation functions are given by determinants as

)
15j§NSitgngn, [Kf(tm"%;‘ St 7 ))] :
pe (tl 235t w(M)) _ tsmnsil UL
PNy EM Ny, if xy €L, NWy, , t, = even,
or mm eZY"NWy,  tm=o0dd, 1<m< M,
[ 0, otherwise,

(6.24)

tmEN;].SmSM,t1<...<tM; andOSNmSN,lngM
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7 DMR in O’Connell Process

7.1 Quantum Toda lattice and Whittaker function
Let a > 0. The Hamiltonian of the GL(N, R)-quantum Toda lattice is given by

1 1
Hy = —50+ —Vy(@/a), @=(01,2s,...,a5) €RY (7.1)

with the Laplacian A = Zjvzl 9?/0z3 and the potential

N-1
Vn(z) = e~ (@i+1=%5), (7.2)
j=1
For v = (vy,10,...,vN) € W4, the eigenfunction problem
Wi (x) = Aw)iy () (7.3)
for the eigenvalue
ANv) = —|v|*/2 (7.4)
is uniquely solved under the condition that
e_V'w@b;/N)(m) is bounded (7.5)
and -
. v (N o o
o Jm T @) = [T T —w), (7.6)
1<j<k<N

where & — 0o,z € Wy means zj41 —x; = 00,1 < j < N—1, and I'(-) denotes the Gamma
function. The eigenfunction ¢§/N)( -) is called the class-one Whittaker function [4, 57].

The class-one Whittaker function w,(/N)(a:) has several integral representations, one of
which was given by Givental [23],

() = /T P (f,(,M(T)) dT. (7.7)

Here the integral is performed over the space Ty () of all real lower triangular arrays with
size N, T = (T}"k,l S k‘é]gN), WithTNk:xk,l S k SN, and
J J

N -1 1
]‘_I(jN)(T) = Z v; (Z Tk — Tj—l,k) — Z Z {6_(Tj’k—Tj+1,k) +e_(Tj+1,k+1—Tj7k)}' (7.8)
j=1 k=1 k=1 j=1 k=1

We can prove that [56, 12]

1<d%£N[eij]
}g% aN(Nfl)/2w(g]Ii)<m/a) - —]}—ZT (7.9)
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where h(v) is the Vandermonde determinant (5.10).

The following orthogonality relation is proved for the class-one Whittaker functions [63,
72],

1
(N) (V) !
; = — E — 1
for k, k' € RY, where sy(-) is the density function of the Sklyanin measure [65]

1

sn(p) = m H |T (i (e — #j))‘_Q
— (27T)1NN! H {(W B Mj)sinhﬂ(::e — 1) }  peRY (7.11)

Borodin and Corwin proved that for a class of test functions, the orthogonality relation
(7.10) can be extended for any k, k" € CV [9]. Moreover, the following recurrence relations
with respect to v are established [44, 9]; for 1 <r < N — 1,v € CV,

1 N " N
> I twien@ = o <— > %') vw(@), (112)
IC{1,..,N}, jel, k=% =1

7= ke{12,..NN\I

where ey is the vector with ones in the slots of label I and zeros otherwise;

(er); = 1, jel,
Di= 0, je{l,...,N}\LI

In particular, for r =1,

>

7=1 1<k<N:k#j

! ) a1 (V)
i — ;) i+ =e Y 7.13
i(Vk — I/j)wl(y'me{j})(w) € wzl/ (aj)? ( )

—

where the ¢-th component of the vector ey is (egj})e = 60,1 < j, £ < N. As fully discussed
by Borodin and Corwin [9], the recurrence relations (7.12) are derived as the ¢ — 1 limit of
the eigenfunction equations associated to the Macdonald difference operators in the theory
of symmetric functions [50]. For more details on Whittaker functions, see [44, 4, 30, 56, 31, 9]
and references therein.

7.2 O’Connell process

O’Connell introduced an N-component diffusion process, N > 2, which can be regarded
as a stochastic version of a quantum open Toda-lattice [56]. Let a > 0. The infinitesimal
generator of the O’Connell process is given by

e = ) (s Gl ) 0 (e /a)
= %A+V10g¢,(/N)(m/a)-V, (7.14)
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where V = (0/0z1,...,0/0xy). This multivariate diffusion process is an extension of a one-
dimensional diffusion studied by Matsumoto and Yor [51, 52]. (The Matsumoto-Yor process
describes time-evolution of the relative coordinate of the N = 2 case.)

We can show that the O’Connell process is realized as the following mutually killing
BMs conditioned that all particles survive forever, if the particle position of the j-th BM is
identified with the j-th component of the O’Connell process, 1 < j < N [30, 31, 32]. Let
B;(t),1 < j < N be independent one-dimensional standard BMs started at B;(0) = z; € R,
and for v = (v, 10, ...,vx) € RY,

B} (t) = Bj(t) + vjt, 1<j<N (7.15)
be drifted BMs. We consider an N-particle system of BMs with drift vector v, B”(t) =
(B (t),..., B (t)),t > 0, such that the probability Py (t|{B"(s)}o<s<¢) that all N particles
survive up to time ¢ conditioned on a path {B"(s)}o<s<: decays following the equation

d 1

G INEHB () }ossze) = = V(B () /a) PR (tH B (s) bossze), £ 2 0. (7.16)
It is a system of mutually killing BMs, in which the Toda-lattice potential (7.2) determines
the decay rate of the survival probability depending on a configuration B”(t) [31]. With the
initial condition B”(0) = & € Wy, the survival probability is obtained by averaging over all
paths of BMs started at x as

Pi(t:@.v) = Ea | PR(H{B"(9)ocuc) (7.17)

and we can show that [31, 57, 32]

lim Py(t;@,v) = (N,pv)e P M (x/a), ifveWy, v£0,
Pe(t;@,0) ~ cA(N)ENEDARMN /0y as b — oo, (7.18)

where ¢} (N, v) and ¢§(N) are independent of & and t. Then, conditionally on surviving of all
N particles, the equivalence of this vicious BM, which has a killing term given by the Toda-
lattice potential, with the O’Connell process is proved. We note that the parameter a > 0
in the killing rate (7.16) with (7.2) indicates the characteristic range of interaction to kill
neighboring particles as well as the characteristic length in which neighboring particles can
exchange their order in R. It implies that if we take the limit a — 0, the O’Connell process
is reduced to the noncolliding BM. (The original vicious Brownian motion is a system of
BMs such that if pair of particles collide they are annihilated immediately. The noncolliding
BM is the vicious BM conditioned never to collide with each other, and thus all particles
survive forever.)
The transition probability density for the O’Connell process with v is given by [31]

v,a —t|V[2 /202 wg/N) (y/a) o N
Pyt ylx) =e TQN(t,yla:), xz,ycR" t >0, (7.19)
v (z/a)
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with

Qttyla) = [ R @) (ya)sy(ak)ak. (7.20)

(See also Proof of Proposition 4.1.32 in [9].) As a matter of fact, we can confirm that u(t, z) =
Py (t,y|x) satisfies the Kolmogorov backward equation associated with the infinitesimal
generator £ given by (7.14),

8U<t, CU) o v,a
oy = L u(t,x)
_ 1 al 82u(t;m) N f: dlog v (x/a) dult, m)7 (7.21)
2 = Ox; = Oz, Oz,

x € RN t > 0, under the condition u(0,x) = §(x — y) = vazl §(z; —yj),y € RY. We
denote the O’Connell process by

X°(t) = (XO(t), X3(t), ..., X%(t), t>0. (7.22)

It is defined as an N-particle diffusion process in R such that its backward Kolmogorov
equation is given by (7.21). Therefore, (7.22) is a unique solution of the following stochastic
differential equation for given initial configuration X*(0) = x € RY,

AX{ (1) = dB;(t) + |[FR(X°()] dt, 1<j<Nt>0 (7.23)
with
F(x) = Vg vy (z/a), (7.24)

where {B;(t)}/L, are independent one-dimensional standard BMs and [V']; denotes the j-th
coordinate of a vector V.

7.3 Special entrance law

Let N € N, and define

N—-1 N-1 N-—-1 N—-1
= |- — ..., — =1 —). 7.25
p=(-S - L A L T (7.25
O’Connell considered the process starting from & = —Mp and let M — oo [56]. It was
claimed in [56] (see also [4]) that
M (—Mp) ~ CeNN=DM/8 oy (eM/Q]-"O(TO)> (7.26)

as M — oo, where the coefficient C' and the critical point T are independent of v. Then
as a limit of (7.19) with (7.20), we have a probability density function

Py'(tz) = lim Py(t, x| = Mp)
—00
= VP2 N (g 10) 9% (L, ) (7.27)
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with
D% (tx) = / e’t‘k‘Q/Zw(mk(w/a)sN(ak:)dk: (7.28)
RN —a

for any ¢ > 0. Since we have taken the limit M — oo for the state —Mp, we cannot
speak of initial configurations any longer, but for an arbitrary series of increasing times,
0 <t <ty < -+ <ty < oo, the probability density function of the multi-time joint
distributions is given by

M-1
P (b, 2WVsta, @ tar, 2™ = T PR (tmsr — b, ™02 PR (8, 20) (7.29)
m=1

for 2™ € RV, 1 < m < M. We can call the probability measure Py (¢, )dx with (7.27)

and dx = vazl dz; an entrance law coming from “—oop” [56] (see, for instance, Section
XII.4 of [61] for entrance laws). We note that, by (7.19), (7.29) is written as

P]%a(tbm(l);t% (2)7 .tMa )

-1
= e PRy (@) fa) HQN et = b, @™ |05 (1, V).

The expectation with respect to the distribution of the present process started according
to the special entrance law (7.27) is denoted by E*. For measurable functions f(™ 1 <
m< M,

H Fom <X“<tm>>]

= T {H [, } (@) @ fa)Q (tar — a2 0)
RN

M-1
< [T £ @) Q8 (tn =t 2|20 FO ()0 (11, 2), (7.:30)
m=2
0<t; <--- <ty < oo, where da™ :H;.V:ld:cém),l <m < M.
The present special entrance law (7.27) is called a Whittaker measure by Borodin and
Corwin [9] and denoted by WM,,y(x). Note that in the notation of [9], a Whittaker
process is a ‘triangular array extension’ of the Whittaker measure and is not the same as

the O’Connell process.
When M =1, for t > 0, (7.30) gives

E““[f(X°(1))
—e e [ o (@) @)t

— eHVE /RNdwf(m) 0 /a) /RNd’ce‘“"" P2y (@/a)sx(ak).  (7.31)

za
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7.4 Combinatorial limit a — 0

The transition probability density of the absorbing BM in W4 is given by the Karlin-
McGregor determinant of (3.3),

an(t,ylz) = 1<<]12t<N[p(t, yilzr)], x,y € Wy, t > 0. (7.32)

Consider the drift transform of (7.32),
v t 2
ay(t ylz) = exp —glv["+v-(y —2) pan(t, ylz).

Then, if v € Wz ={zx e RY : 2, <y <--- < zy}, the transition probability density of
the noncolliding BM with drift v is given by [5]

det [e"7¥¥]

—t|V2/2 1S4, ksN " cW >0 7 33
€ det eujxk]qN< 7y’w)a T,y N> — U ( . )
1<4,k<N

pi(t ylr) =
In the limit v; — 0,1 < j < N, (7.33) becomes

h
pxltyle) = %w(t,ylw% 2,y € Wit > 0. (7.34)

We prove the following. (The superscript av is used for the processes with drift vector
av = (avy,...,avy).)

Lemma 7.1 Forv € Wy,
lim Py (t, x)de = py(t z/tlv)d(x/t)

a—0
= py(t,z|0)dx, t>0. (7.35)

Proof By the asymptotics (7.9) and the definition (7.32) of gy, we have

, e 2 \N? e an (7 /)
li oD /Qwiu%w/a):(T) R T e

For ¥4, defined by the integral (7.28), we can show that the Whittaker function with

purely imaginary index multiplied by the Sklyanin density, w(jzk( )sn(ak), is uniformly
integrable in @ > 0 with respect to the Gaussian measure e_t|k‘2/2dk,t > 0. Then the

integral and the limit @ — 0 is interchangeable. Since

det [e

w(jj (x/a) ~ (—m)N(Nl)/QlSj’KS;lV(k) , asa—0

—ixjk:g]
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by (7.9), and (7.11) gives sy (ak) ~ a¥ V=V (h(k))?/{(27)V N}, as a — 0, we have

lim o~ NWV=D/299 (¢ )

a—0
1 —t1k|2/2 —ixikel 7 (5
= @M /RN dke IFF/ 1525[6 h(ik)
4~ N(N+1)/4 oo 1 o—(Vtkeiz; /vV/1)?/2 L1
_ T e ~ _
@meE © N! /RN AVik) 1Sy V2 E(zﬂke Wihn) |

By multi-linearity of determinant,

1 o~ (Vikeriz; /D)2 /2 L1
— d(vitk) det Vitky — iVitk,,
N /RN (Vt )1§j2§N[ o yl(l\/_g itk

= det /R d(Vtk)

1<j <N

o~ (Vitktiz; /D)2 /2 L1 ]

NoT [ vk —ivik,)

—(utiz; /Vt)2/2 1
= det / dus— H(z‘u—z‘ﬂkm)] . (7.37)
R

1<j <N V2T

The integral in the determinant (7.37) can be identified with an integral representation given
by Bleher and Kuijlaars [8, 40] for the multiple Hermite polynomial of type II,

m=1

/—1
P, (z;/vVt) with & i() =Y 6 m.. ().

(We set &(-) = 0 and [[,_,(-) = 1.) It is a monic polynomial of z;/+v/f with degree £ — 1.
Then (7.37) is equal to the Vandermonde determinant

h(z/VE) = tYN=D/AR(g /).

Therefore, we obtain

: —~N(N-1)/29a _ —|x|?/2t
(lllg(l)a Iy (t, ) —(27rt)N/26 h(x/t). (7.38)
Combining (7.36) and (7.38), we obtain the equality
. ava h(x/t _ _
lim Py (t, @) = ( /)qN(t La/tlv)t Y, (7.39)

a—0 h(l/)

which gives the first equality of (7.35) by the formula (7.34). The second equality is concluded
by the reciprocal relation proved as Theorem 2.1 in [32] (see (7.55) below). The proof is
then completed. g
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Moreover, if we take the limit ¥ — 0 in (7.35), we have the following

Jim lim PR(t ) = pw(t,2(0)

_A72
= Ntz , 1/\/2 — 1T oy (). (7.40)
N2 TG)
This is the probability density of the eigenvalue distribution of the Gaussian unitary ensemble
(GUE) with variance 0? = t of random matrix theory. It implies that a geometric lifting of
the GUE-eigenvalue distribution is the v — 0 limit of the entrance law coming from “—oop”,

Pr(t,z) = lim Py(t )
= oM (@ /a)0%(t, @)
= 6 (x/a) / e_t\kpmw(_fj:k(w/a)SN(ak)dk. (7.41)
RN

7.5 Determinantal formula of Borodin and Corwin

For x € R,a > 0, set
0%(z) = exp(—e/?). (7.42)
Note that (111_r>r(1) ©%x) = 1(z > 0), that is, (7.42) is a softening of an indicator function 1(x >
0). N
Let & = sup{|y;| : 1 < j < N} and choose 0 < § < 1 so that § < §/2. Borodin and
“©

Corwin [9] proved that ]E “(X{(t) — h)],h € R is given by a Fredholm determinant of a
kernel K n/. for the contour integrals on C'((—1) ov), (=1)ov(-) = Zjvzl 0_y, ()

E”’G[G“X“t—h]: Det [5 )+ Koa(v,0))], 7.43
Cem-m] = Det o0 =)+ Kol (7.43
where
10044 ds N F(U+V) usetvs/a2+t32/2a2
K, (v,v) = —I(—s)(1 ‘ . (744
(v, /) /_ioo+527rz (=) +S)HI‘(S+U+W) v+s—v >0 (7.44)

(=1

Here the Fredholm determinant is defined by the sum of infinite series of multiple contour-
integrals

Det [5(0 )+ Z - H }'{ D5 et [Ku(v;,00)], (7.45)

(vw")eC((—1)ov)? v) 2T 1<5k<L
where the term for L = 0 is assumed to be 1. Note that (7.44) depends on v,a and t;
Ku('a ) = Ku(a SV, a, t)
The Fredholm determinant formula (7.43) discovered by Borodin and Corwin [9] is sur-
prising, since the O’Connell process is not determinantal as mentioned above. We would like

to understand the origin of such a determinantal structure surviving in the geometric lifting
from the noncolliding BM to the O’Connell process.
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7.6 Variations of CPR and DMR

Let N
() = ds,() € My, (7.46)
7j=1
For such 7, define a function of x € C with parameters u € C,a > 0 by
u,a F(a(r B U))
3 =I(1- — —_— 4
@) =T0-aw-2) J[ o (747
resupp vN{u}°c

This function has simple poles at

xn:—ﬁ—ku? neN (7.48)
a
and satisfies ~
Q7 (y) = 0jr, 1< j,k < N. (7.49)
Since ]
I'(ax) ~—, 2€C, asa—0, (7.50)
ax
lim ®4(x) = 4(z) =  [[ . wueC (7.51)
a—0 Y v u—r ’ ’ '
resupp vN{u}e

We say that ®%(-) is the combinatorial limit of ®3°(-), and that ®2“(x) is the geometric
lifting of ®%(-). All poles (7.48) go to infinity in the limit @ — 0 and the function becomes
entire in the combinatorial limit.

Let Z;(t),1 < j < N,t > 0 be a set of independent complex BM’s given by (4.21). In
[33], we showed that the determinant formula (7.43) with (7.45) of Borodin and Corwin is
rewritten as follows.

=Ep { det |:5jk — % Z,(1/0)1(RZ;(1/t) < h/t)H (7.52)
1<j,k<N
fora > 0,h € R,t > 0.

The functions ®2*“(-),1 < k < N are not entire, but they are holomorphic in C\
{-n/a+ vy : n € N}. Then @g’“’“(Zj(l/t)), 1 < j,k < N are conformal martingales. Since
(7.49) holds, for each ¢t > 0, the RHS of (7.52) is equal to

Ea[ det [ @7(2;(1/1)) ?’“(Zja/t))lmzja/t)<h/t>H

1<jk<N

= { det [(1 —1(RZ;(1/t) < h/t)) Z’“’“(Zj(l/t))H

1<j,k<N

11z, = /0 de [ gk’“(le/t))]] .
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That is, we have the equality
E*“7[0%(X{(t) — h)]

1<5,k<N

l‘N[ 1(RZ;(1/t) > h/t) det g’“’a(Zj(l/t))}] . a>0,heR. (7.53)

The observable ©%(X{(t) —h),h € R in the LHS is a softening of the indicator 1(X;(t) > h).
Its expectation for the O’Connell process started according to the entrance law coming
from “—oop” has the representation as given by the RHS, in which the ‘sharp’ indicators
1(V;(1/t) > h/t),1 < j < N are observed, but the complex weight on paths is ‘soft-
ened’(geometrically lifted). We regard (7.53) as a ‘variation” of CPR.

Proposition 7.2 The O’Connell process has a variation of CPR for ©*(X{(-) — h),a >
0,h € R as given by (7.53).

For the noncolliding BM X (t) = (X1(t),..., Xy (t)),t > 0 and v = (v,...,vy) € W4,
we consider the noncolliding BM with drift vector v

X(t) = (X{(1), ..., Xy (1)),

with  XY(t) = X;(t) +vt, 1<j<N, t>0. (7.54)
Put v(-) = Z d,;(+) € My. In [32], we proved the equality
N N
H =Eng, |[[1(X2(1/1) > 0/t)|, t>0. (7.55)
=1 j=1

We call such a relation reciprocal time relation [32]. By applying Corollary 5.7, the LHS of
(7.55) is given by CPR and we have the equality

EN50

ﬁl(ij(l/t) > h/t)]

Jj=1

1<5,k<N

ﬂ (RZ;(1/t) > h/t) det {cp;k(zju/t))]], heR.  (7.56)

The determinant formula (7.53) can be regarded as a geometric lifting of the expression
(7.56) for the noncolliding BM with drift.

The functions ®2“(z),1 < k < N are not polynomial of z, but here we apply the equality
(5.26). By multilinearity of determinant, the RHS of (7.53) becomes

N [ﬂ LRZ,(1/1) > h/t) det [Eo@?’%zja/t»]}]

; 1<5,k<N
Jj=1

— Ep [H LRZ;(1/1) = hft) det [M] ?"“(iW)I(l/@Bj(l/”)ﬂ] '

A 1<j,k<N
J=1
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Then we put
M-, ) = M[@SY(GW)|(+,+)], a>0,u € C,

and

Da(1/t, B(1/t)) = det [M[Cbg’“(iWﬂ(l/t,Bj(l/t))]}, a>0, t>0.

1<j,k<N
Then (7.53) is written as follows.
RSP (00 (X (1) — )
—Ey [ﬂ 1(B,(1/1) > h/t)DA(L/T, B(1/T))
j=1

a>0, heR, 0<t<T<o0.

Y

(7.57)

(7.58)

(7.59)

Proposition 7.3 The O’Connell process has a variation of DMP for ©%(X{(-) — h),a >
0,h € R as given by (7.59). Then the expectation of ©*(X{(-) — h),a > 0,h € R is F-

determinantal.

64



Acknowledgements The present author would like to thank Hirofumi Osada for giving
him an opportunity to give lectures at Faculty of Mathematics, Kyushu University. He
thanks Tomoyuki Shirai, Hideki Tanemura, and Syota Esaki for useful discussion.

References

[1] Andrews, G. E., Askey, R., Roy, R.: Special functions. Cambridge: Cambridge Univer-
sity Press, 1999

[2] Baik, J.: Random vicious walks and random matrices. Commun. Pure Appl. Math. 53,
1385-1410 (2000)

[3] Baik, J., Suidan, T. M.: Random matrix central limit theorems for nonintersecting
random walks. Ann. Probab. 35, 1807-1834 (2007)

[4] Baudoin, F., O’Connell, N.: Exponential functionals of Brownian motion and class-one
Whittaker functions. Ann. Inst. H. Poincaré, B 47, 1096-1120

[5] Biane, P., Bougerol, P., O’Connell, N.: Littelmann paths and Brownian paths. Duke
Math. J. 130, 127-167 (2005)

[6] Biane, P., Bougerol, P., O’Connell, N.: Continuous crystal and Duistermaat-Heckman
measure for Coxeter groups. Adv. Math. 221, 1522-1583 (2009)

[7] Biane, P., Pitman, J., Yor, M.: Probability laws related to the Jacobi theta and Riemann
zeta functions, and Brownian excursions. Bull. Amer. Math. Soc. 38, 435-465 (2001)

[8] Bleher, P. M., Kuijlaars, A. B. J.: Integral representations for multiple Hermite and
multiple Laguerre polynomials. Ann. Inst. Fourier. 55, 2001-2014 (2005)

[9] Borodin, A., Corwin, I.: Macdonald processes. to appear in Probab. Theory Relat.
Fields; arXiv:math.PR/1111.4408

[10] Borodin, A., Rains, E. M.: Eynard-Mehta theorem, Schur process and their Pffaffian
analogs. J. Stat. Phys. 121, 291-317 (2008)

[11] Cardy, J., Katori, M.: Families of vicious walkers. J. Phys. A 36, 609-629 (2003)

[12] Corwin, I., O’Connell, N., Seppéldinen, T., Zygouras, N.: Tropical combinatorics and
Whittaker functions. arXiv:math.PR/1110.3489

[13] Dyson, F. J. : A Brownian-motion model for the eigenvalues of a random matrix. J.
Math. Phys. 3, 1191-1198 (1962)

[14] Eichelsbacher, P., Konig, W.: Ordered random walks. Electron. J. Probab. 13, no.46,
1307-1336 (2008)

65



[15]

[16]
[17]
[18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

Eynard, B., Mehta, M. L. : Matrices coupled in a chain: I. Eigenvalue correlations. J.
Phys. A 31, 4449-4456 (1998)

Feierl, T.: The height of watermelons with wall. J. Phys. A 45, 095003 (2012)
Fisher, M.E.: Walks, walls, wetting, and melting. J. Stat. Phys. 34, 667-729, (1984)

Forrester, P. J.: Log-gases and Random Matrices. London Mathematical Society Mono-
graphs, Princeton: Princeton University Press, 2010

Forrester, P. J., Nagao, T., Honner, G.: Correlations for the orthogonal-unitary and
symplectic-unitary transitions at the hard and soft edges. Nucl. Phys. B553[PM], 601-
643 (1999)

Fujita, T. : Stochastic Calculus for Finance (in Japanese). Tokyo: Kodansha, 2002

Fujita, T.: Random Walks and Stochastic Calculus (in Japanese). Tokyo: Nihon-
Hyoron-Sha, 2008

Fujita, T., Kawanishi, Y.: A proof of Ito’s formula using a discrete Ito’s formula. Stud.
Sci. Math. Hungr. 45, 125-134 (2008)

Givental, A.: Stationary phase integrals, quantum Toda lattices, flag manifolds and
the mirror conjecture. In: Topics in Singular Theory, AMS Trans. Ser. 2, vol. 180,
pp-103-115, AMS, Rhode Island (1997)

Grabiner, D. J.: Brownian motion in a Weyl chamber, non-colliding particles, and
random matrices. Ann. Inst. Henri Poincaré, Probab. Stat. 35, 177-204 (1999)

Graczyk, P., Matecki, J.: Multidimensional Yamada-Watanabe theorem and its appli-
cations to particle systems. J. Math. Phys. 54, 021503/1-15 (2013)

Johansson, K.: Universality of the local spacing distribution in certain ensembles of
Hermitian Wigner matrices. Commun. Math. Phys. 215, 683-705 (2001)

Johansson, K.: Non-intersecting paths, random tilings and random matrices. Probab.
Th. Rel. Fields 123, 225-280 (2002)

Johansson, K.: Non-intersecting, simple, symmetric random walks and the extended
Hahn kernel. Ann. Inst. Fourier 55, 2129-2145 (2005)

Karatzas, 1., Shreve, S. E.: Brownian Motion and Stochastic Calculus. 2nd edition, New
York: Springer, 1991

Katori, M.: O’Connell’s process as a vicious Brownian motion. Phys. Rev. E 84, 061144
(2011)

Katori, M.: Survival probability of mutually killing Brownian motion and the O’Connell
process. J. Stat. Phys.147, 206-223 (2012)

66



32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

Katori, M.: Reciprocal time relation of noncolliding Brownian motion with drift. J.
Stat. Phys. 148, 38-52 (2012).

Katori, M.: System of complex Brownian motions associated with the O’Connell pro-
cess. J. Stat. Phys. 149, 411-431 (2012)

Katori, M.: Determinantal martingales and noncolliding diffusion processes.
arXiv:math.PR/1305.4412

Katori, M. Determinantal martingales and correlations of noncolliding random walks.
arXiv:math.PR/1307.1856

Katori, M., Tanemura, H.: Functional central limit theorems for vicious walkers. Stoch.

Stoch. Rep. 75, 369-390 (2003)

Katori, M., Tanemura, H.: Symmetry of matrix-valued stochastic processes and non-
colliding diffusion particle systems. J. Math. Phys. 45, 3058-3085 (2004)

Katori, M., Tanemura, H.: Infinite systems of noncolliding generalized meanders and
Riemann-Liouville differintegrals. Probab. Theory Relat. Fields 138, 113-156 (2007)

Katori, M., Tanemura, H.: Zeros of Airy function and relaxation process. J. Stat. Phys.
136, 1177-1204 (2009)

Katori, M., Tanemura, H.: Non-equilibrium dynamics of Dyson’s model with an infinite
number of particles. Commun. Math. Phys. 293, 469-497 (2010)

Katori, M., Tanemura, H.: Noncolliding squared Bessel processes. J. Stat. Phys. 142,
592-615 (2011)

Katori, M. and Tanemura, H.: Noncolliding processes, matrix-valued processes and
determinantal processes. Sugaku Expositions (AMS) 24, 263-289 (2011)

Katori, M., Tanemura, H.: Complex Brownian motion representation of the Dyson
model. Electron. Commun. Probab. 18, no.4, 1-16 (2013)

Kharchev, S., Lebedev, D.: Integral representations for the eigenfunctions of quantum
open and periodic Toda chains from the QISM formalism. J. Phys. A: Math. Gen.34,
2247-2258 (2001)

Konig, W.: Orthogonal polynomial ensembles in probability theory. Probab. Surveys 2,
385-447 (2005)

Konig, W., O’Connell, N.: Eigenvalues of the Laguerre process as non-colliding squared
Bessel process. Elec. Commun. Probab. 6, 107-114 (2001)

Krattenthaler, C.: Generating functions for plane partitions of a given shape.
Manuscripta Math. 69, 173-202 (1990)

67



[48] Krattenthaler, C.: Advanced determinant calculus. Séminaire Lotharingien Combin. 42
(1999) (The Andrews Festschrift), paper B42q, 67 pp

[49] Levin, B. Ya.: Lectures on Entire Functions. Translations of Mathematical Monographs,
150, Province R. I. : Amer. Math. Soc.,1996

[50] Macdonald, I. G.: Symmetric Functions and Hall Polynomials. 2nd edition, New Yort:
Oxford University Press, 1999

[51] Matsumoto, H., Yor, M.: An analogue of Pitman’s 2M — X theorem for exponential
Wiener functionals, Part I: A time-inversion approach. Nagoya Math. J. 159, 125-166
(2000)

[52] Matsumoto, H., Yor, M.: Exponential functionals of Brownian motion I: Probability
laws at fixed time. Probab. Surveys 2, 312-347 (2005)

[53] Mehta, M. L.: Random Matrices. 3rd edition, Amsterdam: Elsevier, 2004

[54] Nagao, T. and Forrester, P.: Multilevel dynamical correlation functions for Dyson’s
Brownian motion model of random matrices. Phys. Lett. A247, 42-46 (1998)

[55] Nagao, T., Forrester, P.J.: Vicious random walkers and a discretization of Gaussian
random matrix ensembles. Nucl. Phys. B 620 [FS], 551-565 (2002)

[56] O’Connell, N.: Directed polymers and the quantum Toda lattice. Ann. Probab. 40,
437-458 (2012)

[57] O’Connell, N.: Whittaker functions and related stochastic processes. to appear in pro-
ceedings of Fall 2010 MSRI semester ‘Random matrices, interacting particle systems
and integrable systems’, arXiv:math.PR/1201.4849

[58] Osada, H.: Infinite-dimensional stochastic differential equations related to random ma-
trices. Probab. Theory Relat. Fields 153, 471-509 (2012)

[59] Osada, H.: Interacting Brownian motions in infinite dimensions with logarithmic po-
tentials. Ann. Probab. 41, 1-49 (2013)

[60] Osada, H.: Interacting Brownian motions in infinite dimensions with logarithmic po-
tentials IT: Airy random point field. Stoch. Proc. Appl. 123, 813-838 (2013)

[61] Revuz, D., Yor, M.: Continuous Martingales and Brownian Motion. 3rd edition, New
York: Springer, 2005

[62] Schoutens, W.: Stochastic Processes and Orthogonal Polynomials. Lecture Notes in
Statistics 146, New York: Springer, 2000

68



[63]

[64]

[65]

[66]

[67]

[68]

[69]
[70]

[71]

[72]
73]

Semenov-Tian-Shansky, M. A.: Quantization of open Toda lattices. In: Dynamical
Systems VII: Integrable Systems, Nonholonomic Dynamical Systems. Edited by V. I.
Arnol’d and S. P. Novikov. Encyclopaedia of Mathematical Sciences, vol.16. pp.226-259,
Springer, Berlin (1994)

Shirai, T., Takahashi, Y.: Random point fields associated with certain Fredholm de-
terminants I: fermion, Poisson and boson point process. J. Funct. Anal. 205, 414-463

(2003)

Sklyanin, E. K.: The quantum Toda chain. In: Non-linear Equations in Classical and
Quantum Field Theory, Lect. Notes in Physics, 226, pp. 195-233, Berlin: Springer, 1985

Soshnikov, A. : Determinantal random point fields. Russian Math. Surveys 55, 923-975
(2000)

Spohn, H.: Interacting Brownian particles: a study of Dyson’s model. In: Hydrodynamic
Behavior and Interacting Particle Systems. G. Papanicolaou (ed), IMA Volumes in
Mathematics and its Applications, 9, Berlin: Springer-Verlag, 1987, pp.151-179

Szego, G.: Orthogonal Polynomials. Providence: Amer. Math. Soc., 1991
Tao, T.: Topics in Random Matriz Theory. Providence: Amer. Math. Soc., 2012

Tracy, C. A., Widom, H.: Differential equations for Dyson processes. Commun. Math.
Phys. 252, 7-41 (2004)

Tracy, C. A., Widom, H.: Nonintersecting Brownian excursions, Ann. Appl. Probab.
17, 953-979 (2007)

Wallach, N. R.: Real Reductive Groups II. San Diego CA: Academic Press, 1992

Watson, G. N.: A Treatise on the Theory of Bessel Functions. 2nd edition, Cambridge:
Cambridge University Press, 1944

69



