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Limit distributions of two-dimensional quantum walks
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One-parameter family of discrete-time quantum-walk models on the square lattice, which includes the
Grover-walk model as a special case, is analytically studied. Convergence in the long-time limit #— o0 of all
joint moments of two components of walker’s pseudovelocity, X,/¢ and Y,/t, is proved and the probability
density of limit distribution is derived. Dependence of the two-dimensional limit density function on the
parameter of quantum coin and initial four-component qudit of quantum walker is determined. Symmetry of
limit distribution on a plane and localization around the origin are completely controlled. Comparison with
numerical results of direct computer simulations is also shown.
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I. INTRODUCTION

Quantum walks are expected to provide mathematical
models for quantum algorithms, which could be used in
quantum computers in the future [1-5]. Though the system-
atic study of quantization of random walks is not old [6-9],
one-dimensional models have been well studied and math-
ematical properties are clarified [10,11]. For example, con-
vergence of all moments of pseudovelocity in the long-time
limit was proved for the standard two-component quantum-
walk model and the weak limit theorem is established
[12-15]. The weak limit theorem was generalized for the
multicomponent quantum-walk models associated with rota-
tion matrices [16,17].

One of the recent topics of quantum walks is systematic
study of higher dimensional models [14,18-22]. Among
them the Grover-walk model has been extensively studied,
since it is related to Grover’s search algorithm [23-27]. Inui
et al. [28] studied the two-dimensional Grover-walk model
analytically and clarified an interesting phenomenon called
localization [29]. In two dimensions effect of random envi-
ronment on quantum systems is nontrivial and decoherence
in two-dimensional quantum walks generated by broken-
line-type noise was studied by Oliveira et al. [30].

We noted that at the end of the paper by Inui er al. [28] a
one-parameter family of two-dimensional quantum-walk
models was introduced, which includes the Grover walk as a
special case; with the parameter p=1/2 of a quantum coin.
In general the quantum walker on the square lattice, which
hops to one of the four nearest-neighbor sites at each time
step, is described by a four-component wave function. In the
present paper, we will determine the dependence of long-
time behavior of quantum walker both on the parameter p
and a four-component initial wave function (four-component
qudit) completely and establish the weak limit theorem for
the family of two-dimensional models.
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This paper is organized as follows. In Sec. II we define
the discrete-time two-dimensional quantum-walk models. By
calculating the eigenvalues and eigenvectors of the time-
evolution matrix of quantum walk in the wave-number
space, long-time behavior of joint moments of x and y com-
ponents of pseudovelocity is analyzed in Sec. III. There, the
weak limit theorem for the two-dimensional models is
proved and dependence of the limit distributions of
pseudovelocities on the parameter p of quantum coin and on
an initial qudit of walker is clarified. In order to demonstrate
the usefulness of our results to control the long-time behav-
ior of quantum walks, we show pairs of figures of direct
computer-simulation results and of obtained limit distribu-
tions in Sec. IV. Using the results we can discuss symmetry
of limit distributions on a plane systematically depending on
the parameter p and initial qudits of walker. Concluding re-
marks are given in Sec. V. Appendix is used to show calcu-
lations of some integrals.

II. TWO-DIMENSIONAL QUANTUM-WALK MODELS
A. General setting on the square lattice

We begin with defining the two-dimensional discrete-time
quantum walk on the square lattice Z>={(x,y):x,y EZ},
where Z denotes a set of all integers Z={...,-2,
-1,0,1,2,...}. Corresponding to the fact that there are four
nearest-neighbor sites for each site (x,y) EZ?, we assign a
four-component wave function

P (x,y,1)
P (x,y,1)
P3(x,,1)
Py (x,,1)

to a quantum walker, each component of which is a complex
function of location (x,y)EZ? and discrete time ¢
=0,1,2,.... A quantum coin will be given by a 4 X 4 unitary
matrix, A=(Ajk);"k=1, and a spatial shift operator on Z? is
represented in the wave-number space (k,,k,) €[—,7)? by
a matrix ‘

W(x,y,1) =
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—ik, 0 0
S(kxa ky) = 0 0 eikV 0 ’
0 0 0 ek

where i=y-1. We assume that at the initial time r=0 the
walker is located at the origin with a four-component qudit
Tbo=(q1.92.93.q4) E C*, E?=l|qj|2=l. In the present paper,
the transpose of vector or matrix is denoted by setting a
superscript 7 on the left-hand side, and R and C denote the
sets of all real and complex numbers, respectively. Let

Vlkyoky) = S(kyky)A. (1)

Then, in the wave-number space, the wave function of the
walker at time ¢ is given by

W(kykyot) = [Vikyk) g, 1=0,1,2, ... . 2)

Time evolution in the real space Z is then obtained by per-
forming the Fourier transformation

Tdk, (T dk, . N
q,(x’y’t) - f ;:f Z_;el(kx“’kyy)qj(kxsky»t) .

Note that the inverse Fourier transformation should be

Ulkoky,t)= 2 Wlx,y,neherhy),

(xy)EZ?

Now the stochastic process of two-dimensional quantum
walk is defined on Z? as follows. Let X, and Y, be x and y
coordinates of the position of the walker at time 7, respec-
tively. The probability that we find the walker at site
(x,y) EZ? at time ¢ is given by

P(x,y,1) = Prob((X,,Y)) = (x,y)) = ¥ (x,y,) ¥ (x,y,1),
(3)

where W(x,y,t)="W(x,y,r) is the Hermitian conjugate of
W(x,y,t). The joint moments of X, and Y, are given by

(XeYPy= X xPP(x.y.1)

(xvy)ez?
dk, (™ dk

f f ”I’ (ky.ky. 1)
J J

X\ i— \Ifk,k,,t 4
(l&kx)(ak) k) (@

for @, 3=0,1,2,....

B. Generalized Grover walks

Inui et al. [28] introduced a one-parameter family of
quantum-walk models on Z? as a generalization of Grover
model by specifying the quantum coin as
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-p q pqg \pq

sl
q -p \@ \pq
\pa \pg —-a p

— =
vpg \pg P -4

g=1-p, (5)

where p€(0,1). When p=1/2, A is reduced to the quantum-
coin matrix used to generate the Grover walk on Z2. In gen-
eral the generator of the process (1) is given as

—pes gels \@e" Vpge™s
—iky =ik, —ik, [ ik
qe pe \'pqe * \Npge ™
Vikyeky) = [ ik [ ik ik ik ’
vpge™ Npge™r  —qev pe
Vpge® \pge s pet - et

(6)
qg=1-p,0<p<lI.

II. LIMIT DISTRIBUTION IN #—
A. Calculation of moments and their long-time limits

In order to analyze the long-time behavior of the present
two-dimensional quantum walks, we use the method origi-
nally given by Grimmett et al. [14], which has been devel-
oped in [15-17]. It is easy to diagonalize the time-evolution
matrix (6). The four eigenvalues are obtained as

e_i“)<kx’ky) ,

M=l A=—1, A=kl o)\, =

where w(k,,k,) is determined by the equation
cos w(k,,ky) =~ (p cos k,+ g cos k,). (7)

The eigenvectors corresponding to the eigenvalues \;, 1=
=4, are given by the following column vectors:

g™ N+ 1)(e™N + D (eN + 1)
g(e™ N+ 1) (e N+ D (e + 1)
Vj(kx’ky) =N — —ik, ik
Vpg(e™s\;+ 1)(e™™ N+ 1)(e™N\; + 1)
V/P_Cl(e_ikx)\j*' 1)(€ik)‘7\j+ 1)(e_ik")\j+ 1)

)
with appropriate normalization factors N;,1=j=4. Define
the 4 X4 unitary matrix R(k,,k,)=(v{,v,,v3,v4) from the
four column vectors (8). Then the time-evolution matrix (6)

is diagonalized and by the unitarity of R(k,.k,), R(k,.k,)
=[R(k,, ))]‘ Eq. (2) is written as

N0 0 0
Wk k1) = R(k,k,) 0 % R (k.k,) o
e Pl o 0 A 0 oy
0 0 0 M\

—E(x)’vc kyky),

where Cj(kx,ky)Evj-(kx,ky)%. For a,B=1,2,..., we see
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9\ 9\
i— | i | W(kyky.1)
ok, ) \" ok,

) (_ &w(kx,k:)>“

ok,
dolk,k,) \P
X (— “’(Ty—)> (A3)'V3(kyo ey (e ) 1245
y
do(k,k )\ dolk,k,) \P
+< w(k, »)) ( o( Q) )
ak, ok

y

X V4(kx’ ky) C4(kx’ ky)tuﬁ—ﬁ + O(ta+'5_ l) P

since ;=1 and A,=-1 are independent of kk,. Since
R(kx,k)) is umtary, its column vectors make a set of ortho-
normal vectors; v (kx, k) v, (ky,k,)=6,,, Then we have

o\ 9
\I"(kx,ky,t)(la—kx) ( ak) W (ky k1)
= {(_ 1)a+ﬁ|c3(kx’ky)|2 + |C4(kx7ky)|2}
" ( do(k,.k,) >a< dolk.k,) \P

) 1B 4+ O (1B,
Ik, ok,

The pseudovelocity of quantum walker at time ¢ is defined as
X, Y
V,=(7’,7’), r=1,2,3,... . 9)

Equation (4) gives the following expression for joint mo-
ments of x and y components of pseudovelocity,
(X,/1)%(Y,/t)B, in the long-time limit:

i (2 (%)) - [ 22"

X{(_ 1)a+'8|c3(kx’ ))l2 |C4( x> y | }

X@mmm)@mmw>.
dk, ok

y

Here from Eq. (7) we have w(k,,k,)=arccos[-(p cos k,
+¢ cos k)] and then

r?w(kx,kz,) _ p sin k,
ok, V1 = (p cos k, + g cos k,)?
Jo(k,,k,) _ g sin k,
dk, V1= (p cos k, + g cos k,)?
by the formula (d/dx)arccos x= F 1/1-x>.
We change the variable of integral from k,,k, to v,,v, by
p sin k,
Uy="7 55
V1= (p cos k,+q cos k)
sin k,
v, = 1 ! (10)

V1 =(p cos k, + g cos ky)z'

It should be noted that this map (kx,k})
€[-m, m)*~(v,,v,) is one-to-two and the image is a union
of interior points of an ellipse
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2 U2
S| (11)
P q

and the four points {(p,q),(,—q),(-p,q),(-p,—q)}. We
found that the following relations are derived from (10),

—
2v,\pq - qu; - pu;

Sin kX= / )
pN+v, + D, —v,+ Do, +v, - D(v,—v, - 1)
cos k,
~ (1+q)vf+pv§—p
—_ / 9
pNw+v,+ D —vy+ D, +v, - Dv,—v, - 1)
—s
sin k, = 2v,\pq - qu: - pv;
’ q\/(vx+ vy+ D, —v,+ D +v,— D, — vy, - 1’
cos k,
B qvi+(l+p)v§—q
- — ]
gV, +v,+ Do, —vy+ D, +v, - D, —v,— 1)
(12)

They are useful to calculate the Jacobian associated with the
inverse map (v,,v,)—> (k,,k,) and we have obtained

dv,/dk, vk,
dv,/dk, dv,/dk,

J

1
= Z|(vx+ v+ D(v,—v,+ D(v+v, - D(v,—v, - 1]

If we assume that by this change of variable Cj(k,,k,) are
replaced by C (vy,vy), j=3.4, the integral is written as

of (12))
lim —
t— t
| 52 %
w2m) o 2mwJ
X{|C3(v,0)” + (= D Cylv,0,)}
Xv Uy, 1{U2/,D+U2/q<l}
=f deJ dv),vafup(vx,vy)./\/l(vx,vy), (13)
where 1y, denotes the indicator function of a condition ();

Ligy=1 if Q is satisfied and 1;5y=0 otherwise. Here
m,(vy,0y) is given by

Hp(V,0y)
a 2
- ﬂl(vx+vy+ D@, —vy,+ D, +v, - D, —v,— 1)
><1{1}2/;0+v2/q<l}s (14)

since we can confirm that (v,c+vy+1)(v,C vy+ 1) (v, +o,
-1(v,~v,~1)>0, when v? /p+v 1g<l,q=1-p,0<p<l.
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Hp

oO=NwrLw

FIG. 1. (Color online) The two-dimensional fundamental
density-function w,(v,,v,) of limit distribution of pseudovelocities,
when p=1/4.

This function w,(v,,v,) gives the fundamental density func-
tion for long-time limit distribution of pseudovelocity (see
Appendix). Figure 1 shows it when p=1/4. It should be
noted that the fundamental density function w,(v,,v,) de-
pends on the parameter p but does not on an initial qudit
To=(¢1,92.93-q4). The dependence on an initial qudit is
expressed by the weight function M(v,,v,) given below.

B. Weight function M(v,,v,)

Using (12), the weight function M(v,,v,) is explicitly
determined as follows:

M) = M)+ My, + Myv, + /\/l4v)2€ + Msvi
+ M6vxvy (15)

with

1 _ _
M, = 5 +Re(q172 + q344)
q _ _ _ _
My=— (|511|2 - |(12|2) + /p—qRe(Cll% + 4144~ 9203 — 9244) »
V!

p o
Ms== (a5 ~1aiP) + =Re(q133 - 0134 + 0273 — 4:33).
\pq

1+¢

1 _
M4=5(|‘I1|2+ |42|2— |¢I3|2— |614|2)— Re(q,3,)

_ q _ _ _ _
- Re(g3q4) - —rRe(qm + 4144+ 923 + G244)
\pq

1 _
Ms==5(a1* +102l* =gl = |gl") - Re(:72)

1+p _ p _ _ _ _
-, Re(g3q4) - ERe(Clﬂs +q1Gs + 9293+ G244)
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1
Me=-T=Re(q133— 4194~ 925+ 42q4),  (16)
Pq
where Re(z) denotes the real part of z& C and 7 denotes the
complex conjugate of z € C. The weight function defines the
following real symmetric matrices M,,, through the relations
M, =M, ¢, | =n=6:

1100

11100

M= ,

210 0 11

0011
2pg 0 -q —¢q
My | 0 =2be a a |
2\pg| -4 q 0 0
-q q 0 O

M3__2\@ -p =p 2dpg O |
P p 0 -2pg
o e 4 9
p pa \pq
I+g R
M4=_1 P \pa \pq ’
2V e ¢« |
Vpg pa
L L1
Vpg  \pq
R
\pg  \Npq
1 T A
Ms——l \pa \pg ’
2 p | lp
\pa pq q
P Hp
\pa paa
0 -1 1
Moo L0 0
*“opgl-1 1 0 0
1 -1 0 0

Such matrix representations will be useful, when we gener-
alize the present results to other models, whose quantum
coins are given by larger matrices [17].

The integral f.fmdvxffwdvy,t./gp(v;,vy)/\/l(vx,vy)' is gener-
ally less than 1, since the contributions from the eigenvalues
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FIG. 2. (Color online) Depen-
dence of localization probability
around the origin A on the param-
eter p€(0,1). (a) The case '¢y
=(1,1,-1,-1)/2. When p=1/2
(the Grover-walk model), A=0.
(b) The case T¢pp=(1,1,1,1)/2.
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A\ and A\, have not been included. The difference

A=1- f dvxf dvyu, (v, 0 ) M(v,,0,) (17)

gives the weight of a point mass at v,=v,=0 in the distribu-
tion. That is, A gives the probability of localization around
the origin of the present two-dimensional quantum walks
[16,28] (see Sec. III D below).

C. Weak limit theorem and symmetry of limit distribution

The result is summarized as the following limit theorem.
Theorem. Let

V(vx’ Uy) = Iu“p(vx’ U),)M (vx’ vy) +A 5(vx) 5(1))') P ( 1 8)

where w,(v,,v,), M(vy,vy), and A are given by (14) and
(15) with (16) and (17), respectively, and &(z) denotes
Dirac’s 6 function. Then

X o Y B 00 o0
lim<<—t> (—t> > = f dvxf dvyvﬁva(vx,vy)
t—© t t —o0 —00

(19)

for all «,3=0,1,2,....

As mentioned in an earlier paper [16], distribution of
quantum walks itself does not converge in the long-time
limit, since time evolution of the quantum system is simply
given by a unitary transformation. The above theorem is re-
garded as a weak limit theorem in the sense that, if we evalu-
ate moments of pseudovelocity in oscillatory distributions of
realized quantum walks, the results shall be converged to the
values calculated by the formula (19) with the density func-

density

o=NwhrO

(a)

When p=1/2 (the Grover-walk

04 06 08 1 model), A=2(7-2)/7=0.726"-".

tion (18) in t— co. If we integrate ¥(v,,v,) over any region D
on a plane R? then we obtain the probability that the
pseudovelocity V,=(X,/t,Y,/t) €D in the t— oo limit.

The polynomial form of (15) leads to the following clas-
sification of symmetry realized in the limit distribution.

(i) When M;=My=0, the limit of probability density
v(v,,v,) has the reflection symmetry for the v, axis; ¥(v,,
-0,)=1(v,,v,).

(ii) When M,=M=0, the limit of probability density
vv,,v,) has the reflection symmetry for the v, axis;
U=, 0,) =1V, V).

(iii)) When M,=M3=M=0, the limit of probability
density v(v,,v,) has the reflection symmetries both for the v,
axis and the v, axis; U(v,,-v,)=v(-v,,v,)=v(v,,0,).

(iv) When M,=M;=0, the limit of probability density
¥(v,,v,) has the birotational symmetry for the v, axis, which
is perpendicular both to v, and v, axes; ¥(-v,,-v,)
=1(v,,0,).

D. Localization probability around the origin
By symmetry of the fundamental density function (14)
and (17) with (15) becomes

A= 1 _MI_M4KX_M5KY

with

Kx=f dvxf dvy,up(vx,vy)vf,

density

o=NwhrO

(b)

FIG. 3. (Color online) The case p=1/4 and T¢0=(1 ,—1,1,1)/2. Since M3=M¢=0 in this case, the limit distribution has the reflection
symmetry for the v, axis; v(v,,-v,)=v(v,,v,). (a) Distribution of pseudovelocity V,=(X,/t,Y,/1) at time step t=30 numerically obtained by

computer simulation. (b) Probability density of limit distribution.
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density

o=NnwhrO

FIG. 4. (Color online) The case p=1/4 and T¢0=(1 ,1,1,-1)/2. Since M,=M¢=0 in this case, the limit distribution has the reflection

symmetry for the v \
computer simulation. (b) Probability density of limit distribution.

2
Ky=f dvxf dvypu,(vv,)vy.

As shown in the Appendix, these integrals are readily per-
formed and we obtain the following explicit expression for
the probability of localization around the origin,

2
A=1-M,- —(arcsin\rg— \rphq)/\/u
T

- %(arcsin\/;— \/p_q)./\/ls. (20)

The localization probability A is a function of the parameter
pE(0,1) and an initial four-component qudit ¢,
=(q1,q2,q3,q4)€C4,E?=1|qj|2=l through Eq. (16). For ex-
ample, Eq. (20) gives

1 1 1 1
A=—(1- 2y/p_q)(—arcsin\5+ —arcsin\,@_ /—_)
™ p q Npq

for "py=(1,1,-1,-1)/2, and

A= l(1 + 2\/p_q)(larcsin\/;—7+ larcsin\r@— L)
T p q \/p_q
for T¢0=(1 ,1,1,1)/2, respectively, where g=1-p. As
shown in Fig. 2, for T¢py=(1,1,-1,-1)/2, the localization
probability A attains the minimum=0 for the Grover-walk
model, p=g=1/2, while for “¢py=(1,1,1,1)/2, it attains the
maximum =2(7—2)/7=0.726 - - for the Grover-walk model.
If we make the initial qudit depend on the parameter as

density

[e L\ VIS RN, |

(a)

y axis; ¥(-v,,v,)=v(v,vy). (a) Distribution of pseudovelocity V,=(X,/t,Y,/?) at time step =30 numerically obtained by

T¢0=(\/§7 \/év_ \/g’_ \/g>7 q=1—P, (21)

for example, then A=0 for M =1, M,=M;5=0, and thus
the quantum walker is extended with probability one for all
pe(0,1).

It should be noted that A is defined as the intensity of
Dirac’s 6 function at the origin found in the limit density
function of pseudovelocity [see Eq. (18)]. It implies that A
gives the probability that the quantum walker loses its veloc-
ity and stays around the starting point, i.e., the origin. There-
fore, A is, in general, greater than the time-averaged prob-

ability that the walker stays exactly at the starting point, P.,,
which was calculated in [28]. For example, for the Grover-
walk model with the initial qudit "¢y=(1,1,1,1)/2, A
=2(m=2)/7=0.726--, as mentioned above, while P.,
=2{(m—=2)/mw}*=0.264... as reported in Sec. VC in [28].

IV. COMPARISON WITH COMPUTER SIMULATIONS

In order to demonstrate the validity of the above results,
here we show comparison with numerical results of direct
computer simulations [16]. In Figs. 3-6, the left-hand figures
show the distribution of pseudovelocity V,=(X,/t,Y,/t) at
time step =30 numerically obtained by computer simula-
tions and the right-hand figures the long-time limits of prob-
ability densities »(v,,v,) determined by our theorem. The
four figures show the symmetries (i)—(iv) classified in Sec.
III C. In all of these four cases shown in Figs. 3—-6, A>0 and
we can see a peak at the origin in each right-hand figure (b),

density

Oo=NWhLUI

(b)

FIG. 5. (Color online) The case p=1/4 and T¢py=(1,1,0,0)/ V2. Since My=M3=M;¢=0 in this case, the limit distribution has the
reflection symmetries both for the v, axis and the v, axis; ¥(v,,-v,)=w(-v,,v,)=2(v,,v,). (a) Distribution of pseudovelocity V,
=(X,/t,Y,/t) at time step 1=30 numerically obtained by computer simulation. (b) Probability density of limit distribution.
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density

o=NwhO

FIG. 6. (Color online) The case p=1/4 and Td)o:(l ,—1,-1,1)/2. Since M,=M3=0 in this case, the limit distribution has the
birotational symmetry for the v, axis, which is perpendicular both to v, and v, axes; ¥(-v,~v,)=¥(v,,v,) (a) Distribution of pseudovelocity
V,=(X,/t,Y,/1) at time step t=30 numerically obtained by computer simulation. (b) Probability density of limit distribution.

which indicates the contribution Ad(v,)d(v,) in the limit
density function (18).

We observe oscillatory behavior in distributions of V,
=(X,/t,Y,/t) in computer simulations. In general, as the time
step ¢ increases, the frequency of oscillation becomes higher,
but, if we smear out the oscillatory behavior, the averaged
values of distribution shall be well described by the density
functions of limit distributions (18), which is the phenom-
enon implied by our weak limit theorem [16].

V. CONCLUDING REMARKS

In general, quantum coins, which determine time evolu-
tion of quantum walkers with spatial shift operators, are
given by unitary transformations [4,16]. The set of all N
X N unitary matrices makes a group, the unitary group U(N),
whose dimension is N? (see, for example, [31]). Though the
determinant of unitary matrix is generally given by
e'? oE[-m/2,m/2), this global phase factor of quantum
coin is irrelevant in calculating any moments of walker’s
positions in quantum-walk models [15]. For example, in the
standard two-component (N=2) quantum walks, the number
of relevant parameters to specify a quantum coin is N>—1
=22—1=3 (Cayley-Klein parameters), and the dependence of
limit distributions of pseudovelocities on the three param-
eters was completely determined [10,12,13,15,16]. In the
present paper we have considered a one-parameter family of
unitary matrices (5) in U(4) as quantum coins. The present
study should be extended to more general models, whose
U(4)-quantum coins are fully controlled by 4—1=15 param-
eters.

One of the motivations to study the present family of
models in this paper is the fact that it contains the Grover
walk on the plane. It will be interesting and important to
derive limit distributions of pseudovelocities of quantum
walkers on a variety of plane lattices different from the
square lattices and in the higher-dimensional lattices [20].
For example, the quantum coin of the Grover walk in the
D-dimensional hypercubic lattice is given by the 2D X 2D
orthogonal matrix A(D)=(A§-f )) with the elements

A;f)= 1/D-1 ?f J k, (22)
1/D if j# k.
It is also an interesting problem to relate the present results
to solutions of the continuous-time quantum-walk models on
two-dimensional lattices [22].

At the end of the present paper, we refer to the fact that
recent papers propose implementations of not only one-
dimensional but also two-dimensional quantum walks using
optical equipments [32,33], ion-trap systems [34], and ultra-
cold Rydberg atoms in optical lattices [35,36]. We hope that
combinations of experiments and theoretical works of quan-
tum physics will make significant contribution to the devel-
opment of quantum informatics.

ACKNOWLEDGMENTS

M.K. would like to thank Norio Inui for useful comments
on the paper. This work was partially supported by the
Grant-in-Aid for Scientific Research (C) of Japan Society for
the Promotion of Science (Grant No. 17540363).

APPENDIX: ON INTEGRALS

Consider the integral

I= f dva dvyl{vf/p+v3/q<1}

1
X
(We+v,+ D, —vy+ Dv,+v, - D, —v,— 1)

with p+g=1,p,q=0. Let

1 1 ~ 1 1
U, = \’pr5<z+z), Uy = \rqr; z—; .

1

(A1)
Then
1
J(r
I=-2%pq f d,#
0 r
with a contour integral on a complex plane C,

JN =0 dzf(z),

Co

where
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3

z

fl2) =

with
1
ziz(\/[_)+i\@);(l +=\1-17).

Here C, denotes the unit circle centered at the origin on C,
|z|=1. There are four simple poles at z=z_,z_,—z_ and —z_
inside of the contour C and the Cauchy residue theorem can
be applied (see, for example, Chap. 4 in Ref. [37]) to obtain

J(r) = 2mi{Res(f,z_) + Res(f,z_) + Res(f,— z_
+Res(f,—z)},
where we see

Res(f,z.) = (2= 2)f(2)] =,

4

¥
- 27w/p_qx/l -

(Vp+ ig\1 = P)(Ng = iNp\1 - )
(1-pr3)(1-gr)

and Res(f,—z_)=Res(f,z_), Res(f,—Z):Res(f,Z)
=Res(f,z_). We obtain

r 1 1
0= 1—r(1—pr2+1—qr2>'
The integral formula
fl i x _ arcsin a Cld<1 (A3)
o (1-d*?) V-2 a1 -d?

is useful and we arrive at the result

7T2

I'= m(arcsiny\p + arcsin\g) = o

It implies that w,(v,,v,) given by (14) is well normalized;
JZdv 7 dv (v, 0,) =1 X2/ 7*=1.
Similarly, we can also calculate the integrals

Ix:J deJ dvyl{vi/p+03/‘]<l}
2

Uy

>< 9’
(e+vy+ D, —vy+ D +v, = Do —vy = 1)

+z)(z+2)(z-2)@-2)@+z)(z+ )z - 2)(z —2.)

(A2)

Iy = f dvxf dvyl{v)zc/p+v3/q<l}

2
y

X .
(e+vy+ D, —vy+ D +v, = Do —vy = 1)

v

By the change of integral variables (A1), we have

1
J
Ix=_22ip\qu dr x(r)
0

with

(r)

s Iy=22iqquf dr=——=

J{r)= dzf(2), Jy(r)= jg dzfy(2),
Co

Co
where f(z2)=(z+1/2)*f(z) and f,(z2)=(z=1/2)*f(z) with
(A2). The Cauchy residue theorem gives
P 7.9 7Tl P
w5 L= ——.
22(1—pr)w1—r2 ; 22(1—qr)\,1—r2

The integral formula (A3) and the fact [ (l)drr/ V1-r?=1 lead
to the results

Jo(r) =

I.= w(arcsmw —\p )

1, = m(arcsin \J’; - \/p_q).

Since K,=I1,(2/7%) and K
sion (20).

It is interesting to see that the above calculation of the
integral / gives the following identity:

1 oo o0
2] dv, ] dvyp,(vy,0y)

=f dr r,u,(r;\/l_a)+f dr r,u,(r;\@), (A4)
0 0

=1,(2/7), they give the expres-

where u(x;a) is the Konno density function of one-
dimensional quantum walk [12,13,15-17]

JEN—
V1 —a?

ulx;a) = mlﬂka
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