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4. EFEBMEIILS—MTHI{EBM

eLet Bj(t), |§ij (t)1<i,j<N, be mutually independent (standard one-dim.) Brownian
motions started from the origin. Define

(1 .. (1 =~ .
ﬁBij () (|-< J-) ﬁBij (t) (|-< J-)
5;; (1) =1 Bi(t) (1=1]) a; (t) =1 . 0 (I1=1])
1 . ~ .
\ ﬁBij t) @(4>1)) \_ﬁBij t @(>1))
Consider the N x N Hermitian Matrix-Valued stochastic process
20) =GO o =S5O +=13;0),,
That is,
s,,() S, (1) ++=1a, (1) s, (O)+V-1a,() .. s, (0)+V=1a, (1)
s, (t) =</~ 1a,, (1) S, (1) S () +V =18, (1) - Sy (1) +=1a,, (1)
=()=| () —=la,(t)  s,(t)—~—1a,(t) Sy (1) o Sy () + /=12y, (1)

Sin (t) o Flam (t) Son (t) - FJaZN (t) San (t) o FlaBN (t) SN (t)




We have considered a pair of independent Brownian Motions, B(t), I§(t) 3
(dB(t)dB(t))=(dB(t))(dB(t))=0  t=>0.

We define a complex- conjugate pair of complex-valued stochastic variables,

0= 1 Bo+v-1B)  x) = %(B(t) NST10)

*By definition

1 @B +v-1B@®)  dx(t) == (dB@®) —v-1dB ()

5

<(dx(t))2> = <{12 (dB(t) +~~1dB (t))}2> = %{ <(dB(t))2>—<(d§ (t))2>} =0
o) 3”3 ] -

(dx(tydx(t)") = <% (dB(t) + \/—_1dl§(t))X %(dB(t) ~J-1dB (t))>

_ %{ <(dB(t))2> ¥ <(d§ (t))2>} ~ dt

We have a correlation between the complex-conjugate pairs.

()= 7

which give



«Consider the variation of the matrix, d=(t) = (dcfij (1)
It is clear that o
(dg;(t)=0 L<i,j<N)
And by the previous observation, we find that
([dg,®f)=0  (@<izj<N)
(dg, (00, () = (A&, (0,0 ) =dt  @<i=j<N)
(dg, @) )=dt  @<i<N)

They are summarized as

(d&, (dé, (1) =0,0,dt  (@<i, jkn<N)

in~" jk

)1si,jsN

e Since E(t) is a Hermitian matrix-valued process,
at each time t there is a Unitary Matrix U (t) = (uj; (). j<n - SUch that

U (t)"E(tU (t) = A(t) =diagiA, (1), 4, (1),...., 4, (1)}

where the eigenvalues are in the increasing order
LM <A <...<A, (), Vtel0,0)

Mt = (4,(1), 4,(1),.... 4, (1)) e R"
as an N-particle stochastic process in one dimension.

* \We can regard



QUESTION

By the diagonalization of the matrix, what kind of interactions emerge
among the N particles in the process A(t) ?

*From now on we assume that
2,(0)< 4, (0)<....< A, (0)

*And we consider the following conditional configuration-space
of one-dim. N particles,

W/ ={xeR" X <X, <...<X,|

(This is called the Weyl chamber of type Ay_; )



ANSWER 1 (by Dyson 1962)

differential equations,

1. Forallt>0, A(t) e W, with Probability 1.
2. The process is given as a solution of the stochastic

1

da)=dB(t)+ Y

dt
JA<JEN, j=i 21 (t) o /Ij (t)

where B, (t) are independent standard one-dim. Brownian motions (1<i< N)

1<i<N,te[0,0)

e This process is called Dyson’s Brownian motion model.

e Strong repulsive forces emerge among any pair of particlesoc
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particle distance



| et h(x)= I (x,—x)  (productof differences)
* <i<j<N

b= ¥ 1 =Zinh) A<i<N), bx)=(5,(x),5,(x),...b, (X))

jA<j<N, j#i Xi - Xj X|

-Consider p(s,x;t,y) =[ transition probability density from A(s)=x to A(t)=y |,
where X = (X, X, eer, X )s Y = (Y Yor oo V) -

It solves the Kolmogorov backward equation in the form

%p(s,x;t,y) = %AX p(s,x;t,y) +b(x) -V, p(s,x;t,y)

ANSWER 2
Introduce a determinant

f(t,y|x) = det [G(t,y, | x)] with G(t,y, |x)=
1<i, j<N

1 —(xi—yj)2/2t

e
N2t

Then the solution of the FP equation is given by

p(s,x;t,y):h(lx)f(t—s,y|x)h(y) for O<s<t<oo, X, yeW! .

e If x—>0=(0,0,....,0) at s=0, (all particles starting from the origin)

1

t_NZ/Z ly [ 2 2 N o5 N2
p(0,0;t,y) = c eXp{—z—t}h(Y) Where|)’|=_§1yi ,C, =(27) _lillr(l)-




When all the particles are starting from the origin 0, 8
A
A

Strong Repulsive Interactions

>
0, X 1
1

p00ty) < [i{ e b 11 (,-9)

i< j<N

Product of Independent Gaussian Distributions

As |y -y, [0, p(0,0;ty)—0.

Dyson’s Brownian motion model = NONCOLLIDING Diffusion Particle Systems




5. Karlin-McGregor 2=

2O0 1 {ﬂ\’.ﬁyﬁﬁi{ﬂ'ﬁ]}{i Xl,XQ Gzﬁb\f, Xl(’T) = XQ(T) 'CS?)E) <l_'f g_(, ZD2 /)0)1.'1'5_]]1_?.
(LI 7 CTEEL/Z &V,

= X1(7) = Xo(r) ERAE L5 T, WZETHEIZENT 2 A0 R 37
(&) T5° L AERT 5.

N KL F-PREOMEE T, & DWFH]XH TEZEDE Z 570 O Z2 IEERILFEEIE & L 5.

FEFEZYLBOMFL 2 b9 51 2IE, HER AR L PRI AT 2 178K 2 W2 R A
NToHDH., ZOIrHAE R, B Tl Karlin-McGregor DA, fHAG O m
Tl¥ Lindstrom-Gessel-Viennot 2 & LiTivsd.

FZ O, &) CTERE Fermi fLF0 D 78 5 Z2ARZA O ) P% A 269 Slater
TR ORI FERR & W23 2 &6 TE 5,



EIE 4.1 (Karlin-McGregor ORR) g(s,x:t,y) & 1 IRoCHLEOEFE O HER fife =88 B B &
T5.

N EHO%R x;, j=1,2,..., N E NHOKL vy, j =1,2,..., N RENTh ) < 19 <
ce <IN k 'y1 < yg L e K yN %{IM]ij—&_d—’:?

ZDEE, N RKORKBKEHIXE [s, 1] TIEMEZE T D% EREBII T

det l:g(q i, ’!}A)}

1<) k<N

M1 t Va V3
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AEH ATHIOEFE LY

N
1&%2;\? [g(s, a:j;t,y;,.;)] = Z sen(o Hg S, T3t Yo ) (5.1)
oGy 7=1
ZIZLZZTC, 6y i {12,.... N} OBEBREEXDOES (HHEELE LT LMY .
WRFZESeim LD (s,2) B (ty) ~EOHREEEN LR HEE%E Qs aity) EFEL 2 &I
T5.
T € Qs, x5t Yoy).J = 1.2,....N &T5&, (5.1) 1%, EHh o & N ADFEKOH
(0,71, ...,7n) (ST HBEME AR ED.



COM (0., ) DB, B LG L EIREOWEN DS b O ERS. TAUKT
LT
T =35Sup {S <u<t:im,..., N DUWT AU DIEZ “CT%I&}

ELZOEENEveER ET5H.
72, WA 7 CHEZELICRIEE w0, m, & 5.
(3ARLL FEORREENRIRFICEZE L2580k, 09 bikFO/NE W2 2% RAEZ LT 5.)

Yot4) Yo3) Va1 Yo2) Yat5)

1: HRD & HREEEOM (11,...,78) D
], 2L v Z i 5 2 DR T, &
Ty 7;:1%53
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Ty = 7T€1(_> U)Wﬁ (U H)? Ty = Wﬁ‘z(ﬁ\ U)Wf‘z (U H)

tELZ LT A,
XD XA, RN v TREAZ ANELZTZLD%

ﬂ—tl?l - 7T4f1(H U)W@ (U H)v Wég - 7’T€2(H U)Wfl (U H)

& L//C, j% 61762 c:;fﬂ‘bfﬁiﬂ'; — Ty &‘d—é
E, o PEMR (0 0) FORERE o L=<

Yk V() Yk V()

2: (a) #EHS 7y, & mp,. (b) #EES @), &
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THE

(o1, ...,7Ny) <= (o'.7]. ... 7) (5.2)

(X1 1ISHIST 2 2 ERTnn5.
sgn(o’) = —sgn(o) DT, #l (0,7, ..., 7n) DR (5.3) IZBWT, (5.2) OFO XL
Wiff o TREINLDOTHESND

N
(et [Q(ST:I?j;t.ﬂyk)] = ; sgn(o ng S, 53 1 Yo(h))- (5.3)
ocON J=
VS EDBE LY, BB (5.3) ICBWTIEZEN & Hf8 KO OF G THRZE S ND Z &
MRSz
fth 77, #@Iﬁ@%} Lo (TEFEBRTHY, sgn(o) =1 THHND, Hi (5.3) (LHMEZE
DR DHDFNTTIR S . .



6. —fik{LEShi- Bru DEE 15

e N x N Hermite T5I£ANDEE S H(N), N x N ERMTIEEDEES S(N) &
<.

o 1TH] A DEREITHIE A, BFRHEEL A, INLI—FHEELZ AT = 14 LELZ LI
T 5.

e Bruld H(N) fEuafed —H#ToH % Wishart mFEIZ-DOWTIHA, 2 O WA s R 73 w72
THREA AT N ORI, TTli[HEﬂ&@%%ﬁ (), 1 £,k £ N DEEFREIE
i~ T =V TH D EITINET S 2 LT E £ [Katori-Tanemura (2004)).

o ZDILIEDOFERAGALNT-—BItEI Nz Bru OEEBLZHEI L, KEHITFOI B %2 5
2ZHZ LT 5.

o iFHHDORA > MITHIED
HA.
M & M Zpo i~V F o7 — L ThDH N x N DITHETAH, DL x

]

EBRFETILFUOT—ILOEIZIt DA ZEHT 52 LI

d(MM) = (dM)TM + MT(dM) + (dM)T(dM)

ElrD . HIE SHENERERBHTICEAOLOTH .



o A(f) = (Ai(t), Aa(D),- .-,

An(t)) Z H(N) @R =(t) = (§(t )) 1<j kN PRI Fsy
(CFRFORT v 5.0 2720, RBBIRR A () £ Ma(t) £ - S Ay(t) 2T 60
5.

o ZDEEU(t) = (ujn(t)i<jr<n &

U)Z(0U(1) = A(t) = diag (X (1), Aa(t). -+ A(t))

Ld kS, () Akt s1=4 URSIOkE T 5

Uinen(t)dt = (U@ aE0U0) (U@ EBUR),
LBE, R (UOWMEOUD);

SO REBES A AT (1) B D ET S,
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1

EHE 6.1 [tttz Bru OEHE] @EEEEMEE (t), 1 = j,k = N &k~ /rF
YT ET L. ZDEE Z(t) ORI A(E) TR ORI 72T

d)\J(-)—d]\[()qLd]() te(0,7), j=12,...,N. (6.1)
7L M(t) = (My(t), Ma(t), ..., My(1)) & dM;(8)dMy(t) = T;,m(t)dt T b= LF o
BT 0, J(t) = (Ji(1), Jo(t), ... In(t)) 1
1
de(t) - Z )\j(t) _ /\k(t)1{»\_f(t)#/\k(t)}rjkfkj(t)dt + de(t)
1SESN
k#j

THZLNLOAREINBFETHD.

ZIZ Tl M w ORTEBTHY, K w 2D
VOEEE L, FRLSMT 0 OfEE G A S.




7. VICIOUS WALKS

As Temporally Inhomogeneous Noncolliding Particle Systems
Physical Motivations to Study Vicious Walker Models

As a model of Wetting or Melting Transitions

(Fisher (JSP 1984))

*As a model of Commensurate-lncommensurate Transitions
(Huse and Fisher (PRB 1984)) %

18



19
*As a model of Directed Polymer Networks

(de Gennes (J.Chem.Phys. 1968), Essam and Guttmann (PRE 1995))

(a) polymer with star topology (b) polymer with watermelon topology

>

From the viewpoint of solid-state physics,
we want to treat Large but Finite system with Boundary Effects.



8. PATTERNS of NONCOLLIDING PATHS 20
AND RANDOM MATRIX THEORIES
8.1 STAR CONFIGURATIONS

 There occurs a transition in distribution from GUE to GOE.
At

0 X
* This temporal transition can be decribed by the Two-Matrix Model of Pandey and Mehta, in which

a Hermitian random matrix is coupled with a real symmetric random matrix.
See Katori and Tanemura, PRE 66 (2002) 011105/1-12.
 Techniques developed for multi-matrix models can be used to evaluate the dynamical correlation
functions. Quaternion determinantal expressions are derived.
See Nagao, Katori and Tanemura, Phys. Lett. A307 (2003) 29-35.
» Using the exact correlation functions, we can discuss the scaling limits of
infinite particles N — oo and the infinite time-period T — oo.
See Katori, Nagao and Tanemura, Adv.Stud.Pure Math. 39 (2004) 283-306.



8.2 Watermelon Configurations

Consider a finite time-period [0,T] and set
y=0 at the initial time t=0 and the final time t=T.
The transition probability density is given as

1 ¢ ~N?2/2 |Y|2
watermelon

0,0;t,y)=—<t|1-— expy —

| OOLY) C{( Tj} p{ 2t1—-t/T

1

The distribution is kept in the form of GUE. t
Only the variance changes as a function of tas o = t(l— —j.

T
AT

T

)

}h(y)2

21



8.3 Banana Configurations 22

o Consider 2N particle system. Set y=0 at the initial time t=0.
At the final time t=T, we assume the following Pairing of Particle Positions.
Yi=Yor Ya=Yar s Yo = Yo with Yi <Y< <Yy -
» The transition probability density is given by
f(t, y | X) N banana (T

Nbanana(-l- )_t’y) for O<S<tST, leEWZAN ’
X

qbanana (O, X;t, y) _

where Nbana”a(t,X):j det [G(t,yj X.) );‘G(t,yj |Xi):| :

W 1<i<2N 1< j<N
*As t=0—>T, there occurs a transition
from the GUE distribution to the GSE distribution.

Ao
T

GSE

GUE
>




8.4 Star Configurations with Absorbing Wall 23

e Put an Absorbing Wall at the origin. Consider the N Brownian particles started from 0

conditioned never to collide with each other nor to collide with the wall.
* This is identified with the h-transform of the N-dim. Absorbing Brownian motion in

WS =ixeR":0<x <X, <...<X,} (Weylchamberof typeC,).
T:’

0
* For T <o , we can obtain a process showmg a transition from

the class C dlstrlbutlon of Altland and Zirnbauer (1996);

N
q° (0, x,t,y)ocexp{ |y|} T1C5 =) T1ve for O<t<<T
k=1

1<i< j<N

to the class CI distribution (studied for a theory of quantum dots)

q°(0,x;T, y)ocexp{ 'yl} [1¢; - yiz)gyk at t=T.

2T 1<i< j<N



8.5 Star Configurations with Reflection Wall 24

e Put a reflection wall at the origin. Consider the N Brownian particles started form 0
conditioned never to collide with each other.
e This is identified with the h-transform of the N-dim. Absorbing Brownian motion in

W? ={xeR":|x <X, <...<X,} (Weylchamberof typeD,)).

C—
class D'

A

class D
>

O X
For T <o, we can obtain a process showing a transition from

the class D distribution of Altland and Zirnbauer (1996);

2
q°(0,x;t,y) o exp _yE [T1Cyi-y)? for 0<t<<T

NN ’ .. . 2t I<i< j<N
to the real” class D distribution

qD(O,x;T,y)oceXp{ Iyl} [TC(v;-y) at t=T.

2T 1I<i<j<N



8.6 Banana Configurations with Reflection Wall

e Put a reflection wall at the origin.

« Consider the 2N Brownian particles started from 0 in Banana configurations.

4

class D III
4 A
> class D
O X

e For T <o  we can obtain a process showing a transition
from the class D distribution of Altland and Zirnbauer

D, banana . _ﬂ
g (0,x;t,y) oc exp
To the class DI distribution.

qD, banana(o’x;-l-’y) o eXp{JyT

[T1Cyi-y)? for 0<t<<T
<N

il (y22j—1

Ki<j<N

N
- yzzi—1)4g Yo at t=T.

25
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« There are 10 CLASSES of Gaussian Random Matrix Theories.
Standard (Wigner-Dyson)

GUE Star configurations
GOE ><
GSE Banana configurations

Nonstandard (chiral random matrices)  Particle Physics of QCD

chGUE —
chGOE ——— Realized by Noncolliding Systems of
chGSE — 2D Bessel processes and Generalized Meanders

Nonstandard (Altland-Zirnbauer) Mesoscopic Physics with Superconductivity

class C
class CI \ Star config. with Absorbing Wall

class D
class DI I\ Banana config. With Reflection Wall

All of the 10 eigenvalue-distributions can be realized by the
Noncolliding Diffusion Particle Systems (Vicious Walks).

See Katori and Tanemura : J.Math.Phys.(2004)



9:Future problems
9.1: BHY2 TN Dyson’s BM model &EB-Ensembles

dX (t) = dB, (t)+ﬁz . (t) Tt T

=2 < Non-Colliding BM
L2 & 777

5%
. Dumitriu and A. Edelman:
Matrix models for beta-ensembles,

J. Math. Phys. 43 (2002) 5830-5847
OtIIEFA-TUFrTSORE (FEEIML)

27



9. 2:FTILE—F-FUF LTI ERERBIE
BAE = —RICERH
= HEZTFTEC LOZSHFROEA

(LK AHHEEERA)
= SDE? Bru®EENDEIHESH—ARIE?

OEBREEFSA (FMBIMI)
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0. 3: JEFEEBEMNSKERETILA

EFHRERSERNERT HLIGFRET VT ILMOGHI
fR9o.

LERETIECREBINEERTIEEE, DR FDEE
NEHHT, BELLGLLGAELIIZLEDLET, F-t5.
(B FrEFfE (local time) DEADLE. )

G.M.Schutz: Exact Solution of the Master Equation
for the Asymmetric Exclusion Process,

J. Stat.Phys. 88 (1997) 427-445

ASEP & Schutz W17

OFZF BILE (FMHIMI1)



9.4:475| Y A AR K < R K F R

log-RT v LR D IEF A T - T EHR DT

5 LITHI

i P il

Fredholm 75!

n, BX ZIEI, Painleve FIEX,

entire functions,...Z . EWNA WAL & B E

Katori-Tanemura, J. Stat.Phys.129 (2007) 1233-1277.
Katori-Tanemura, arXiv:math.PR/0812.4108 ;

(to apper in Commun. Math. Phys.).
Katori-Tanemura, arXiv:math.PR/0906.3666.

30



9.5: Bessel BEEDHREEI-bL&AFT HE 7772/ )E

31

0O

JEEZ3EBM < Dyson’s BM model with =2
& d=3 (3RJt)Bessel 1BFE
Schramm-Loewner Evolution (SLE):d vs k(SLE D /\TA—43)
= (FELD)#KETHFE-TS572)ILV0EB DG —EB
(AEDEHRZTHELAIZ!)

OEmEE(— (FHE

M2:SLE)

LI P — (FENE

Bl SEEE (FMA

M2:5DE

am Eat hFERED)

M1 : sandpile model & spanning trees)
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