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1. Noncolliding Diffusion Processe (finite systems)

N = # of particles < co, Bj(t)’s = independent one-dim. standard BMs
[A] Brownian motions (BMs) conditioned never to collide

= Dyson’s BM model (with [3=2)

X(t) = (X, (1), X, (t),---, X () e WS = {X DX < Xy << Xy } (Weyl chamber of type A)

X0 =B, + Y -X.(t)iX 5

[B] Squared Bessel processes with parameter v (BESQwv) (dim. d=2(\v+1))
conditioned never to collide = Laguerre process (Koenig and O’Connell)

dt, 1< jJ<N, te[0,)

X(t) = (X, (1), X, (t),---, X () € Wy = {x 0<X <X, <e0r < Xy }(Weyl chamber of type C)

dx (1) :2,/Xj(t)dBj(t)+2{(N )+ Y X+ X"(t)}dt

1<k<N k#]j Xj(t) o Xk(t)
1< j<N, te[0,)



Initial Distributions

initial times t =t
Vo (x@)dx@ = P(X,(t,) € [x®, X +dx@1, -+, X (t,) € [x, x + dx0])
= P(X(t,) e dx®)

N
X(0) — (X1(0)’ X§O)""’Xr(\10))’ dX(O) _ HdXEO)’ (0) | Z(X(O))
j=1

h(x@) = JTT(x”-x) - product of dlfferences (Vandermonde determinant)
1< j<k<N

[A] Noncolliding BM
GUE - eigenvalue distribution with variance t,
N
VO(X(O)) _ CN—ltaN 12 e—|x( )2/ 2t, h(X(O))Z with CN _ (ZE)N/ZH F(J)

j=1

[B] Noncolliding BESQ,
ve{0,1,2,---} 'squared of 'chiral GUE
v=1/2,-1/2 ‘squared of 'class C, class D (Altland - Zirnbauer)

v (x@) = G, ) gk F /%H(x@) h(x®)? with C, —(27Z)N(N+V)H r()r(+v;

=1



multi-time probability density function 4
multi-time  t, <t <---<t,

Py (to,x(o) tl,x 0 ¢ (M))de(m)

= P(X(to) e dx(o) X(t) e dX(l) -, X(ty) € dX(M))

h (X(M)) (m+1) m) (0) . (m)
m=0

where

2
exp{— (X;ty) } for [A] noncolliding BM

p(t,y|x)=J21—m

or

p(t,y|Xx) = 1(ij exp{— XT y}lv[\/@] for [B] noncolliding BESQ,

2t \ X 2t t

Karlin-McGregor formula + h-transform of Doob



[ime

A
x, M) XQW&j z}wn

x)
xM-D)

Xtm)
(D

<0



Pn (to’X(O)'tlix(l)"“'tM ’X(M))
_hyx™) ¥ 1) [ o (m
h (X(O)) H det1<J k<N [p(tm+1 B 1:m1 X( ) | X ))]VO (X(O))
The probability law is invariant under any permutation of particle indices.
We can regard that particles are identical and indistinguishable.
X = the space of countable subset &£ of R satisfying #(& N K) < oo
for any compact subset K

the state space : W, = X

X = (X, X, 0, Xy) = {X}: {Xj}lj\lzl

the process X(t) = Z(t) = {X(t)}
D\ (tO,X(O);tl,X(l);° .tM’ ('VI)) — pN(O’{X(O)} tl,{X(l)} |v| ,{X(M)})



multi-time correlation function

Forx™ eR"0<m<M,N'=12,---,N
put x{V =(x",x\™,---, x{7).

For (N,,N,,---,N,,), OSN_<N (0<m<M),
the (N, N,,---, N,,) —multitime correlation function is defined as

Pt X H LA 8, XY
1 N (m)

= .[HR Py (tm{X(O)};tl’{X(l)}; Ty ’{X(M)})E(N — Nm)!j=1;{+1 dXJ

lime
A

) ) xM) __ x,(M)

xM-D_, x (M D)

tm) __ <x.(m)
m xl{m xzfm} (m) X X5

. SN .
] } x(D —)-12(1}

q

f @ MO ()



Theorem 1

The noncolliding diffusion processes are

(finite) determinantal processes In the sense that
any multitime correlation function Is given

by a determinant specified by matrix - kernel K;

oo KB LA b, A0

— (m) (n)
T detlﬁjst,lskan,Osm,ngM [K (m’ Xj ’tn’ X )]



For [A]noncolliding BM,

K, (s, Xt,y) =1

0

where g, j,
1

For [B] noncolliding BESQ ,

K, (S, Xt,y) =1

l 0]
zz(

where g} f,

0

coi(é):\/

I'k+1)
I'k+1+v)

(1wt
25 kzo(s

k/2 X y .
j (pk(@j%(\/?tj If s<t

£ )2 X y -
Sj (Dk(\@)(pk(@j If s>t

are the orthonormal Hermite functions;

e H, ()

k
1% X 1% y 2
— 2 f s<t
a2 e L)
X -
j o, (ZSJ% (;{j If s>t

are the orthonormal Laguerre functions;

e L (¢)
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Proof.

C,(R) =set of all continuous real functions with compact supports.
f=(f,f,,-, f,)eC,(R)

0=(0,0,,---,6,)R"

generating function for multitime correlation function for Z(t) ={X (t)}.

vll= E{exp{%o 6, % 1.(X,, (tm»H

with 7 (x) =exp(d. f_(x))-1.

We can show that
v [x]1=Det[ls. s(x—y)+K,(t ,x;t,y)r.(y)] (Fredholmdeterminant)



diffusion equations and (imaginary time) Schrodinger equations

2

0 10
diffusione equation —u(t,x)=———-u(t,Xx
q p (t,x) > o (t,x)

Set r=logt, ¢ = \/7 and u(t,x)=e <2U(z,0).
0 1 1
= Zut)=—3(H -3 e
__1o 1, ic osci 1 _
H, = 28§2+2§ (harmonic oscillator), (HH 2ij(g) kH, (),

forward Kolmogorov equation for BESQ,
2

0 0 0

—u(t,X) =2x—=u(t,x) - 2(v —1)—u(t, x

at() axz()(v)ax()

Set 7 =logt, g:%, and u(t,x) = e 2 £ (7, 8),

= LU0 =-HUEQ)
ot

1 1%

oc > o 4

H, =~ Lo —[«E—fj —%, Hop () =kg () k=012,

11

k=012,

qo;(c):J LAY vz gcrz gy

r'k+1+v)



2. Infinite Particle Limits 12

Theorem 2 If we take the appropriate scaling limits (N - oo t - 00),
We will have the infinite determinantal processes governed by
the following matrix-kernels.

p(tO’{Xg\loz};tl’{X(l\B};“"tM ’{Xm)}): detlsjst,lskan,osm,nsM [K (tm’ Xﬁm);tn, Xlgn))]
[Al] bulk scaling limit of noncolliding BM
X: finite, t~ N -

-

1
lIdu e cos(u(x—y)) if s<t
7T 0

K(s,x;t,y) =+ extended sine kernel

—i_[du e 0 cos(u(x—y)) if s>t
L 4 1

[A2] soft - edge scaling limit of noncolliding BM

X~2N?3 t~ N N - o

-

0
jdze“-SMAi(x—z)Ai(y—z) if s<t

K(s,X;t,y) =+ extended Airy kernel

—[dAe 0 Ai(x—2)Ai(y—1) if s>t
0

\



[B] hard - edge scaling limit of noncolliding BESQ
X:finite, t=N/2—>

(1
j dA et (242x)J (24Jay ) if s<t
K(s,x;t,y)=< ©

- [dae ™), (24 Ax)J, 22y ) if s>t
L 1

extended Bessel kernel

13
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A [ 2N xT=2N

[ 2N xT=2N253
>

2N +s
(s<=0)

bulk scaling limit sine kernel soft-edge scaling limit Airy kernel




Proof.

1 2
A= e )
1% _ F(k+1) vi2 A=C12 y v
00 | et e L)

The following asymptotics are used.

. u 1
lim, (-1 ¢ (j =_——_cosu
E—)oo( ) ¢2€ 2\/? \/;

. u 1 .
lim (-1 ¢ ():smu
€—>oo( ) ¢2€+1 2\/? \/;

lim, 21’461’12@(\/27 + “51’6) = Ai(u) , ueR

J2
lim,_,, cﬂ(@j =J,(2Vu), ueR,

15



generalized eigenfunctions 16
trigonomet ric functions
S, (VAX) = F — sm( /1x) S (VAX) = F — cos( /’tx)
2
HsinSi (\/ZX) — ﬂ’ SJ_r (\/ZX) J /1 < J(Hsin) = R+ Wlth Hsin = _aa?
Airy functions
- 1 ¢ JL(xk+k®/3)
Ai(x)=—|dke
()= j
82
HAI(x-1)=4AAI(x-1), Aeoc(H,)=R with H,, = _6—2+ X
X
Bessel functions
00 ) X/2 2n+v
3,0 =Yy 2
—~ I'n+)I'(n+1+v)
2
HJ (2VvAx)=4J,(2vAx), Aeo(H,)=R, with H, =- aax X jx + Zx



3. Possible General Form of Determinantal Processes 17
(1) (Effective) Hamiltonian

62

ox%

4 Liouville transformation

H =-a(x) b(x)%— c(x), a(x)z0 forxeA

X —> 7= joxa(y)—“zdy

1 . 12~
Ho>rHr, r _exp{—ajo b(u)du}

Strum - Liouville operator

0
H=——+q(x
-2 Tax)
Eamples
%(x2 —4) for [A] noncolliding BM (A =R)
% {xz +16(v2 —%jiz—8(v +1)} for [B] non colliding BESQ, (A =R.)
B X
900 =1 0 for [A1]sine - kernel (A =R)
X for [A2] Airy - kernel (A =R)
(vz —%jiz for [B1] Bessel - kernel (A=R,)
X




(2) Eigenvalue(spectrum)and Eigenfunctions
Ho (X)=4¢,(x), (=012,
(Schrodinger) equation

0

Let o,(t,X)=

SN ="Hptx) = ptx=pXe", (=012

o,(x)e".

(3) ASpecifiedLevel /" < /14*

(4) Matrix- Kernel

K(s,X;t,y)=1 °

gilwf(s,xm(t,y) if s<t

~ Y0, X)p,ty) if s>t

L (="

(5) ForanyM >0,any N, >0, N, >0,---,N,, >0,

the (N,,N,,---,N,,
the determinant

) - multitimecorrelation functionis given by

18

'O(to ’{Xf\'oo)};tl’{x('\lh)}; oty ’{Xf\ll\:)}): dEt]SjSNm,]Skan,Osm,ngM [K (tm’ Xim) L XIEn) )]
Determinantal Processes
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Problem
Well defined ? [A] noncolliding BM
QP [B] noncolliding BESQw
(Ql) total.po.s1t1V1ty [A1] bulk limit of [A] (ext. sine-kernel)
(Q2) continuity [A2] soft-edge limit of [A] (ext. Airy-kernel)
(Q3) Markov property [B1] hard-edge limit of [B] (ext. Bessel-kernel)

Remarks
(a) For the five examples [A],[B],[A1],[A2],[B1],
(Q1) is OK, by the Karlin-McGregor formula.
(b) For the finite systems [A], [B], (Q2) and (Q3) are OK,
since they are conditional diffusion processes.
(c) For the examples of infinite systems [A1],[A2], [B1],
(Q2) was proved. (Katori and Tanemura (2007) J. Stat. Phys.)
(d) But even for these three examples of infinite systems,
(Q3) is not proved.
(cf : Dirichlet form was determined in [KT07], but...)
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4. Equal-Time Case

Lets =t.
-1 -1
KXt y) =D 0,t,X)a,(t y) =D o,(X)e,(y)
(=0 =0
For simplicity,set N = /" — 1.
|
p({xg*_l}): deth,kq*1{2%()&)%()&)} = (detlsm,jsN [%(Xj)])z >0
/=0

That is,
plx,. })=(¥lx,. JF with

I Po (%) @, (%) %*_1()(1) ]
Po(Xy) @ (X;) %*_l(xz)
LP{O,l,--~,£*—l}(X£*—1) - detlsm, j<rt-1 [% (XJ )] = det : :
| Po (XE*—l) (oﬁ*—l(xf*—l) o (oﬁ*—l(xﬁ*—l)_

Slater determinant for many - body wave function of free fermions



References: Determinantal point processes on the space.

Soshinikov, Russ. Math. Surv. (2000).
Shirai-Takahashi, J. Func. Anal. (2003).
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5. Multi-Time Cases

-1
Z%(S,X)@(t,y) if s<t
K(S,X;t,Y)=< (=0

- p,(5,%)p,(t,y) if s>t
L =0t

=3 0,(5.009(s. Pit. Q) (1 Y)
with

9 (S’ P t, q) - 5pq [l{pgz*—l, sst} B l{pzﬁ*,sﬂ}]
Then

plto OH ARty XU = det|@ g @)



Example (Two times (s<t), N1=N2=2)

pls. LYty v23)
2(%(&))2

%‘i(m(xz)%(xl)

- zei(tism ?,(Y) o, (%)
=

(=0

- Z e_(t_sm ?, ( Y, )(0/ (Xl)
=0

(8, %) @(8, %)

— det (5, %) @y(5,%,)

0 0 -« 0
0 0 0
1 1
1 1
0
0
X
0 1
0 1
-1
-1

iz_sq)f(xl>¢é(x2)
Z*Z_:m(xz»z
- ief(”‘””‘ 2, (Y1) 9, (X,)
SIRRTIUATYCY

P (8%) @. (8%) -
¢/*(51X2) ¢€*+1(S’ X2) b

1
Ze(tism @,(%)o,(y,)

=0

ra
Z el @,(X)e,(Y,)
=0

2 (2,(y,))*
> 0.(4:)0.(%)

0 0
0 0

ot y) et y,)

ot y,) et y,)

=0

2¢f(y1)§0f(y2)

1
ze(tism ?,(x)9,(Y,)

ra
Ze(tism ?,(X)o,(Y,)
=0

> (2.(y))

0 0
0 0

P, (t.y,) (P[ul(t’ Y1) -
?.(tY,) o..(tY,) -

Po(S, %) @o(S,%,) 0
?(S, %) (S, %;) 0
?,.(5%)  9.(5X%,) 0
(54*+1(S’ Xl) @*+1(S’ XZ) 0
y : : - :
0 0 P (L, Y;)
0 0 o(t, v1)
: : ?,.(t,y,)
0 0

@*+1(t7 yl) @*+1(t7 yZ)

0
0
0
0

?o(t,Y>)
Pt Y,)

(4, Y,)

23
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p(to,{Xfuoz};tl,{X(,\}z}; - Uy ;{Xf\:\fﬂ)}): dEtlsjst,lskan,OSm,nsM [K (tm’ Xﬁm);tn ’ Xén) )]
= det|® g @]

M
where ®: ) N, xoo matrix
m=0
g: oo x oo matrix

M
@ =@ : ox Y N, matrix

m=0

det|® g " |= det[®]x det[g]x det|@*]| 227
Remark
If we approximate g by a finite matrix, say L x L matrix, by truncation
g=(J,
we will have  det[g, ]=0 many times,
since the matrix g is so sparse.
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Expansion by minors:

In general, for A:sxrmatrix, B :rxs matrix, withs <r
det[AB]= > det|A,,, |x det|B,,,
J

where summation is over all subsets J ={},, J,,---, J.yof {1,2,---,r}
st <), <<
Ay - Sxssubmatrix of A, where colums have indicesin J
B,;; : sxssubmatrix of B, where rows have indices in J
det[A{J}] : minor of det [A]

det[B{J}] . minor of det [B]

This expansion formula by minors may be used for the case r = .
We will use this formula twice.



Again Example (Two times (s<t), N1=N2=2)

p(sl{xl’ X ht{y., Y2})
_@1(3, X;) @, (s, %)

det @‘1(31 X,) @y, (8, %,)

2 X

0=y <l <0* =1 0<5<ly <71

_%1(51)(1) @2(31)(1)
(0121(31)(2) CDZZ(S,XZ)

105101 o

+D°33 D det

£,=00,=003=0¢,=¢"

_(041(3, X;) (2N (s, %)
@, (S,%,) ®, (S,%,)

> > det

0<ly<lp<t'=1 0" <5<l

+

§053(t, Y1) @, (t, y;)
?, ty,) @, (t,Y,)

?, (t,y,) @, (ty;)
@y, (ty,) @y, (ty,)

x det
(0(/3(t! Y1) @, (t, y,)

@, (ty,) ?, (ty,)

x det

[2,,(s,x)  @,(5,%,)

1 ?,,(8,%) @, (5,%;)
x det

0,(s,%) @,(5,%,)

1 ?,,(8,%) @,,(5,%)
x det

2,(5.%) ?,,(5%,)

1 ?,(8%)  @,(s%,)
x det

o, ty) o,(tY,)
@,y @, (tY,)

26

?,,(ty) @, (tY,)
?,(Ly) @, tY,)]

2, (ty) @,tY,)
?,(ty) @, (Y,)
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/O(S’{Xl' X 56 yz})
> [ de{%(xl) %(xl)DZ 5 [ de{%(yl) c%(yl)DZ

@, (X,) %Z(X) %3()’2) %4(3’2)

e (”zl X;) ¢€2(X1) (Dfl(xl) %4()(1)
+Zogzzwgz%zexp[_“ ~A)(-9)lde { 0.(%) o, (x»}d tLogl(xz) %(xz)}

% det (pfs(yl) ¢z4(y1) det (053()/1) ¢g2(y1)
§0z3(y2) @y, (Y,) %B(yz) q%(yz)

X;) (0/2()(1) ¢£3(X1) %4()(1)
LD T A G Al {% %) o, (x»}d tL%(xz) %(xz)}

x det (0/43()/1) %4()/1) det %l(yl) ¢€2(y1)
0. (Y2) @, ()| | e,(Y2) @, (V)
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P8 %0y, Y.}
= 3 by e)f 2 (e ,00))

< <r* < <1
(094 <€2_£ 0_f3<£4_£

A A G C))

trY Y xe 0 W )W (60 (v W ()

—0¢_=0/¢_=0
179, 3ff

- (lﬁ _lg H{ﬂf _lg )

}(t—s)
+ > Ze{ 3o v \P{gl,fz}(XNI)LIJ{£3,54}(XNl)\P{ZB,£4}(yN2)LP{fl,fz}(yNz)

< </ 10%<
o<y <£2 <r*-1 0" €3<£4

The time dependence is associated with level - changes between
Slater - determinantal wave functions in different times.



6. Open Problems

1. Characterization of deterninantal processes:
conditions for total positivity ?
Markov property ?
In particular for infinite determinantal processes.

2. Understanding of (1+1)-dimensional free fermion systems.

cf. : Praehofer-Spohn, J.Stat.Phys.(2002)
Ferrari-Spohn, J. Stat. Phys. (2003)
quantum field theoretical description
Harnad-Orlov, Physica D (2007)
fermionic construction of tau function

29
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