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1. Noncolliding Diffusion Processe (finite systems)
N = # of particles < ∞,   Bj(t)’s = independent one-dim. standard BMs
[A] Brownian motions (BMs) conditioned never to collide

= Dyson’s BM model (with β=2)

[B] Squared Bessel processes with parameter ν (BESQν) (dim. d=2(ν+1)) 
conditioned never to collide = Laguerre process (Koenig and O’Connell)
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Initial Distributions 3
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multi-time probability density function 4
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multi-time correlation function 7
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11diffusion equations and (imaginary time) Schrodinger equations

)(e
)1(

)1()(                                                                             

,2,1,0       ,)( )(
2
1

4
1        

),(),(   

).,(e),(  and  , 
2

  , logSet        

),()1(2),(2),(    

       

,2,1,0       , )( )(
2
1   , )oscillator (harmonic    

2
1

2
1        

),(
2
1

2
1),(   

).,(e),(  and  , 
2

  , logSet        

),(
2
1),(     

2/2/

2

2/2/)(

2

2

2
2

2

2/)(

2

2

2

ζζ
ν

ζϕ

ζϕζϕ
ζ
νζ

ζ
ζ

ζ

ζτζτ
τ

ζτζζτ

ν

ζζζ
ζ

ζτζτ
τ

ζτζτ

νζνν

νν

νζτ

ν

ζτ

kk

kkLL

L

kkHH

H

L
k

k

kk

UU

Uxtu
t

xt

xtu
x

xtu
x

xxtu
t

kHkH

UU

Uxtu
t

xt

xtu
x

xtu
t

−

+−

+−

++Γ
+Γ

=

==−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+

∂
∂

∂
∂

−=

−=
∂
∂

⇒

===

∂
∂

−−
∂
∂

=
∂
∂

==⎟
⎠
⎞

⎜
⎝
⎛ −+

∂
∂

−=

⎟
⎠
⎞

⎜
⎝
⎛ −−=

∂
∂

⇒

===

∂
∂

=
∂
∂

L

L

H    , H

H

HH

H

BESQforequationKolmogorovforward

equationdiffusione



2. Infinite Particle Limits 12

Theorem 2 If we take the appropriate scaling limits (N→∞，t→∞),
We will have the infinite determinantal processes governed by
the following matrix-kernels.
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bulk scaling limit⇒sine kernel soft-edge scaling limit⇒Airy kernel
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generalized eigenfunctions 16
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3. Possible General Form of Determinantal Processes
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19
Problem

Well defined ?
(Q1) total positivity
(Q2) continuity
(Q3) Markov property

[A] noncolliding BM
[B] noncolliding BESQν
[A1] bulk limit of [A] (ext. sine-kernel)
[A2] soft-edge limit of [A] (ext. Airy-kernel)
[B1] hard-edge limit of [B] (ext. Bessel-kernel)

Remarks
(a) For the five examples [A],[B],[A1],[A2],[B1], 

(Q1) is OK, by the Karlin-McGregor formula.
(b) For the finite systems [A], [B], (Q2) and (Q3) are OK,

since they are conditional diffusion processes.
(c) For the examples of infinite systems [A1],[A2], [B1],

(Q2) was proved.  (Katori and Tanemura (2007) J. Stat. Phys.)
(d) But even for these three examples of infinite systems,

(Q3) is not proved.
(cf :  Dirichlet form was determined in [KT07], but …)



4. Equal-Time Case 20
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225. Multi-Time Cases
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Expansion by minors:
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Again Example  (Two times (s<t),  N1 = N2 = 2)
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6. Open Problems

1. Characterization of deterninantal processes:
conditions for total positivity ? 
Markov property ?
In particular for infinite determinantal processes.

2. Understanding of (1+1)-dimensional free fermion systems.

cf. : Praehofer-Spohn, J.Stat.Phys.(2002)
Ferrari-Spohn, J. Stat. Phys. (2003)

quantum field theoretical description
Harnad-Orlov, Physica D (2007)

fermionic construction of tau function
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