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� ���������
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1 ��������� hull ���� 
•

H ≡ !"#$%= {z ∈ C : Im z > 0}&' t = 0 ()*+,-. /01* γ(t), t ≥ 0 2H 3(4567 (path) +89:;<=>?γ(t) @ABCBDEFG<HIJK>2AHI@ “LMN”JO><=>?&MPM [0, t] ( γ(t) 28Q17+γ[0, t] +R=S<(=>?T;UV(WX=>(Y 1 Z[).

Ht = H \ γ[0, t];\]^64_`a
Kt = H \ Ht · · · Sb+7 γ[0, t] ; hull <Uc

Y 1: 7 γ[0, t] <hull Kt ;&Mde;fg
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• �&' t ∈ [0, ∞) (�Q�AH \ Kt @ C 3;��4_`a6;JARiemann ����	(U

H \ Kt 7→ D ≡ {z ∈ C : |z| < 1} (���)6>����2��=>?�1���� f (w) =

√
−1

1 + w

1 −w
(U�� w ∈ D 7→ f (w) ∈ H (���b>

(D ;��JO>)*@ z =
√
−1 (�>) ;JAS;��;����<0�gKt

: H \Kt 7→ H 6>����2���b>(Y 2 Z[)?

Y 2: ���� gKt
;&Mde;fg?7; ! γ(t) @FG#;*Ut ≡ gKt

(γ(t)) (�>?A = gKt
(a), A′ =

gKt
(a′) 6"<01?
• #$0%�9t @&W0�AKt +�(K <R=S<(=>?gK : H \K 7→ H <0�A'()*∞ +'()*∞ (�=:;+*cS<(=>?=><Sb@Az = ∞ ;+
J

gK(z) = b(K)z + a0(K) +
a1(K)

z
+

a2(K)

z2
+ · · ·<e,JK>?zn, n ≥ 2 ;-26Q;@A� gK (z) ∈ H JO>1.: 0 < θ < π <0�z = re

√
−1θ ∈ H<=><Azn = rne

√
−1nθ JO>;JA/0(@ zn /∈ H, n ≥ 2 JO>?

gK (U�� R \ K 7→ R JO>1�Az ∈ H \ K +FG#;(* z0 ∈ R (234><Im gK(z) → 0<6>?S;UV6���� gK : H \K 7→ H @ASchwarz �5��6	(U��AgK∗ : C \K∗ 7→ C
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(���5JK>?1�0SSJK∗ = {z : z ∈ K or z ∈ K} JO>?S;<KA
gK∗(z) = gK∗(z), z ∈ C \ K∗2�
�� (Y 3 Z[)?S;S<1�A#;e,�� b(K), a0(K), a1(K), · · · ∈ R 2_��b>?

Y 3: Schwarz ;��;)	;Y?
• Möbius 
�:

f (z) =
ãz + b̃

c̃z + d̃
z ∈ H, ã, b̃, c̃, d̃ ∈ R, ãd̃− b̃c̃ > 0@H 7→ H ;����JO>?�( c̃ = 0, d̃ = 1 <�9<f (z) = ãz + b̃ JO
A

f ◦ gK(z) = ã
(
b(K)z + a0(K) +

a1(K)

z
+

a2(K)

z2
+ · · ·

)
+ b̃

= (ãb(K ))z + (ãa0(K) + b̃) +
ãa1(K)

z
+

ãa2(K)

z2
+ · · ·<6>?SJ, ���b1 gK (�0�

ã =
1

b(K)
, b̃ = −ãa0(K) = −a0(K)

b(K)<6>UV(Möbius 
� f +*�Af ◦ gK(z) +�.� gK(z) <=><A
gK (z) = z +

a1(K)

z
+

a2(K)

z2
+ · · · (1.1)<e,JK>S<(6>?�Sb+ ����������� (hydrodynamic normalization)

lim
z→∞

(
gK (z) − z

)
= 0+�1=UV( gK +*c�<QV?�#$J@ (AgK <0�#;UV6����+*cS<(=>?V=><AK ∈ H (�0� gK 2

unique (W�>S<(6>?
• a1(K) @ hull K ;capacity <U%b>?T+!"=>S<2JK>?(!"+#$ A (��1?)

3



��� a1(K) > 0������� 	
; r > 0 (�0� a1(rK) = r2a1(K)��� J ⊂ K ⊂ H ;<KAL = gJ (K \ J) <=><A a1(K) = a1(J) + a1(L).

Y 4: !"C;��;Y?
• Cauchy ;C��+Y 4 ;UV(C = $� R ;#$�+∪ [−R, R] (��=>?z +C 3;*<=><, z /∈ C 6;JAC 3J��6�� f (�0�A

f (z) =
1

2π
√
−1

∮

C

f (ξ)

ξ − z
dξ (1.2)

0 =
1

2π
√−1

∮

C

f (ξ)

ξ − z
dξ (1.3)2��b>?|z| → ∞ J f (z) → 0 JO><=><AR → ∞ J ∮

C

dξ →
∫ ∞

−∞
dξ <6>1�AS;�(J (1.2) <(1.3) @b�b

f (z) =
1

2π
√−1

∫ ∞

−∞

1

ξ − z

{
Re f (ξ) +

√
−1Im f (ξ)

}
dξ (1.4)

0 =
1

2π
√
−1

∫ ∞

−∞

1

ξ − z

{
Re f (ξ) +

√
−1Im f (ξ)

}
dξ (1.5)<6>?(1.5) ;!"��+<
(1.4) <����><

f (z) =
1

π

∫ ∞

−∞

Im f (ξ)

ξ − z
dξ, z ∈ H<QV��2��b> (H � !"Poisson �#$%&).

• Q� gK : H\K 7→ H ;'��+ g−1

K : H 7→ H\K <(9S<(0�A#;C��Jf (z) = z−g−1

K (z)<�9S<(=>?ξ ∈ R ;<K Im f (ξ) = Im ξ −Im g−1

K (ξ) = −Im g−1

K (ξ) 6;JA
z − g−1

K
(z) =

1

π

∫ ∞

−∞

Im g−1

K
(ξ)

z − ξ
dξ (1.6))�( z +14><

z2 − zg−1

K (z) =
1

π

∫ ∞

−∞

z

z − ξ
Im g−1

K (ξ)dξ
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+�>2AS; z → ∞ ;�(+��><
gK (z) = z +

a1(K)

z
+ O

(
1

z2

)
⇐⇒ g−1

K (z) = z − a1(K)

z
+O

(
1

z2

)JO>1�A
(��) = z2 − zg−1

K (z) = z2 − z2 + a1(K) + O
(

1

z

)
−→ a1(K)012��A

a1(K) =
1

π

∫ ∞

−∞
Im g−1

K (ξ)dξ (1.7)<QVcapacity (�=>C��2��b>?
2 Löwner

������
hull Kt = H \ Ht, t > 0 @&M<<:(	
0A012�� a1(K) ;���U
a1(Kt) ;: t <:(	
=>?( lim

t→∞
a1(Kt) = ∞ JO>.) γ(t) ;���.-JO>&' t ;,�.�;<
�(	
�2O>2A#�; a1(K) ;,�.����2O>;JA&M,�.�;<
�+&W0�:��;/0�@��b6Q?#$J@A

a1(Kt) = 2t, t ∈ [0, ∞) (2.1)<6>UV(Aγ(t) ;&M���.- t +W.>S<(=>?#$J@ gt ≡ gKt
<(9S<(=>?�1

Ut ≡ gt(γ(t))<=>?γ(t) @7 γ[0, t] ; !JO
A;�� Ut @FG#(O>?��
Ut @&' t ≥ 0 ;F��JO>?T+!"=>?�� 2.1 =��;z ∈ H (�0�Az 2Kt (��b6QM@Agt(z) @T;�C� �+�1=?
∂

∂t
gt(z) =

2

gt(z)− Ut

, g0(z) = z (2.2)Sb+Löwner !$"#&<QV?�$AT+�=S<2%&>?(S;!"@ [1] +Z[;S<?)'( 2.1 a1(Kt) <Ut @<:( t (�0�45JO>?
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Y 5: Kt \ Kt−δ <Kt,δ ;Y?gt−δ <gt,δ +��=><gt (6>?�	 2.1 ���
gt(z) ;��C

lim
δ↓0

gt(z) − gt−δ(z)

δ+��=>?&' t − δ J; hull <&' t J;hull <;� Kt \ Kt−δ +��>?0�
Kt,δ ≡ gt−δ(Kt \ Kt−δ)<=>?�1

gt,δ : H \ Kt,δ 7→ H 6>����<=>?=><gt = gt,δ ◦ gt−δ 6;J (Y 5 Z[)

lim
δ↓0

gt(z) − gt−δ(z)

δ
= lim

δ↓0

1

δ

{
gt,δ ◦ gt−δ(z) − gt−δ(z)

}

= lim
δ↓0

1

δ

{
gt,δ ◦ gt−δ(z) − g−1

t,δ (gt,δ ◦ gt−δ)(z)
}SSJ (1.6) J z = gt,δ ◦ gt−δ(z) <0���b>��+�Q><

lim
δ↓0

gt(z)− gt−δ(z)

δ
= lim

δ↓0

1

δπ

∫ ∞

−∞

Im g−1

t,δ (ξ)

gt,δ ◦ gt−δ(z) − ξ
dξ

= lim
δ↓0

1

δπ

∫ ∞

−∞

Im g−1

t,δ (ξ)

gt(z) − ξ
dξ
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+�>?0 < δ ≪ 1 ;<K@AUt = gt,δ(gt−δ(γ(t))) ;2�;�J Im g−1

t,δ
(z) @+:�?(δ ↓ 0 J, gt,δ →����(6>1�Aξ ∈ R (�0�@ limδ↓0 Im gt,δ(ξ) = 0 JO>?U�� Im g−1

t,δ
; support @ Ut ; 1*;�(6��0�V?Y 6 Z[?) 012��

lim
δ↓0

1

δπ

∫ ∞

−∞

Im g−1

t,δ
(ξ)

gt(z) − ξ
dξ =

1

gt(z) −Ut

lim
δ↓0

1

δπ

∫ ∞

−∞
Im g−1

t,δ
(ξ)dξ

=
1

gt(z) −Ut

lim
δ↓0

1

δ
a1(Kt,δ)<6>?SSJAcapacity a1(K) (�=>C�� (1.7) +�Q1?&';���.- t @ (2.1) ;UV(,�.�=>S<(0�Q1;JAa1(Kt,δ) = 2δ JO
Agt(z) ;��C2 (2.2) ;��(�0QS<2�1b1?�f(0�A��C:Sb(�0QS<2��>?

Y 6: 0 < δ ≪ 1 ;<K;Kt,δ <; gt,δ (U>�;fg?
3

��	 Löwner
���

Bt, t ∈ [0, ∞) +)*1�,-. /=> 1 T
�������<=>?κ > 0 +F���.-<01<KAT;���C� �+��� Löwner "#& (stochastic Löwner equation) <Uc?
∂

∂t
gt(z) =

2

gt(z)−√
κBt

, g0(z) = z (3.1)S;� �@, ��;C� gt(z) −√
κBt 2�J6Q1�
�+:�?z ∈ H (�0�A
τ(z) = inf{t : gt(z)−√

κBt = 0}<=>?0�A�&' t ∈ [0, ∞) (�0�
Ht = {z ∈ H : τ(z) > t}, Kt = {z ∈ H : τ(z) ≤ t}<(9S<(=>?Ht = H \ Kt JO>?Ht @��4_`aJO
Agt(z) @ Ht 7→ H ;����J

limz→∞(gt(z) − z) = 0 +�1=:;+��>?��N Löwner � � (3.1) ;�<0����b>����;� {gt : t ≥ 0} +choral SLEκ <Uc?S;<KKt @S;���,; hull <U%b>?
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A capacity a1(K) ���
A.1 ������

g +H 1�H ;��;��<=><AH 3;=��;* z = x +
√
−1y (�Q�

y|g′(z)| < Im g(z)2�
��?SSJ g′ @���+��=?(Sb@ Schwarz �	
1��1b>?)Q� hull K 6= ∅ <0�AgK ;'��JO>g−1

K +��><ASb@H 1�H ;��;��6;J#;���2��JK>?�( z <0� gK(
√
−1y), y ∈ R +<><

Im
(
gK (

√
−1y)

)∣∣∣(g−1

K
)′(gK (

√
−1y))

∣∣∣ < y<6>?SSJB"6�
g−1

K (gK(
√
−1y)) =

√
−1y;)�+ y J�C=><

(g−1

K )′(gK(
√
−1y))× g′K (

√
−1y) ×

√
−1 =

√
−1<6>1�

(g−1

K )′(gK(
√
−1y)) =

1

g′K(
√
−1y)JO>?012��#;���@

y >
Im (gK(

√
−1y))

|g′K(
√
−1y)| ⇐⇒ y2 − Im (gK(

√
−1y))

|g′K(
√
−1y)| y > 0<6>?y ≫ 1 <0�Ae, (1.1) +�V<

gK (
√
−1y) =

√
−1y +

a1(K)√−1y
+ O

(
1

y2

)

Im (gK (
√
−1y)) = y − a1(K)

y
+ O

(
1

y2

)

g′K (
√
−1y) =

√
−1 − a1(K)√−1y2

+O
(

1

y3

)

|g′K(
√
−1y)| = 1 +O

(
1

y2

)6;JA
0 < y2 − y − a1(K)/y + O(1/y2)

1 + O(1/y2)
y = y2 − y2 + a1(K) +O

(
1

y

)

= a1(K) + O
(

1

y

)JO>?y → ∞ ;�(+<><Aa1(K) > 0 2_��b>?
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A.2 ����������
hull K 6= 0 + r(> 0) �01 hull + rK <R=?H \ (rK) +H (�=����2grK JO>2ASb<@�(�� gK (z/r) :H \ (rK) + H (�=����JO>?1�0	
@���N�����+�1�6Q?SJS;��+ r �01 rgK (z/r) +��>S<(=><ASb@���N�����+�1=?<S�2, hull rK 2���b><A���N�����+�1= H \ (rK) 1�H �;����@ unique(W�>@$JO>1�

grK(z) = rgK(z/r)JO>S<(6>?z = ∞ ;+
J;e, (1.1) +)�J�V<A
(��) = z +

a1(rK)

z
+ O

(
1

z2

)

(��) = r

(
z

r
+

a1(K)

z/r
+O

(
1

z2

))

= z +
r2a1(K)

z
+ O

(
1

z2

)6;J
a1(rK) = r2a1(K)2_��b>?

Y 7: gJ <gL ;��@gK (�0Q?
A.3 ������

J ⊂ K ⊂ H JO>UV62 �; hull J, K +��>?S; 2 �(��=>����+b�b gJ , gK <=>?K \ J ; gJ (U>�;��+L = gJ (K \ J) <(KAH \ L 7→ H 6>����+ gL <=>?Y 7 (�01UV(AgK <gL ◦ gJ @H \K 7→ H 6>����JO
, <:(���N�����+�1=;J
gK = gL ◦ gJ
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JO>?gK , gL, gJ Jb�be, (1.1) +�V<
z +

a1(K)

z
+ O

(
1

z2

)

=

(
z +

a1(J)

z
+ O

(
1

z2

))
+

a1(L)

z + a1(J)/z + O(1/z2)
+O

(
1

z2

)<6>2A
(��) = z +

a1(J)

z
+

a1(L)

z
+ O

(
1

z2

)JO>1�
a1(K) = a1(J) + a1(J)2_��b>?����
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