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tWe present two exa
t solutions, i.e., an ellipti
 solution of order 2 and a new sho
k solution. Thepresent ellipti
 solution has the simplest form in the previously given ones, and it proves that theseprevious solutions are identi
al. We also provide another sho
k solution applying the Hirota method tothe delay equation. The Hirota method is originally developed to obtain the soliton solutions of thesoliton equations. The sho
k solution di�ers from the ellipti
 solution in the variable traveling velo
ity.1 ���� -��������������-���DEF[G��� ¡��G¢£ ¤¥G¦§¨w ©ª¨wGx«n6¬­?=ZhJ®;Ḡ °./±²³x´µ¶|W·Y=¸¹º (Car-following)DEF[G»�J�¼½;<=¾¿JÀyÁ/Â^?x1ÃÄJÅnS2���WDEFÆS212G���W\ÇJÈ"Å` É̂ÊSeRex²ËnS21=ZS`Sm8;G´µ¶|J±²³ÌJeÍ/ÎÇÁ[Ï}­?ÐÑrq�ÒÓ/P=ÔÕÖ×»�JA|ØÙÚnx=ZhJPÛxÜÝ;[GÞßNj¡��xàËJNbJeÍ/±á/âã;<=Z�áGÞßN[äÍ2åæxÜÝ;Jçèà­?=f

J;<i2Génê«âãÌWd­x1jG���DEF/O12[Gë�ìíÓëîr/PgÞßNjÅJ§áÜïWXY21=nðñ­?=ZhJeÍ���DEF/O12[ÞßNWt=hn/��x�òj<=Z2 óôõö÷øùúûüýþÿ��ÐGÞßNW�0���DEFns?/�¢J�1��6ÅJ89:/012��=Z2.1 Newell-Whitham	
�-� t ;JGn
�J�JH�Wxn(t)G���=� �n + 1
�nJ�.�¤W hn(t) n�=ZsS2G�.�¤ h/²S2@AxBCW��M!V (h)1



�@ABC (OV)M!�W·Y2G-.>?¸¹ºDEF (delay Car-following model) W_xn(t+ �) = V (hn(t)); hn := xn+1 � xn (1)/Pg���=Zhh;å/V (h) = V0 [1� exp (�(
=V0)(h� L))℄ (2)n�1efJWNewell-Whitham (NW)DEFn��hn/�=Z2.1.1 � = 0��� [1℄�ÐG� = 0 J��W·Y=ZhJ��[¹	
!J
�/Pg�
89:/��­?= �xn(t) = nL� (V0=
) log zn(t) (3)n��hn/Pg(1) [�(1=
) _zn = zn � zn+1 (4);<=Z�
Æ­?eNWDEF (4) [��Nzn = ane�(1�a)
t (5)W�� �a [���Ó��G�����/Pg�!JNW��}~=Zå/I0J��NJ�����[ (3) PgTUV_xnV0 = 1� a+ b2 � b� a2 tanh�b� a2 
t� n2 log ba�(6)WXY=Z2.1.2 � 6= 0��� [2℄NWDEFW�.�¤JçJ
/�=n_hn(t+ �) = V (hn+1(t)) � V (hn(t)) (7);<=Zhh;Gsn(t) = (
=V0)(hn(t)� L) (8)n
!
��=nG�(1=
) _sn(t+ �) = e�sn+1 � e�sn (9)nx=Z !hJ:;NWDEFW·"�=ZNWDEF/012[G���n¬#SeÅ;<=$ÄÅ;GxO`0��6;<=Ka
-van Moerbeke(KvM)Å [3℄ _Rj = e�Rj�1 � e�Rj+1 (10)

n²%�=hn/PgÞßNW&Í=hnj}~=Z(9) n(10) [s?'?(�Vs(�) = sj(t); � = 
(t=� + 2n)R(�) = Rj(t); � = t+ �j (� = 
�) (11)W)§�?*nf/_s(�) = e�s(���) � e�s(�+�) (12)n1Û89:/��­?=Z(12) JN[G+��=,{$ÄJKLN`^es(�) = [1� k2 sn2 � sn2(�+ �)℄[1� k2 sn2 � sn2 �℄2 sn� 
n� dn� (13)nt ?̂=Ze-SG.KLM!J/![k ;<=ZS`SGhJPÛ/,{$ÄJN`^NWDEFJNW���=hn[m0/12;x1Z2.2 3456hh;G,{$Ä [4℄ /012a7/8?=Z,{$Ä[±�
x9:/Pi2;j?e<�Å;<gG9:W=>rë?FJ
;c�n�(r) = (a=b)e�br + ar (ab > 0) (14);<=ZsS2G<� yn J¾¿89:[�yn = a(e�brn�1 � e�brn); rn = yn+1 � yn (15)nx=Z @;[�ABÆS2GÃÄ.�¤ rn /P=cd �rn = 2e�rn � e�rn�1 � e�rn+1 (16)W|1=Z2.2.1 CDE,{[±�
$Ä;åNW�0fJW���=eÍ/KLM!/��SeZsS2Gsn2 JF:sn2(u+ v)� sn2(u� v) = 2 ddv snu 
nu dnu sn2 v1� k2 sn2 u sn2 v(17)`^ Z(u) = Z u0 dn2 udu� EKu (18)�K; E [G3HOPQGIHJIkKL�6�/²S2Z(u+ v) + Z(u� v)� 2Z(u)= ddu log�1 + dZ(u)=du1= sn2 v � 1 +E=K� (19)2



j�gÊ0hnWÏ}SG­^/u = 2K(� � n=�); v = 2K=�e�brn = 1 + _sn=a; sn(t) = 2K�b=mZ(u) (20)n��hn/Pg,{$Ä (16)WteZe-SG�; �[s?'?��NJ�¿!nV�/<e=���Ó�;<=ZPi2G,{$Ä[��w/e�brn = 1 + (2K�)2ab=m (dn2 u�E=K) (21)n1ÛKLM!;c­?=��NW�0Z2.2.2 Ka
-van Moerbeke�Ka
-van MoerbekeÅ [3℄[�Í©ª�9J$%J®;Ï}­?ejG+/,{$ÄJB�a
klund
�WXY=hnj	
­?eZB�a
klund
�n[5689:J�x=NJ.J
�G<=1[h?^W�Q0�=
AJ5689:W	�Z,{$ÄJ��GKvMÅ (10)JN/²S2wj =Rj +Rj+1 n��nG�wj = 2e�wj � e�wj�2 � e�rj+2 (22)Wt=ZPi2Grn = w2j ; r0n = w2j+1 n�?*Gfrng; fr0ng[s?'?,{$ÄJNnx=ZsS2Grn = yn+1 � yn; r0n = y0n+1 � y0n n�?*( _yn = e�(y0n�yn) + e�(yn�y0n�1)_y0n = e�(y0n�yn) + e�(yn+1�y0n) (23)Wt=Z(23) W,{$ÄJB�a
klund
�n1ÛZ �J��` Ĝ,{$ÄJ��N (21)`^KvMÅJNW�2NWDEFJÞßN (13) jt ?̂=Z2.3 delay Optimal-Velo
ity model-.>?¸¹ºDEF (1) /O12V (h) = tanh(h� 
) + tanh 
 (24)�
 > 0 [§!�n�1efJW-.>?@ABC(dOV) DEFn��hn/�=ZdOV DEFJ�.�¤ hn /P=cd_hn(t+ �) = tanh(hn+1 � 
)� tanh(hn � 
) (25)/O12G(�VW)§S2G(�) = tanh(hn(t) �
); � = t+ 2n� n�?*GG0(�) = (1�G(�)2)(G(� + �) �G(�� �)) (26)

Wt=Z�eG(10) /O12F (�) = e�Rj(t); � =t+ j� n��hn/PgF 0(�) = F (�)(F (� + �) � F (�� �)) (27)Wt=Zh?[Lotka-Volterra89:/O12(�VW)§SefJnxi21=ZsS2G(27) n(26)J./[
!
�F (�) = (1 +G(�))(1 �G(� � �)) (28)jÇ��=1Z3 dOVö÷ø����dOV DEF/012[G(26) /²S2KL�!Nj1�0`�Ï­?21=[5℄ZS`SGh?^[è<w/lmJN;<=2Z3.1 ���������KLM!/012[m0/AJhnj�gÊ0 �(1) ��W ÍeäJ!!n"�J!![#S1Z(2) $!J!%[0 ;<=Z(3) ä<=1["�WI� ��ex1KLM![§!/&=Zsh;G(26) /²S2I� � = �a ;$!�A J3HJäW�0KLM!f(�) = B +A�(�+ a)�A�(� � a) (29)WNn)§�=Ze-SGf(�) JI���W � =(!1; !2) n�=Zhh;G�(t) = 1t +X!2�� 1t� ! + 1! + t!2� (30)[WeierstrassJ� �!;<=3Z(29) [H!IJKLM!J@fm0wx
;<=Zf(�) W (26) /'�S2F:� 0 = �}; (}0)2 = 4}3 � g2}� g3 (31)�(u+ v) + �(u� v)� 2�(u) = }0(u)}(u)� }(v) (32)1() (28) *KdV +,-.modi�ed KdV +,-/0/(1() 2Miura ()3.456789:;<=>?@mKdV +,-*KdV +,-/ B�a
klund ()ABCDE<=2F7GH/I.GJ/I [5℄ * Landen ()7KLML;N=3f(�) *HOPQ (!1; !2) ARSTUV1:;<W@� V1*TUX1:*YE=3



W|12§! a;A;B W¦§�=hn/PgG(�) =� 14h�(� + 2a)� �(� � 2a)� 2�(t+ a) + 2�(t� a)i (33)Wt=Ze-SGa [}(2a) = }(�) + }0(�)=4 (34)/Pg¦§­?=Ze-SG}(u) [Weierstrass J}M!;<=Z¹i2G�0J�� !1; !2 j�����Ó�nx=Z3.2 �4��������@+/z	J8y [6℄ /P=dOVDEFJNyWd� [7℄Z�ÐG(26) /O12G(�) = f(�)=g(�) (35)n��Gf� = f(�� �) n
�hn/�=nGf 0g � fg0g2 � f2 = f+g� � f�g+g+g� (36)nx=ZPi2G6¤���Ó�W� nS2��

: ( f 0g � fg0 =�(f+g� � f�g+)g2 � f2 =�g+g� (37)Wt=Z��

:;[åNJ�§j
S�a7/xi21=Z�Y*Gopqr8�:J��/[��

:;f1-soliton =1 +A1e�1f2-soliton =1 +A1e�1 +A2e�2 +A12e�1+�2... (38)x«n��hn/PgN -opqrNj&Í ?̂=Z3.2.1 ��EG��� [5℄��(37)�G���#�������[#0(0)℄2#0(u+ v)#0(u� v)= [#0(u)#0(v)℄2 � [#1(u)#1(v)℄2 (39)�� !"f = #1(�)#1(�); g = #0(�)#0(�); � = [#0(0)℄2(40)�#$%�&'( )*�+��,-./01�23G(�) = #1(�)#1(�)#0(�)#0(�) = k sn(2K�) sn(2K�) (41)�45016%%2�pk sn(2Ku) = #1(u)=#0(u)789.6

3.2.2 :;<=>?@2�dOVABC�D"(26) 7EF"9.G�%%2�(25)&HI"�JKLM�NO (38)7PE& tanh(hn � 
) = f=g;f = A1 +A2ebt+an; g = B1 +B2ebt+an (42)�#Q�450.RSTT�U5(42) �VW�7XWY1�f = 1+ebt+an; g = 1� b� e�2b�1� e�2b� h1 + eb(t��)+ani(43)Z'[\]^_�e�a = (b+ 1� e2b� )=(b� 1 + e2b� ) (44)7416'I"�a @.� b 7`abcdef�Y1%�Ggh16ij&D"�NWABC&kD",`abcdef7lm�7nogh164 pqrstu2��vwx0yz{ABC���Z'[|}�&~9"@��.6%05�ABC��vwx0 � �������07iv&k��Y1.���� (HNS 
ondition[5℄) &'I"�����7���Y1��\���&^_��50"916���HNS
 ��&����71=(2�) �Y1��7�YG������&'(450.�����%���7 �¡96'I"�NWABC¢ dOVABC���\£��^_�y¤������&'(�F"Q.¥D9n¦��§G¨©��ª�¡16«¬­®[1℄ G. F. Newell, Oper. Res. 9 (1961) 209.[2℄ G. B. Whitham, Pro
. R. So
. Lond. A428(1990) 49.[3℄ M. Ka
 and P. van Moerbeke, Adv. Math. 16(1975) 160.[4℄ ��̄ °�±²ST��³´µ�¶�·¸ (1978)6[5℄ ¹º»¼½��¾¿À�Á¾ÂÃ�±+ 11 ÄÅÆÇÈMÉÊËÌÍÎÏµ(2005)�61�Z'[Ð�PEÑÒ[6℄ ��ÓÔ�±JKLM��Õµ�¶�·¸ (1992)6[7℄ Y. Tutiya and M. Kanai, J. Phys. So
. Jpn.76 (2007) 083002.4


